Techniques of Integration I:
Integration by Parts

If u and v are functions, the product rule yields
D (uv)=uv"+vu’
which can be rewritten in terms of antiderivatives as follows:
uy = juv’ dx+ Jvu' dx

Now, Iuv’ dx can be written as Ju dv, and Jvu’ dx can be written as Jv du.” Thus, uv = J.u dv+ jv du and,
therefore,

Ju dv=uv— J-v du (integration by parts)

The purpose of integration by parts is to replace a “difficult” integration Ju dv by an “easy” integration
vdu.

EXAMPLE 31.1: Find jxlnx dx.

In order to use the integration by parts formula, we must divide the integrand x In x dx into two “parts” u and dv so

that we can easily find v by an integration and also easily find Jv du. In this example, let u = In x and dv = x dx. Then

we can set v=+x? and note that du = %dx. So, the integration by parts formula yields:

Jx Inx dx = Ju dv=uv— Iv du=(Inx)($x*) - J‘%xz (%dx)

=12 lnx—%J.xdx=%x2 Inx—4x*+C

IxX*Qlnx-D)+C

Integration by parts can be made easier to apply by setting up a rectangle such as the following one for
Example 1.

u=Inx dv=xdx

"'J. uv’ dx = '[M dv, where, after the integration on the right, the variable v is replaced by the corresponding function of x. In fact, by

the Chain Rule, D, ('[u dv) =D, (Ju dv) D v=u-v’. Hence, JM dv= J.MV' dx. Similarly, jv du = '[VM' dx.,
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In the first row, we place u and dv. In the second row, we place the results of computing du and v. The
desired result of the integration parts formula uy — Jv du can be obtained by first multiplying the upper-left
corner u by the lower-right corner v, and then subtracting the integral of the product v du of the two entries
v and du in the second row.

EXAMPLE 31.2: Find J.xe*' dx.

Let u = x and dv = ¢* dx. We can picture this in the box below.

u=x dv=e‘dx

du=dx v=e*
Then, J.xe"dxzuv—.[v du = xe* —Je* dx =xe* —e*+C
=e*(x-D+C

EXAMPLE 31.3: Find Je" cos x dx.

Let u = e* and dv = cos x dx. Then we get the box

u=e" dv=cosxdx
du=e*dx v=sinx

So, J'e"cosxdxzuv—J.vdu:e"sinx—J‘e"sinxdx (1)

Now we have the problem of finding J’e* sinx dx, which seems to be just as hard as the original integral Je" cosx dx.

However, let us try to find _[e*‘ sin x dx by another integration by parts. This time, let u = ¢* and dv = sin x dx.

u=e" dv =sinx dx
du=e*dx v=-cosx

Then, Ie" sinx dx =—e* cosx — J.—e" cos x dx

=—e*Ccosx + J.e*' cosx dx

Substituting in formula (1) above, we get:
Je*’ cosx dx=e*sinx — (—e-‘ CcosX + Je-‘ cosx dx)
=e'sinx +e* cosx— Je‘ cosx dx
Adding fe*‘ cos x dx to both sides yields 2Jex cosx dx = e*sinx + e* cosx. So,
Je" cosx dx =1 (e*sinx+e* cosx)
We must add an arbitrary constant:

J'e" cosx dx=~3(e*sinx+e‘cosx)+C

Notice that this example required an iterated application of integration by parts.
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SOLVED PROBLEMS

1. Find Jx3e":dx.
Let u = x* and dv = xe* dx. Note that v can be evaluated by using the substitution w = x2. (We get

v= %J.e“’dw =1le"=%e")

2
u=x* dv = xe* dx

2
du=2xdx v=%e

Hence, ) , ,
J‘x3e”dx =1x%e" — J.xe*' dx

— 1 ,2,x7 1 ,x2
=5zx’e" —ze" +C

=te’(x*-D+C

2. Find jln(xz +2)dx.
Let u =In (x> +2) and dv = dx.

u=In(x>+2) dv=dx

_ 2x
du_x2+2

V=X

So Jln(x2 +2) dx = xIn(x? +2)—2J.de
’ B x> +2

= xIn(x2 +2)— 2j(1 - xz—%rz)dx

=xIn(x*+2)-2x+ %tan’l (iz) +C

= x(In(x* +2) — 2) + 2+/2 tan™ (%) +C

S}

3. Find j Inx dx.
Let u =1n x and dv = dx.

u=Inx dv=dx

duzldx yv=x
X

So, flnxdx:xlnx—fldxlenx—x+C
=x(Inx-1)+C
4. Find [xsinx dx.
We have three choices: (a) u = x sin x, dv = dx; (b) u = sin x, dv = x dx; (¢) u = x, dv = sin x dx.

(a) Letu=xsin x, dv=dx. Then du = (sin x + x cos x) dx, v = x, and

fxsinx dx=x-xsinx— fx(sinx+xcosx) dx

The resulting integral is not as simple as the original, and this choice is discarded.
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(b) Letu=sinx, dv=xdx. Then du = cos x dx, v=+x? and
J.xsin xdx=%x*sin x — J%xl cos x dx

The resulting integral is not as simple as the original, and this choice too is discarded.

(¢) Letu=x,dv=sin x dx. Then du = dx, v=—cos x, and

jxsin X dx=—-XxCos x — J—cos xdx=-xcos x+sin x+C

5. Find sz In x dx. R
Let u =In x, dv = x> dx. Then du:%, v=2 and

3
szlnxdx:x—31nx—Jﬁﬂ:x—}mx—lszdx:xilnx—iﬁ+C
3 3 x 3 3 3 g
6. Find [sin” x dx.
Let u =sin™'x, dv =dx.
u=sin"x dv=dx
du = 1 dc v=x
1-x2
sl _ e X
So, Jsm xdx=xsin""x dex

= xsin” x + 4 [ (1= x2) "2 (-2x)dx
=xsin'x+3Q1A-xH)")+C (by Quick Formula I)

=xsinx+(1-x)"?+C=xsin"'x+1-x>+C

7. Find J‘tan’l x dx.
Let u = tan"'x, dv = dx.

du= s dx  v=x
-1 _ -1, _ X — 1, _ 1 2x
So, _[tan xdx=x tan”' x J.1+x2 dx=xtan™' x — 5 5 dx
=xtan'x—LIn(l+x*)+C (by Quick Formula IT)
8. Find Jseo3 x dx.
Let u = sec x, dv = sec’x dx.
u=secx dv=sec? x dx

du=secxtanx dx v=tanx
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Thus, J.sec3 X dx =secxtanx — IsecxtanZ xdx
=secxtanx — Jsecx(secz x—1)dx
=secxtanx — Jsec3 xdx +jsecx dx

=secxtanx — Jsec3 x dx + Inlsecx + tan x|

Then, 2J.sec3 x dx =secxtanx + In |sec x + tan x|

Hence, Jsec3xaix:T(secxtanx+1n|secx+tanx|)+C
9. Find [’ sinx dx.

Let u = x%, dv = sin x dx. Thus, du = 2x dx and v = —cos x. Then

sz sinx dx =—x%cosx — J—Zxcosx dx

=—x2cosx + 2jxcosx dx

Now apply integration by parts to chosx dx, with u = x and dv = cos x dx, getting
chosx =xsinx — Jsinx dx = xsinx+cosx
Hence, sz sinx dx = —x*cosx + 2(xsinx + cosx) + C
10. Find [x'e*dx.
Let u = x%, dv = > dx. Then du = 3x% dx, v=+¢**, and
Jx3e2"dx =4xde -3 JxZez"dx
For the resulting integral, let u = x> and dv = > dx. Then du = 2x dx, v=%e*, and
Ix3ez*dx =Lxe™ - %(% x2e* — J-xe“dx) =4xe* —3x2e* + %jxe“dx
For the resulting integral, let u = x and dv = ¢** dx. Then du = dx, v =+ >, and

J‘x3e2”‘dx =4x%e — 3 x2e* + %(%xez" - %J‘ez"dx) =53 —3x2e* +3xe* -3+ C

11. Derive the following reduction formula for Jsin’” x dx.

sm=1 _ .
Jsin”’ x dy=—30 n)fcosx + mm 1 J-sm’”’2 x dx

Let u = sin™' x and dv = sin x dx.

u=sin""'x dv =sinx dx
du=(m-1Dsin"?xdx v=-—cosx
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Then Isin”' xdx=—cos xsin"!' x + (m — I)J‘sin""2 xcos? x dx
=—cos xsin"! x+ (m — 1) [sin"2 x(1 - sin’ x) dx

=—cos xsin""' x + (m — I)Jsinm’z xdx— (m—1) j sin” x dx

Hence, m'[sin”’ xdx=-cosxsin”" ' x+ (m— l).[sin””2 X dx

and division by m yields the required formula.

12. Apply the reduction formula of Problem 11 to find Jsinz x dx.
When m =2, we get

sin xcos x

jsin2xdx=— >

+%J.sin°xdx

sin xcos x
=—T+%J‘ldx

X —sin xcos x
+C=——7F5—"—+C

_ sinxcosx+x
2 2 2

13. Apply the reduction formula of Problem 11 to find Jsin3 X dx.
When m =3, we get

sin” xcos x

Jsin3xdx=— 3

+%Jsin X dx

2
sin” xcos x
=—T—%cos x+C

= —%(n sin® x) + C

SUPPLEMENTARY PROBLEMS

In Problems 14-21, use integration by parts to verify the specified formulas.

14. chosxdx=xsinx+cosx+C

15. J.xsec:2 3xdx=%xtan3x — +Inlsecx|+C
16. J.cos’l 2xdx=xcos 2x—1J1-4x? +C
17. J.xtan"xdx=%(x2+1)tan"x—%x+C
18. J.xze’” dx=—te?*(xX*+3x+3)+C

19. Jx* sinx dx = —x3cosx +3x?sinx + 6xcosx —6sinx + C
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20. J.xsin‘l(xz) dx=+x*sin ' (x*)+3V1-x* +C
21, [Iox g o Inxtl, o

X X

2n
22. Show that JO xsinnx dx = —27” for any positive integer n.

n-2 _
23. Prove the following reduction formula: Jsec" x dx =130 )rcffcl X ”11 _% jsec"‘z X dx.

+

24. Apply Problem 23 to find Isec“ X dx.

Ans.  ttanx(sec’x+2)+C
25. Prove the reduction formula:

x?2 1 _ X dx
J.(az + x2)" dx = 2n—2( (a® +x*)™! -’--[(a2 +x2)"’1)

26. Apply Problem 25 to find j(az_’ﬁ—zxz)z dx.

Ans. l( X +ltan‘1 l) +C

2072 +x2 " a a
27. Prove jx”lnxdx=ﬁ—i)z[(n-kl)lnx—l)ﬁCforn¢—1.

28. Prove the reduction formula: Jx”e”dx = %x"e‘”‘ - %Jx"‘le“xdx.

29. Use Problem 28 and Example 2 to show that: sze*dx =e*(x*-2x+2)+C.



