Give a convincing argument
that the equilateral triangles of
this structure are congruent.




'TRIANGLES AND CONGRUENCE

OBJECTIVE: Given fwo congruent triangles, identify congruent parts.

4-1 Congruent Triangles

You learned in Chapter I that congruent segments have the same
length and that congruent angles have the same measure. Use
these ideas to define congruent triangles. Two figures are called
congruent if they have the same size and shape.

If you were to trace triangle ABC shown below and position the
tracing over triangle DEF, you would see that triangles ABC and
DEF are identical in size and shape. : & i

A D o .

Individual parts must be made identical in
size and shape so that they fit any one of
E the items on the assembly line.
B ¢ E

When the tracing of triangle ABC matches up with triangle DEF, the vertices
of the two triangles match up as follows:

A<D B+ E CeF
You can also see a correspondence between the angles and the sides of the
two triangles.

Corresponding angles: ZA <> /D, /B< LE, /C < LF
Corresponding sides: AB <> DE, BC <> EF, AC <> DF

i@ DEFINITION
Two triangles are congruent if and only if there is a correspondence between
the vertices such that each pair of corresponding sides and each pair of

corresponding angles are congruent.

You write AABC = ADEF.

In a diagram congruent sides can be indicated with “hatch” marks and
congruent angles by “arc” marks as shown in this figure. When using the
notation AABC = ADEF, list corresponding vertices in the same order. In A it B
this pair of congruent triangles, the corresponding vertices are A and D,
B and E, and C and F. These six statements are correct as written.

AABC = ADEF  AACB = ADFE  ABCA = AEFD
ABAC = AEDF  ACAB = AFDE  ACBA = AFED

However, it would not be correct to write AABC = AEDF since vertices E
A and E, and B and D are not corresponding vertices.
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Example 1 /
AUVW = AXYZ Complete each statement. W ¥ X

a. VW=__ b, LV =__
Solution
‘ U V A

a. VW =YZ b, LV =/,Y
Try This

Complete each statement.
a. ¥YX=__ b tZ=__

Example 2/

AABC = ADEC  Complete each statement, B % 7 E
a.m/iD=__ b.CD=__ <
Solution 6816

a. mLD768 b. CD = 16
Try This

am/iE=__ b.BC=__

Class Exercises
Short Answer / Y

U — W
AXYZ = AUVW
1. Name the three pairs of corresponding angles.
X Z

2. Name the three pairs of corresponding sides.

Determine whether each statement is true or false for the above figure.
3. AYZX = AVWU 4. AXZY = AUVW 5. XY =VY 6. LY =LV

7. Which statement is correct?
AYZX = AUVW, AYZX = AVWU, AZXY = AWVU__
8. Which statement is not correct? XZ = UW, Y = /V,XZ = UV

Sample Exercises /

AABD = ACBE Complete each statement. E
9.AD=__ 10. BE =__ 11. ZABD =__ A

12, BC = 13. ABDA =___  14. ACEB = __ ”

AMOP = AHAT Complete each statement. ¢
15, LM =__ 16.0P=__ 17.miP=__ b

18. MP = ___ 19. LZA=__  20. HA = ___

Discussion \/

21. Given that the two triangles to the right are congruent, explain

how the figure could be labeled and what notation should be
used to show that these triangles are congruent.
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preeTees

Exercises /

A B E

NABC = ADEF- Complete each statement.

1. AB = __ 2. EF = ___

3 fB=_. 4 LD =__ A c D -
5 LF =__ 6. AC = ___

7. AFED = ___ 8. ABCA = ___ c 7

ANABC = AXYZ  Complete each statement. A /50\
9. AB=__ 10. m/ZA = __ s .
W miC=__ 12.YZ=__ 4 7 ° X !

The two triangles shown are congruent. Name three pairs of angles and
three pairs of sides that appear to be congruent for each pair of triangles.

13. A E 14. U 15. H J
c \/
f 7 F
I K
B
13) M N
R § T
ANABF = ANCDE, EF = 11, FC = 6 Complete each statement.
16. AB = ___ 17. AF = ___ D 16 G
18. m/ZAFB = ___ 19. m£CDE = _ 11
20. m/ZCFB = ___ 21. m/ZFAB = ___ 85° F
AJIP = AMAT Complete each statement. i 68° B
2 . 4J=__ 2./ P=__ U Ll=__
25. IP = ___ 26. JP =___ 27. JI = ___

28. Draw AABC. Use a compass and a straightedge to construct a AXYZ,
such that AXYZ = AABC. Use hatch marks and arc marks to label all

congruent parts of these figures. A Ex 2932 F
B E
AABC = ACED Complete each statement.
29. m£LABC = 30. mLECD = __
31. mZABD = __ 32. mZACE = ___ !A = 110°
AFKH = AFKG Complete each statement. C B D
33. mLKFL = ___ 36. m/FHK = 31. mLFI = _
M. m/FKH =__ 35. mZHKJ = __ 38 m/IFIK = __

39. This quilt pattern is made by sewing together triangular shapes. How
many different (non-congruent) shapes are used? (Consider the shapes
of the pieces only, not the fabric design in the shapes.)

40. Explain why these two triangles A ‘A , though congruent,
must be treated as different if you are cutting out the pieces for this quilt.
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Plot each point on a rectangular coordinate system. Choose th;d un:l:i length
large enough that the resulting triangles are easy to measuret. . ‘Z‘D e

the lengths and angles of these triangles. Is AABC congruent to .

*1. A(-4,1), B(—4,3), C(~1,3), D(1, 1), E(1, 3), F 4, 3?2 5

42. A(_]-s _2)1 B(..._3, I), C(—zs 5)5 D(ls “_2)9 E(J- 1)3 F( :;

43. A(=3,1), B(~1, —1), C(—4, 4), D(1, 2), E(1, 4), F(3, 3)

C

44. Explain why, if one of two congruent triangles is isosceles, then the
other triangle is also isosceles.

The three shaded triangles are congruent.

45. List a collection of three sides that are congruent to one amtt}[izr
46. List a collection of three angles that are congruent to one another.

These figures are congruent, and the congruence symbol
in the statement ABCDEF = JKLMNO is interpreted
Just as it is for triangles. Complete each statement.

V. LC=_ @8 sM=__ . B
4. AB = ___ 50. ON = ___ F K

A
Critical Thinking

. : ' «
51. In the figure at the right, XY = AB. For how many different points Z is
it true that

a. triangles ABC and XYZ are congruent?
b. AABC = AXYZ?

Explain why the answers to these two questions are different.

B C J

A

°

Mixed Review

E
EB bisects LAEC. Complete each statement. >
. mLAEB = ___ 2. m/BED = __ 16°7
« MLAED = ___ / /
- Name six triangles. AB ¢ D

"o W

What type of triangle is AAED?

Study Skills

1. Find a word in this lesson that means “sa.m‘e size and sha[:?f:-’

2. Suppose AABC = ADEF. Explain why it is wrong to write
AABC = AFED. .

3. Suppose triangle ABC is congruent to triangle DEF with angles
A and F congruent, angles B and D congruent, and angles -
C and E congruent. Describe the congruence between these triang
using the appropriate symbols.
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OBJECTIVE: State and apply the 5SS, ASA, and SAS Postulates.

4-2 Congruence Postulates

Cut a 4-in., a 5-in., and a 6-in. strip of paper
and arrange them to form a triangle. Repeat ;

: ; : amel ]
this experiment. How do the two triangles _
compare in size and shape? State any Sin. !

generalizations that you discover. 6in. [

You learned in the last section that when two triangles are congruent, there
are three pairs of congruent sides and three pairs of congruent angles. In the
Explore above, you may have discovered that you do not need to show all six
of these congruence relationships true to conclude that two triangles are
congruent as state in the following postulate.

@ POSTULATE 16 SSS Postulate

If each of the three sides of one triangle are congruent
respectively to corresponding sides of another triangle,
then the two triangles are congruent.

A C X

In AABC, £B is opposite AC and AB is opposite /.C. £C is included
between AC and BC, and BC is included between ~C and ZB.

A

C B
Suppose that a segment and two angles are given as shown here.

AN AN,

If an angle congruent to angle 1 is constructed at point A and an angle
congruent to angle 2 is constructed at point B, then the sides of these angles
can be extended to intersect at a point C, forming one and only one triangle.

A ===e—=r—mp

This reasoning can be used as a convincing argument to describe how you
might reach the conclusion given in Postulate 17.

Congruence Postulales
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: il
@ POSTULATE 17 ASA Postulate ,//

——ee———— F \\ D
If two angles and the included side of one triangle are congruent /
fo two angles and the included side of another triangle, then the, Ay c
fwo triangles are congruent. A E
B

,/gxample 1

Write a congruence between these triangles and state the

B E
postulate by which the triangles are congruent.
Solution
A ' cC D ‘ F

AABC = AFED  ASA Postulate

Ary This
IV =LY, /W =/,Z VW=YZ
Which postulate would you use to show that AUVW = AXYZ?

® POSTULATE 18 SAS Postulate .

If two sides and the included angle of one triangle are congruent
{0 two sides and the included angle of another triangle, then the
two triangles are congruent. N

/ Example 2

Apply the SAS Postulate to show that a pair of triangles are congruent.  E
Solution

ABAE = ADCB SAS Postulate

LV =LY, UV =XY, VW =YZ A B G
fhich postulate would you use to show that AUVW = AXYZ?

Example 3
Name the additional congruent sides or angles needed to show these B n Cc
triangles are congruent by the given postulate.
a. SAS b. ASA
Solution A D
a. AB=CD b. LADB = LCBD

%ry'l‘hil

OV = XY, VW =YZ, UW = XZ
Which postulate would you use to show AUVW = AXYZ?
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Class Exercises

thort Answer B
State the angle or side opposite the given side or angle.
1.AD 2. LA 3. AC 4. LBDC
For each pair of sides or angles state the included angle or side.
/. AB,AD 6. LA, /C 1. LABD,/ADB 8. AD,BD A D €
S

ample Exercises
Write a congruence between each pair of triangles and state the postulate applied.

9, c E 10. S 11. S
A &B R
i g v
D T U R X T

iscussion

12. Give a convincing argument to describe how you might reach the
conclusion in Postulate 17.

13. Give a convincing argument to describe how you might reach the
conclusion in Postulate 18.

14. Give a convincing argument in favor of or against an AAA method of
proving two triangles congruent: If three angles of one triangle are
congruent to three angles of another triangle, the triangles are congruent.

Exercises

A

erte a congruence between each pair of triangles and state the postulate
ied. If you cannot apply a postulate, ite no concluswn can be made

A

b
Ah T);

A B T

4-2 Congruence Postulates
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Name the additional congruent sides or angles needed to show that the
f of triangles are congruent by the gwen postulate.

A S

SSS

Complete each statement. Give the angle or side that allows you to show
that each triangle is congruent to another triangle by the given postulate.

. SAS for AABC: AC, _, BC
11. ASA for ABCE: 2.1, BC,
12. SSS for ACDE: _, EC, CD
13. SAS for ABCD:.BC, __,

Tent pole ZX is placed perpendicular to the ground in such a
way that X is the midpoint of the opening WY at the front of
the tent.

14. Name a pair of congruent triangles.
15. What congruence postulate justifies your choice in Exercise 147
16. Explain why AWYZ is an isosceles triangle.

17. Name a triangle that is congruent to AABE. E L

18. Name a congruence postulate that can be used AB =CD
/. to show that the triangles in Exercise 17 are congruent.

19

. Explain how you can conclude ABCE is an isosceles triangle. 45° 45°
,\% 60°  60°\ M.

. A B c D
‘/20. Name three triangles that are congruent to AABD.
D 8 (6

E

A 8 B

ﬁl. The legs of a table are hinged at points A
and B. A bolt is placed at F in one of several
predrilled holes. The height of the table is
determined by the placement of the bolt F.
Where should the bolt F be placed if the base
CD is equal in length to the top AB? Explain
yOour answer.
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2. LJA=/4D, mLA=3x+ 15, m4LD =x+ 75 B
AB =2x + 15,DE=3x— 15, AC =x +4,DF = 2x — 26

Prove that AABC and ADEF are congruent. A E
23, LA=/D m/A=09x—48, msD = 6x — 15
; AB=x+ 5 DE=2x—6,AC=x—-1,DF =3x — 23 c D
] Prove that AABC and ADEF are congruent.
| 24. In ARST and AXYZ, /R = /X, RS = XY F

mZR=1lx—-1,mX =9 + 5, andRT =7x + 5
1 Find XZ if ARST = AXYZ.

25. AKIM = ANOP, m/K =3x + 7, m/N =2x + 24, m/L = 5x — 42,
mAO = 4x — 25  Find the measure of ZP.

26. ACDE = AFGH, m/D = x* -39, m/G=x + 17, mLE =19 — x,
miH =27 —2x, GH =39 — 3x Find DE.

LY
27. Name the coordinates of point F so that AABC = ADEF. {7777
28. Calculate the lengths of the sides and use the SSS Congruence 4f |
Postulate to verify the congruence stated in Exercise 27. ; )
E. D [Ai iB L
4] 210 Fx
»
29. Name the coordinates of point R so that AMNO = APQR. NU M :‘
30. Calculate the lengths of the sides and use the SSS Congruence 4 T o}
Postulate to verify the congruence stated in Exercise 29. [ 5 T :
0] 1P

31. AB = BC =CD = DE, AF =EF, /A = /E
List all the pairs of triangles that you think could be shown to
be congruent in the figure to the right. A B ' C ' D E
32. For each pair of triangles listed in Exercise 31 explain why you

think your choice is correct. E z
-33._Which postulate can be used to show that AACE = ADBF?
/ Explain your reasoning.
34. Given that AE bisects ZBAD, AD = AB = 21, find x. O° o 29°, 6I°
Q Explain how you found the answer. B A 14 B ¢ 14 D
E
21
xD
A 21 B £
Critical Thinking

35. ADBEHCFG is a cube. Write a paragraph that would convince someone
that AADC, ABDC, and AADB are all congruent to one another.
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36. The figure to the right shows a square divided into four congruent
eight-sided polygons. Draw a second way of doing this.

37. Draw a third way of dividing a square into four congruent eight-sided
polygons.

38. Draw a triangle. Label it RST. Using a compass and straightedge,
construct XY = RS, £X = /R, and 2Y = £S. Extend the exterior
sides of angles X and Y so that they meet in a point Z. State a congruence
between the triangles. What postulate supports your statement?

Mixed Review

AACE is equilateral. ZACB is a right angle. /1 = /3
Complete each statement.

1. m£1 =__ 2. m/Z2=__ 3, mi3=__

B
4. m/4 = __ 5. m/5=__ 6. ms6 =___

Write a congruence between each pair of triangles and state the postulate applied.

7. FJ L 8 A o 9 C
/ N\ K
D
G H
SYYN Y w

0. AABC = ALMN, m/B = x>, m/L = 9x,BC = x — 2,
MN =16 — x, AB = 2x — 14 How long is LM?

E

Quiz

D 1
ADEF = AIHF  Complete each statement. 3
1.EF=__ 2. m/iE=__ 3 JH=__
4. /I =__ 5 DF=__ 6. AFDE = __ L F

Write a congruence between each pair of triangles and state the postulate
K M

applied. E
7. J 8. 0 W \\o// Yy 9. A D
//O\\ X &
7 R S B C
State the additional sides or angles that are needed to prove

AABC = AYXZ by the indicated postulate. B z Y
10. SAS: AB =YX, AC =YZ ~
11. ASA: £LC = /Z,BC =XZ

A

| _12. SSS: AB =YX, BC = XZ
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PROVING TRIANGLES CONGRUENT

OBJECTIVE: Use definitions and the SSS, SAS, and ASA congruence
postulates fo prove lriangles congruent.

Axample 1 B

4-3 Proofs: Using Congruence Postulates

In this lesson you will use the SSS, SAS, and ASA congruence postulates to
write proofs in the two-column format you learned to use in Chapter 2. The
hypothesis and the conclusion of the SAS Postulate are highlighted.

two sides and the included angle
If of one triangle are congruent to then | the two triangles are
two sides and the included angle congruent.

of another triangle,

Many professionals must

hypothesis conclusion reason carefully and
logically. Geometry
When you use a congruence postulate in a two-colwnn proof, you must proofs provide practice in
include statements to show that the hypothesis is true. The final statement logical thinking.

is the conclusion.

Given: AB = AC
L1l= /2 D A
Prove: AABD = AACD

C
Proof Statements Reasons
1. AB = AC 1. Given
2. L1 = L2 2. Given
3. AD = AD 3. Reflexive Property
4. NABD = ANACD 4. SAS Postulate

In the above proof statements 1, 2, and 3 show that the hypothesis of the
SAS Postulate is satisfied. Statement 4 is drawn from the conclusion of the
SAS Postulate. Other congruence postulates are used similarly in proofs.

A statement and its reasons often refer to a previously learned definition. Use
the sentences listed below as reasons in your proof when you are using the
definitions listed. Note the third reason in Example 2.

An angle bisector forms two congruent angles.

A segment bisector forms two congruent segments.
A segment midpoint forms two congruent segments.
Perpendicular segments form right angles.
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Example 2 /

Given: AD bisects ZBAC.
AB = AC

Prove: AABD = AACD @ D

C
Proof Statements Reasons
1. AB = AC 1. Given
2. AB bisects ZBAC. 2. Given
3 L1 =.£2 3. An angle bisector forms
two congruent angles.
4. AD = AD 4. Refiexive Property
5. AABD = AACD 5. SAS Postulate

The proof in Example 3 uses the definition of a line perpendicular to a plane

introduced in Chapter 1.
Example 3 /

Given: AB L N

B in plane N

AB = CB
Prove: AABD = ACBD

C
Proof Statements Reasons
1. AB L N,BinN 1. Given
2. AB =CB 2. Given
3. AD 1 BD 3. Ifalineis L to plane N at B then it

is 1 to each line in N through B.

4. LABD and LCBD are 1t. Zs. 4. 1 lines form rt. Zs.
5. LABD = /CBD 5. All rt. £s are =.

6. BD = BD 6. Reflexive Property
7 %

. ANABD = ACBD SAS Postulate

Class Exercises

Short Answer
State the hypothesis and conclusion of each postulate.
1. SSS Congruence Postulate 2. SAS Congruence Postulate 3. ASA Congruence Postulate

4. State the hypothesis and conclusion of this statement.
Two triangles are congruent if corresponding pairs of angles and sides are congruent.
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A conclusion can be drawn from the information given in each of
Exercises 5-9. State your conclusion and the postulate or definition on
which it is based.

5. DF = AC, DE = 4B, /D =
6. EF =BC, LF = /C, /_B"‘/_E

7. MN bisects ~KML and ZKNM = /MNL. M
8. J\L_ s the midpoint of KL. KM = LM
9. MN bisects ~KML. KM =LM

K N L
Sample Exercises
/éz:plete each proof.
10. Given: AE = DE, /A = /D E
LAEB = /DEC
Prove: AAEB = ADEC
Statements ___Reasons 4 B C D
1. LAEB = /DEC 1.
2. AE = DE I
3. LA= /LD . P
4

4. NAEB = ADEC M A
11. Given: AB = AD

C is the midpoint of BD .
Prove: AABC = AADC

B (2 D
Statements Reasons
i. AB = AD A
2. C is the midpoint of BD. b
3. BC =DC 3 e
4. 4. Reflexive Property
5

. AABC = AADC -
‘/’/éiven:ﬁ = VT, ST = UT R U
Prove: ARST = AVUT D>T<:ﬂ
Statements Reasons

1. RT = VT i— ° v
2. LRTS = LVIU 2.
3.ST=UT S B
4, . R—
Discussion , A l 5
13. Suppose that AC is the perpendicular bisector of BD.
Give a convincing argument that AABC = AADC. D
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Exercises

A

Complete each proof.
/1‘.’ Given: /D = /X, LF = LZ,DF =XZ

F
Prove: ADEF = AXYZ b .

Statements Reasons

1. /D = /X 1.
2. DF =XZ A
3, JF =27 .
4. ADEF = AXYZ 4.

. Given: AC = AD, BC = DE, AB = AE

Prove: AABC = AAED m
Statements Reasons

e B R e R T e g Bl e s et PR

1. AC = 4D -
2. BC = DE X -
32— 3. Given

/ 4. AABC = AAED 4
3. Given: RT bisects Z0ORS. /1 = /2

’ Prove: ARTQ = ARTS
. Statements Reasons R T
f 1. RT bisects Z0ORS. ;

2. LQRT = /SRT B
3. RT =RT 3.
4. 218 £2 4.
5. 5. ASA

4. Given: AE bisects BD. AC = EC
Prove: AABC = AEDC
Statements Reasons

1. AE bisects BD. . \/

1
2. BC =DC 2
3, Z1= 22 " p—
4, 4
5. AABC = AEDC 5

Write a two-column proof for each exercise.
5, Given: DE = DF, DH bisects EF.
Prove: ADHE = ADHF D
6. Given: DE = DF, DH bisects £ EDF. & ¢
Prove: ADHE = ADHF :

’ 7. Given: AB = CD, /1 = £4 8. Given: 22 = /3, 1= /4 !
Prove: AABC = ACDA Prove: AABC = ACDA A D
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/Givemle =KI, £1= /L2

JI =1L
Prove: AHIJ = AKIL

H K

i g i

16. EG and HI bisect each other.

17. Given: BD L to plane M
AB = BC
Prove: AABD = ACBD

D

19. Given: Al bisects ZBAC.
AB = AC
Prove: AABI = AACI A

Write a conclusion that follows from the given information. State the
congruence postulate and/or definition on which your conclusion is based.

| 11. AB = AD, BC =DC B
12. AB=AD, £1=/2
13, AC is perpendicular to BD. BC = DC A ! c
14. AC is perpendicular to BD. £1 = /2 H <

15. F is the midpoint of EG and HI.

Write a two-column proof for each exercise.
18. Given: AB L plane M, DE L plane M

Write a two-column proof for each exercise.

10. Given:A:_E = ETD_,AI = /2
AC bisects BD.

Prove: AABE = ACDE

T

C bisects BD.

Prove: AACB = AECD

20. Given: £1 = /22, LA = LE
N is the midpoint of AE.
Prove: ANABN = AEDN
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21. Supporting struts are often added to a structure to form triangles so
that the structure will become rigid. Explain how the congruence
postulates relate to the fact that triangles form rigid figures.

77 AN

=T

A nonrigid figure collapses. Triangles form rigid figures.
22. Give a convincing argument that quadrilaterals do not satisfy

an SSSS congruence postulate. 8
23. D is the midpoint of BC. AB = 9x + 3, BD = 9x — 2, AC = 15x — 3, A

CD = 4x + 3 Show that AABD = AACD. g
24. AD bisects £BAC. mZBAD = 31 — x, m/£CAD = 15 + 3x, .

AB = 3x + 4, AC = 7x — 12 Show that ABDA = ACDA.
25. m/ZAOD = 2x + 9, m£BOC = 3x + 5,A0 = x* —2,0B =3x + 2, D B

OC = 2x* — 17, DO = 5x — 5 Show that AB and CD bisect each other. 0
C A C
26. Given: In figure ABCD, O bisects AC and BD. D C

Prove: AB| CD, BC||AD

0]
A B

Critical Thinking

Decide whether each statement is always, sometimes, or never true.
Draw a figure to explain your answer. Give a convincing argument
when the statement is always true.

27. A ray that bisects one angle of a triangle divides the triangle into two
congruent triangles.

28. The segment from a vertex of a triangle to the midpoint of the opposite side
divides the triangle into a pair of congruent triangles.

29. If two sides of a triangle are congruent, the segment from the common vertex
to the midpoint of the third side bisects the angle of the vertex.

Mixed Review

Complete each statement.

1. Two lines in different planes that do not intersect are .

Four lines intersect in, at most, ___ points.

Adjacent angles have no __ points in common.

Two lines that form congruent adjacent angles are —.

If two sides of a triangle lie in a plane, the third side .

A triangle divides a plane into three sets of points, those on the exterior,
those on the interior, and ___.

SOt & W 19
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fComputer Activity

Suppose you have two boxes and each box contains eight dowel rods with
lengths 8 cm, 9 cm, 10 cm, 11 cm, 12 cm, 13 cm, 14 cm, and 15 cm.
Suppose you reach into one box with your right hand and select three rods at
random, and then you reach into the other box with your left hand and select

three rods at random.

What are the chances that the triangle made with the right-hand rods will be
congruent to the triangle made with the left-hand rods? Are your chances
very good?

The program provided here simulates this experiment. When you run the
program, it asks how many times you want to simulate the experiment. Then
it records the number of times the two randomly selected triangles are

congruent. It also records the experimental probability of selecting a pair of
congruent triangles.

10 INPUT “HOW MANY EXPERIMENTS DO YOU WANT TO RUN "N

15 FOR COUNT = 1 TO N

20 INDEX = 0

25 FOR TRIANGLE 1 TO 2

30 GOSUB 1000

35 A(INDEX + 1) = NUMBER

40 GOSUB 1000

45 A(INDEX + 2) = NUMBER

50 IF ANDEX + 1) = A(INDEX + 2) THEN GOTO 40

55 IF AONDEX + 1) > A(INDEX + 2), THEN SWITCH = A(INDEX + 1):
A(NDEX + 1) = A(INDEX + 2): A(INDEX + 2) = SWITCH

60 GOSUB 1000

65 A(INDEX + 3) = NUMBER

70 IF A(NDEX + 3) = A(INDEX + 2) OR A(INDEX + 3) = A(NDEX + 1)
THEN GOTO 60

75 IF ANDEX + 1) = A(INDEX + 3), THEN SWITCH = A(INDEX + 1)
A(NDEX + 1) = A(INDEX + 3): A(INDEX + 3) = SWITCH

80 IF AONDEX + 2) = A(INDEX + 3), THEN SWITCH = A(INDEX + 2);
A(INDEX + 2) = A(INDEX + 3): A(INDEX + 3) = SWITCH

85 INDEX = 3

90 NEXT TRIANGLE

95 IF A(1) = A(4) AND A(2) = A(5) AND A(3) = A(6) THEN PAIRS = PAIRS + 1

100 NEXT COUNT

110 PRINT “THE NUMBER OF CONGRUENT PAIRS IS »: PAIRS

115 PRINT “THE EXPERIMENTAL PROBABILITY IS 7 PAIRS/N

120 END

1000 NUMBER = INT(8*RND(1)) + 8: RETURN

Exercises
1. Run the program to simulate the experiment 100 times.
2. Run the program to simulate the experiment 500 times.
3. Which result do you think is closer to the actual probability? Why?

4.3 Proofs: Using Congruence Postulates



OBJECTIVE: Deduce that segments and angles are congruent by first proving
that triangles are congruent.

4-4 Proving Segments and Angles Congruent

In this lesson you will prove two triangles are congruent in order
to conclude that a pair of angles or gides are congruent. In this
first example you will learn how a surveyor can use congruent
triangles to find a distance that he or she is unable to measure

?@ﬂy \
Example 1

Application A surveyor is unable to measure the distances
from docks A and B to point P on an island.
Explain how to find distances AP and BP.

Solution

1. Measure ~BAP and LABP.
2. Locate point C so that m /. BAP = m ZBAC and m LABP =

m L ABC.
3. Use the ASA postulate to conclude that AABP = AABC.

4. Since corresponding sides of congruent triangles are the
same length, we can conclude that AP = AC and BP = BC.

Measure AC and BC.
Step 4 in Example 1 uses the fact that corresponding sides of

congruent triangles are congruent. It is also true that
corresponding angles of congruent triangles are congruent.

Corresponding parts of congruent triangles are congruent.
Abbreviation: Corr. parts of = As are =.

/ Example 2
Complete the proof.
Given: AB = AD, £1 = £2

Prove: BE = DE
hat BE = DE, find a pair of congruent triangles that contain

Plan To prove t T
these segments. AABE and AADE include BE and DE. Angles 1 and

9 are included angles that lead to the use of the SAS postulate.

Proof Statements Reasons
1. AB = AD 1. Given
2. L1 = L2 2. Given
3. AE = AE 3. Reflexive Property
4. AABE = NADE 4. SAS Postulates
5. AB =CD 5
Solution

Corr. parts of = As are =.
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A summary of the general procedure that can be used to prove two segments
or two angles congruent by using congruent triangles is described as follows.

Proving Two Segments or Two Angles Congruent

1. Identify two triangles that contain the two segments or two angles as
corresponding parts.

2. Prove that the two triangles are congruent.

3. State that the two segments or angles are congruent by using
“Corr. parts of = As are =.”

ple 3 D C
Write a plan for proof and a two-column proof.
Given: AC and BD bisect each other.
Prove: /3 = /4
Solution A B

Plan To prove that 23 = 24, first prove that AADC = ACBA or that
AAOD = ACOB. Since 2.1 and £2 are vertical angles, they are
congruent. I can use this fact together with the given information
to prove AAOD = ACOB by SAS.

Proof Statements Reasons
1. AC and BD bisect each other. 1. Given
2. AO = CO, BO = DO 2. A segment bisector forms
two = segments.
3. £L1= 12 3. Vertical angles are =.
j 4. ANAOD = ACOB 4. SAS Postulates
# 5. /3= /4 5. Corr. parts of = As are =.

‘Axample 4 B

Write a plan for proof and a two-column proof.
Use an auxiliary line.

Given: AB = CB, and AD = CD
Proof: LA = /C
Solution A c

F Plan I can prove ZA = /C if these two angles are corresponding parts
of a pair of congruent triangles. If I draw the auxiliary segment
BD, I can use the SSS congruence postulate to prove that

@ AABD = ACBD.

Proof Statements Reasons

1. Draw BD. 1. For any two points, there is exactly

: L one line containing them.
] 2. BD = BD 2. Reflexive Property
! 3. AB =CB 3. Given
4. AD = CD 4. Given
-‘,} 5. AABD = ACBD 5. SSS Postulate
i 6. LA=/,C 6. Corr. parts of = As are =.
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Class Exercises

Short Answer

Select a pair of triangles that you might try to prove congruent if you
wanted to conclude each of the following.

1. AD =CB 2. £1=/2

3. Select a second pair of triangles that you could use for Exercise 1.
4. Select a second pair of triangles that you could use for Exercise 2.

Sample Exercises

Give a plan for each proof.

5. Given: AB =CD, 21 = /2, /3
Prove: BF = DE

6. Given: 25 = 26, BC = DA, CF
Prove: L/ DEA = /BFC

I
I~
n

I
&
o

Complete each proof.

7. Given: 21 = /2, /3= /4 D a
Prove: LA = /LC
Statements Reasons 1 3

21 & 23
DB = DB

N
[}

o

AADB = ACBD

O b

‘/ 5. LA = /C

8. Given: MN = MP, NO = PO P
Prove: MO bisects ZPMN.
Statements Reasons M 0

. MN = MP 1.
Given N

g

. MO = M0
. APMO = ANMO
Ll= L2
6. MO bisects ZPMN. 6.
/rite a two-column proof for each exercise. p C
9. Given: AB =CD, /1= /2 -
Prove: /5 = /6
26

/ﬂ. Given: /1 = /22, 45
Prove: /LB = 4D D c
Discussion

. Suppose that AB = CD and BC = DA. Explain how you would use an .
auxiliary line to prove that LA = £C. How many ways can this be done? A ; B

7N RO
N R

[l

T
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Exercises

A
Suppose that AABC = AXYZ. Complete each statement. A
1. XY = 1l4cm, . = 14 cm 2. mZB = 63, then __ = 63 -
msZ =131, __ =131 4, AC=2lcm,__ =2l cm B 3 D
‘/: Given: BD bisects ZABC. \% Given: AC L BD
AB = CB BD bisects AC. € Ex. 5-6
Prove: AD = CD Prove: /ABD = /CBD
Statements Reasons Statements Reasons
1. AB =CB 1. AC L BD | P
2. BD bisects ZABC. 20 2 oo 2. 1 lines form =
3. L1 = /2 3 L . adjacent angles.
4, 4. Reflexive 3. BD bisects AC. M
Property 4, AE = CE 4,
5. AABD = ACBD 5 5 e 5. Reflexive Property
6. AD = CD 6. 6. NABE = ACBE 6.
7. LADB = /CBD 7.
Write a two-column proof for each exercise. D C
/1 Given: AC and BD bisect each other. N
Prove: AD = CB A ‘
8. Given: O bisects AC. 23 = /4 A B
Prove: AC and BD bisect each other. B i
9. Given: D bisects CE. £1 = /2, /C = LE
/ Prove: BD = FD ¢ D E
10. Given: N is the midpoint of AB. AD = BC, £1 = /2 D c
Prove: CN = DN /v\
. T 1 :
11. Given: O_ls th_e midpoint of AB and CD. c A 2 B
Prove: AD || BC 0
12. Given: AD||BC, AD = BC
Prove: O is the midpoint of AB and CD. D B

13. To find the distance AB across this lake, a surveyor located points C
and D with A, P, and D collinear and B, P, and C collinear. AP = DP
and BP = CP. Explain why distance CD is equal to distance AB.

14. An engineer designing a bridge to be built across a deep canyon

i needs to find the distance AB across the canyon. He locates points
3 P and C so that AP = CP. Next he uses a transit to measure

' £ PAB. He then locates point D so that m ZPAB = m £PCD. How
can the engineer find the distance AB?
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m

15. Write a two-column proof. B c
Add auxiliary lines as needed.
Given: AB = DC, /A = /D
Prove: /B = /C A D
|
| . B p_E,
| 16. LADE = £ ACB, m/ACB = 3x + 15, A { N
| miADC = 2x + 35 (3x +15)° (2x +35)°
;r Find m £ADC.
’ 17. LXWZ = LWXZ, mLXWZ = 3x + 40, W y
| mLZXY = 2x + 10 z
| Find m £ ZXY. Ez.16
X ¥
Ex. 17

List sufficient given information (taken from each figure) and then A
write a two-column proof.

18. Prove that C is the midpoint of BD.
19. Prove that BF = DF.

20. Prove that AB = AE. 21. Prove that 2D = /C. 5
i B ¢ Ex. 18-19
E
72° o P>
R A AN N e s i
-~ B ' ¢ D E
Use the distance formula to calculate each length. Ay
22. AB,DE B
23. AC, DF
24. BC, EF 5 N\
; —1T E |Bi T~
25. Use Exercises 22—24 to show that LA = /D. 5 7
4 210 {24 ix
C E
26. Given: AC|DF, AB|DE, AC = DF, AB = DE B
Prove: /B = LE D
(HINT: Draw auxiliary lines.) \ .
A G
. . . A B
In Exercises 27-30 you may need to prove one pair of triangles :
congruent in order to gain information needed to show a second pair of c
triangles congruent. Write a two-column proof for each exercise. 1
27. Given: In figure ABCDEFGH, all sides are congruent to each other. G D
AF L AB,BG L GF, L1 = /2 2
Prove: AAHI = AGHI F E
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28, Given: £1 = /2, /3 = /4, B
L5=1,6,2T=/,8 4 C

Prove: /A = /C

D E F
29. Prove that if AD = AB and A 30. Prove that if AB = DE, AF =CD, __
CD = CB,then £D = LB. EF = BC, and LF = £C, then AB||ED.
A B
B D F
c
& E

Critical Thinking

31. In the cube, all faces are squares and all edges are equal in length.
Suppose that points B, C, and E are midpoints of edges. Write a
convincing argument that AABC is congruent to ADCE.

Algebra Review

1. In ADEF, m £E is six more than m £D. The measure of £F is ten less than
twice m £D. Find the measure of each angle.

2. isosceles ALOR with vertex L, LO = x> + 5, LR = 4x + 2 Find LO and LR.

3. ACAWhasm/ZC =x*+ 10x+ 2, m/A=x>—9,and msZW = 8 + 7.
Find the measure of each angle.

Enrichment

Factorials

If three dowel rods are selected from a box of Part b of this example gives a general formula to
eight rods of different lengths, how many count the number of ways to select r things from
different ways can this selection be completed? n different things.

(See the Computer Activity on page 165.) Select seven points on a circle and use the

If n is a positive whole number, n factorial (n!) is general formula.

| = — - -2
defined as n! = n(n — 1)(n = 2) .. . 3-2-1. 1. How many different segments can be drawn

Example between pairs of these points?
How many ways are there to select 2. How many different triangles can be drawn
a. three things from nine different things? with vertices selected among these points?

b. r things from n different things, where r < n? 3. How many different segments and triangles
can be drawn with vertices selected from
a2l =8 b al among nine points distributed around

* 308 O] a circle?

Solution
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OBJECTIVE: Prove triangles congruent using overlapping triangles.

4-5 Proofs: Overlapping Triangles

In the last lesson, you learned that to prove two
segments or two angles congruent, it is often
necessary to first prove that a pair of triangles are
congruent. Sometimes it is difficult to visualize
the triangles that you should prove congruent
because they overlap.

So it is helpful to separate the triangles mentally,
or to redraw the two triangles and then separate
them—to help analyze the proof. The first
example focuses on formulating a plan for a proof
involving overlapping triangles.

Example 1
Write a plan for the proof.
Given: £1 = /6, L3 = /4
AE =CD
Prove: LABE = /(CBD
Solution B
Plan I can prove that the overlapping angles ~ ABE
and £ CBD are congruent if I can show that they
are corresponding angles in a pair of congruent
triangles. Since the angles are overlapping, I can A : E

use the ASA Postulate to prove that the overlapping
triangles AABE and ACBD are congruent.

Sometimes the angles or segments that you want to
prove congruent are not overlapping so there is no clue
that you should be looking for overlapping triangles. p - . c
Try This
Write a plan for the proof.
Given: 21 = AG,A_E = CD,AB =CB
Prove: 43 = /4

Example 2

Complete the proof.

Given: 1 = /2, AC = DF
L3 = /4

Prove: EF = BC
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Plan To prove that EF = BC, I need to choose a pair of
triangles that contain EF and BC as corresponding sides.
I cannot prove AEFH = ABCH. I can prove overlapping
triangles AEFD = ABCA by using the ASA postulate.

Solution
Proof Statements Reasons
1. L1 = /2 1. Given
2. AC = DF 2. Given
3. £3=/4 3. Given F
4. AABC = ADEF 4. ASA Postulate
5. EF = BC 5. Corr. parts of
= /s are =.
B
Example 3
Complete the proof.
Given: /1 = /6, /3= /4,AD = CE 1 2/3 4\5 6
Prove: /ABE = /CBD A D E ¢

Plan To prove that ZABE = /CBD, I need to prove that a pair of
congruent triangles contain these corresponding angles. I can prove
(overlapping triangles) AAEB = ACDB by ASA if I can show that
AE = CD. I can do that by using the Common Segment Theorem
and the fact that AD = DF.

Solution
Proof Statements Reasons
1. L1 = L6 1. Given
2. AD = _(_'JE 2. Given
3. AE =CD 3. Common Segment Theorem
4, /4= /3 4. Given
5. AAEB = ACDB 5. ASA Postulate
6. LABE = /CBD 6. Corr. parts. of = As are =.
Try This

Complete the proof.

Given: AB = CB, 41 = /6, AE = CD

Prove: /2 = /5

Plan First show that AAEB = ACDB by SAS. Then /3 = /4 by

A corresponding parts of congruent triangles and 22 = £35 by the
: Congruent Supplements Theorem.

1 Proof Statements Reasons
1 1. AB = CB, £1 = /6,AE = CD L
; L e 2,
! 3. L3= /4 B
4,

,‘_, 4- ———
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Class Exercises 0
Short Answer
1. Name two different triangles that overlap AAOC. 1/213\4

2. Name two different triangles that overlap ABOD.
3. Name two different triangles that overlap ABOE.
4. Name two different triangles that overlap AAOD.

Sample Exercises
Use the Common Segment Theorem or the Common Angle Theorem to
complete each statement.
5. If AB = DE, then AD
6. If AB = CD, then AC

- m

ww| |

7. If £1 = /3, then LAO PRI
8. If £2 = /4, then LEO e
9. If AC =BD, thenAB = _.
10. If AD = BE, then AB = __.

11. Write a two-column proof for Example 1 on page 172.

Discussion

12. Suppose that in the above figure A0 = EO, 21 = 24, and OB = OD.
Use this information to give a convincing argument that a pair of nonoverlapping
triangles are congruent and a pair of overlapping triangles are congruent.

Exercises

A
Name a pair of overlapping triangles that appear to be congruent.

1. A D 2. A 3. A B
D E
B C C B

4. Name a second pair of overlapping triangles in Exercise 2.
5. Name a second pair of overlapping triangles in Exercise 3.

Use the Common Segment Theorem and the Common Angle
Theorem to complete each statement.

6. If L1 = /4, then LBGE = __.

7. If BE = FC, then FE = __. A
8. If ZBAE = /FAC, then LFAE = _.

9 If /5= /8, then LBAE = __.

B0/~ N\
o]
)
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Redraw each figure, separating the overlapping triangles that you plan to
use in the proof. Write a two-column proof.

10. Given: BC = ED, LADC = /ACD B ¢
Prove: BD = CE i «
i1. Given: LADC = LACD, L1 = /2 \
Prove: BC = ED % D
12. Given: BC = ED, BD = EC
Prove: /3 = /4
13. Given: £1 = /2, PQ = RO
Prove: OT = QV
14. Given: PT = RV, TR = VP

Prove: /3 = /4

B

15. AB=CD,AC=3x+5,BD=4x—-3,BC=x+ 2 E
Find AB and CD.

16, 21 = /2, m/ZAEC = 14x — 3, m/LDEB = 17x — 15, 1 )

AE=4x+ 7, DE=3x+ 11,BE=3x+7,CE=5x — 1
Show that AAEC = ADEB.
17. LAEC = /DEB, NAEB = ADEC, m/Z1 = 5x — 3,

mi2=3x+5 AC=3x -1
i Find DB.
] Write a two-column proof for each exercise.
f 18. Given: RS =UV  19. Given: ST = VW
g ST =VW LS =LV
. Z8 =2V LSTR = LVWU
] Prove: RW = UT Prove: RS || UV
3 20. Given: /1 = £2 21. Given: £1 = /2
’ L3= 4 iD = B
; ED =CD ED = CD
3 Prove: EB = CA Prove: 5= /6 A
i
22. Given: AB = DC  23. Given: AE = DF E F
LA = LD LE = LF
AE = DF EC =FB
Prove: EC = FB Prove: AB =CD 4 3 C D
24. Show that /F = AG.

L DN EREIRE TP
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C
Write a two-column proof for each exercise.

25. Given: BC = ED 26. Given: RS =RU, 21 = 22
ffDCf LACD Prove: /3 = /4
Prove: AB = AE ¥ g
c 3
B
1 /X
A R > T
E
D 4
U
Critical Thinking

27. How many triangles in the figure to the right are congruent to
triangle A? triangle B? triangle C'?

ENWANVAN

B

Algebra Review

1. AKAW is equiangular. mZK = x>+ 10x + 4, m/A = x> — x + 48
msW =2x2+ 5x+8 Find x.

2. AJOR,JO =JR,JO =2x + 1,JR =4x — 15,0R = 3x — 4
Find OR.

3. APSN, /S = /N, m/ZP=3x*—dx - 1l,msLS=x*—-2x + 1
msN =2x*—6x —20 Findm4sP.

Quiz J
Write a two-column proof for each exercise.
1. Given: JC bisects ZEJA. 2. Given: JE =JI,JC = JA
JE =JI, LE = /JIA EC =]A
Prove: EC = JA Prove: JC bisects ZEJA. 7
E

3. Given: BH = BE, BK = BD 4. Given: BK = KE = BD = DH
Prove: /. BDH = /BKE /BDH = /BKE

B
Prove: /E = /H
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THEOREMS ABOUT TRIANGLES

OBJECTIVE: Prove and apply the theorems about isosceles triangles.

o S B

4-6 Isosceles Triangles

Use square dot paper or graph péper to draw a large triangle

with two sides equal in length. Fold the dot paper with the
fold line through the vertex A and perpendicular to the side
opposite A. (This fold line is the reflection line for a
reflection transformation.) What do you discover about the
angles of this triangle? Repeat for a variety of triangle
shapes and state any generalizations that you discover.

You have learned that an isosceles triangle has a pair of congruent sides. The
congruent sides are called legs and the third side is called the base. The
angles opposite the legs are called base angles and the third angle is called
the vertex angle.

The following theorem describes a relationship between the legs and the base
angles of an isosceles triangle. Note the use of the five steps in proving a
theorem as discussed in Chapter 2.

@ THEOREM 4.1 Isosceles Triangle Theorem

If two sides of a triangle are congruent then the angles opposite those
sides are congruent.

Given: AB
Prove: /1

Plan Let D be the midpoint of BC and draw the
auxiliary line AD. Then prove that AABD = AACD
using the SSS Postulate and conclude that /1 = /2.

Proof

= AC A
= /2

o
—

G D B
Statements Reasons
1. AB = AC - 1. Given
2. D is the midpoint of BC. 2. A segment has exactly one midpoint.
3. BD = CD 3. A midpoint forms two = segments.
4. AD = AD 4. Reflexive Property
5. AABD = AACD 5. SSS Postulate
6, L1=/2 6. Corr. parts of = As are =.

4-6 [sosceles Triangles
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Sometimes a theorem can be stated concisely in a form that is not if-then
form. Theorem 4.1 could have been stated as follows.
The base angles of an isosceles triangle are congruent.

Remember that a theorem that follows directly from another theorem is
called a corollary. Below are several corollaries of Theorem 3.1. You will be
asked to prove these corollaries in Exercises 30-31.

P COROLLARY 4.1a
If a triangle is equilateral then it is equiangular.

p- COROLLARY 4.1b

The segment from the vertex of an isosceles triangle to the midpoint of
the base bisects the vertex angle.

Recall that the converse of a conditional statement “if p, then ¢” is the
statement “if g, then p.” The next theorem is the converse of Theorem 4.1.

¢ THEOREM 4.2 a

If two angles of a triangle are congruent, then the sides opposite them
are congruent.
B A

You will be asked to prove Theorem 4.2 in Exercise 37.

P COROLLARY 4.2a
If a triangle is equiangular, then the triangle is equilateral.

Example
Find BD and m £ ABC.

Solution A 8 D 14 C

BD = 14 Since £ BAD = £ BDA, then
AB = BD by Theorem 4.2.

mZABC = x  Since AC = 8 + 14 = 22 and
BC = 22, then LA = LABC
by Theorem 4.1.

Try This
Explain why £DBC = /DCB.
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Class Exercises

Short Answer

Name the legs of AABD.

Name the base angles of AABC.
Name the base angles of AABD.
Name the legs of AABC.

Name the vertex angle of AABC.
Name the vertex angle of AABD.

el o e o

Sample Exercises
Complete each statement based on the theorems in this lesson.

7. The base angles of an isosceles triangle are .

8. If two angles of a triangle are congruent, then .

9. If all three sides of a triangle are congruent then .
10. If all three angles of a triangle are congruent then .
11. The legs of an isosceles triangle are . E

: 12. If AE = DE, then __
i 13. If £2 = £3, then __
3 14, If BE = CE, then
b 15. If £1 = /4,then __=___.

W mn

mon

Discussion

1 16. In the figure to the right £1 = 22 and £3 = /4. Give a convincing
3 argument that AB = CD. B G

4 Exercises

A

Complete each of the following statements. State the theorem A
that you used.

I /1= /42, then = ___.

. If LZABC = LACB, then __ = .

. IfDB =DC,then __ = ___.

Ldfmsl 3 = ms2+ ms4, then = ___.

. IfAB = AC, then __ = __.

Use the theorems in this lesson C
] to complete each statement.

6. mLABC = __
= 7. CE= .

-

wn B W
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Use the theorems in this lesson D 14 &

to complete each statement. w
8. BC= 14

9, AB=___

10. mLACD = __
i1. m£ZADB = __
12. m£LABC =

Use AABF and ACED
in the figure.
13. CF = __
4. FE =

N is the midpoint of LO
in the figure.
15. Find MN.

16. Find PN. 5 208 487 AN o
17. Find PO.

Complete each proof. A
18. Given: AC = AD, /1= /2
Prove: AADB = AACE 1 5
Statements Reasons
AC =AD 1
5= 16 2
2l = /2 3 —
4
5

£BAD = LFAC . Common Angle Theorem

AADB = AACE

19. Use the figure in Exercise 18.
Given: AB = AE, /1= /2
Prove: AACD is isosceles.

L ol

Statements Reasons

1. AB = AE |

2. /3= /L8 2. —.

3. L1= /2 3.

4. NABC = AAED 4,

5. /4= /7 8

6. L5=/.6 6. Supplements of

= /s are =.

7. AD = AC 7.

8. AACD is isosceles. 8.

. 20. The device to the right can be used to determine

! one half of any angle. Point E is allowed to move

] along the slot so that AD = DE. Explain why the
measure of £ZEAD is always one half the measure
of LBDE.
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21. AABC is isosceles with AB = BC. If AB = 4x and
BC = 6x — 15, find AB and BC. J

22. ADEEF is isosceles with base DF. If DE = 4x + 15, EF = 2x + 45, i
and DF = 3x + 15, find the lengths of the sides of the triangle.

23. ImnAXYZ, XY =YZ.Ems/X =4x + 60, m2Y = 2x + 30, and
msZ = 14x + 30, find mZX, m2Y, and mZLZ.

24. In AABC, /A = /C.IfAB = 4x + 25, BC = 2x + 45, and
AC = 3x — 15, find the lengths of the three sides.

Write a two-column proof for each exercise.
25. Given: AADC is isosceles with vertex A. A

BC = ED
Prove: AABE is isosceles.
B C D E

26. Given: AABC is isosceles with vertex angle

A. A
Ll=212
Prove: ABCD is isosceles.
B

(8]
27, Given:AE = AC A
BE bisects LABC.
CD bisects £ ACB. D E
Prove: AD = AE
B C

28. Given: ZABC = /ADC, /1=,2 B

Prove: AB = AD and BC = DC
A C
D

29, If a ship is moving in the direction AD, its distance from a
point on shore can be determined in the following way. At
point A, m ZDAC can be determined. At some point B along
E, m £ DBC is twice m £ DAC. The distance AB, which can
be determined by the ship’s log, is the same as the distance
BC. Explain why m £DBC = 2m £ DAC means that
AB = BC.
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30.
31.
32,

33.

34.

3s5.

37.

38.

182

Prove Corollary 4.1a. 4y
Prove Corollary 4.1b. 7 P
Use the distance formula and T A
conclude that m ZABC = m£LACB. [ 7777 \
Y o
A | \B_
2ol 2%

Two converging timbers are to be cut along a line as shown
so that m 2 CDB = m LABD. Two carpenter’s squares are
positioned so that BE = DE. (A carpenter’s square has a
right-angle corner.)

Prove that £CDB = £ABD.

Suppose that AABC is an isosceles triangle with vertex angle A and
that D is a point on side BC. Prove that AD bisects £A if D is the
midpoint of BC. B P
Given: AD = FC, AB = FE

LA =LF G
Prove: ACDG is isosceles.

A D (2 F

L ABD = /ADB, BF and DE bisect ZABD
and £ ADB respectively. Prove that 21 = /8.

Given that, in AABC, £B = /C. Prove that AABC = AACB.
Explain why you have just proven Theorem 4.2.

o — B
Given: M||N, BC in plane M, DE in plane N
m/ZABC = m£LACB

Prove: AADE is isosceles.
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S Cati

Critical Thinking ; i
39. Suppose that EB = EC and £1 = /2. Consider the E

following argument. Since EB = EC, AEBC is an Ry
isosceles triangle with the base angles at B and C
congruent. This means that /3 = /4 since they are -

supplements of congruent angles and AABE = ADCE.
Therefore, AE = DE since they are corresponding
segments in congruent triangles. Consequently AAED is
an isosceles triangle. Is this a convincing argument? A
Why or why not?

40. For pyramid ABCD, m £ABC = LACB = LACD = LADC.
What can you deduce about AABD?

41. Under what conditions is AABD an equilateral triangle?

D

C
Mixed Review

1. The ratio of the measures of the angles of a triangle is 13:15:17.

Find the measures of the angles and classify the triangle as acute,

right, or obtuse.
2. The ratio of the measures of the acute angles of a right triangle is 7:8.

Find the measures of the two acute angles. . " " -
3. BC=CD,BD = AB—1,AD =9 Find AB. A B C D

“views on the optimum use of energy resources in several books.

Biographical Note
R. Buckminster Fuller (1895-1983)

R. Buckminster Fuller believed in using knowledge and technology to solve
world problems. As an engineer, he designed fuel-efficient, omnidirectional
automobiles. As a cartographer, he developed a map that projects the world
onto a flat surface with almost no distortions. As an educator, he taught at
Southern Illinois University. A poet and philosopher, Fuller described his

Fuller’s goal of doing more with less is apparent in his architectural designs.
His Dymaxion house was factory-assembled and easily transported.
Thousands of examples of his geodesic domes exist throughout the world.
Based on his system of geometry, these domes join networks of triangles into
frameworks for lightweight, but extremely strong, spheres—the most efficient
way to enclose space. Fuller envisioned domes over entire cities, allowing
their inhabitants total control over the environment.
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OBJECTIVE: Use the AAS Congruence Postulate in proofs. Use the HL and HA
Congruence Postulates in proofs.

4-7 AAS Congruence and Right Triangle Congruence

| a protractor and ruler to draw a triangle DEF with £D
congruent to the given £A, LE congruent to the given

Given angles A and B and a segment with length b. Use
bl
/B, and whose side opposite ZE has length b. Sl Bl

You have studied the SSS, SAS, and ASA methods of proving triangles
congruent. The above Explore suggests the AAS method.

& THEOREM 4.3 AAS Congruence & "
If two angles and a side opposite one of them in one triangle are 1
congruent to two angles and a side opposite one of them of 1
another triangle, then the two triangles are congruent. A v B . ;

You will be asked to prove the AAS Theorem in Exercise 27. It is used to
complete the proof of this example.

D 57
Example 1 E
Given: 21 = /2, £LC = 4D
Prove: AD = BC 1 2
Solution 4 B
Statements Reasons
1. L1 = £2,/.C = LD 1. Given
2. AB = AB 2. Reflexive
3. AABC = ABAD 3. AAS Congruence Theorem
4. AD = BC I 4. Corr. parts of = As are =.

In addition to the SSS, SAS, ASA, and AAS methods for proving
triangles congruent, there are two methods that apply to right
triangles only. The HA Congruence Theorem is a consequence of the
AAS Congruence Theorem and will be proven in Exercise 28.

Recall that in a right triangle, the side opposite the right angle is

4 hypotenuse
called the hypotenuse and the other two sides are called legs. leg

leg

184  Chapter 4 Congruent Triangles



@ THEOREM 4.4 HA Congruence
If the hypotenuse and one acute angle of a right triangle are congruent to
the hypotenuse and one acute angle of another right triangle, then the
triangles are congruent.

& THEOREM 4.5 HL Congruence

If the hypotenuse and a leg of one right triangle are congruent to the corresponding
parts of a second right triangle, then the triangles are congruent.

Given: LY and ZRST are right Zs in AXYZ and ARST.
XZ = RT, X¥ = RS A

Prove: AXYZ = ARST

R
z ¥y T S U
Plan I will construct ARUS, with U selected on 75 so that SU = YZ. If I
can show AXYZ = ARSU, then I can conclude that ZX = UR and

that ATRU is isosceles. Consequently 2T = /U by Theorem 4.1 -

and LU = AZ by corr. parts of = As are =. Therefore /T = /Z
and I can conclude that AXYZ = ARST by HA Congruence.

ple 2
Complete the proof.
Given: £C and ZF are right angles in AACB and ADFE.

AE = DB, AC = DF

Prove: EF = BC E A D B

Proof Statements Reasons

. LCand AF are1t. Zs. 1

. ADEF and AABC are rt. As. 2

. AE = DB, AC = DF 3

. ED = BA .
5
6

. Given

i B W

. ADEF = AABC
6. EF = BC
Solution

2. Definition of a right triangle
3. Given

4. Common Segment Theorem
5. HL Theorem

Six ways to prove triangles congruent have been presented in this chapter.
Four ways apply to all triangles and two ways apply to right triangles only.

. Corr. parts of = As are =.

Summary of Ways Te Prove Triangles Congruent

All triangles SSS  SAS  ASA  AAS
Right triangles  HL HA
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Class Exercises

Short Answer

Indicate whether the given pair of triangles is congruent by SSS, SAS,
ASA AAS, HA, HL, or none of these

R V/E;@

Sample Exercises

CD = CE State the additional information you need to prove E
AACD = ABEC by the given method. 5
7. HA 8. HL 9, SSS
10. AAS 11. ASA 12. SAS
A C B

Discussion

13. Formulate a theorem that you would call the LL Congruence Theorem
for right triangles. Do you think it is true? Why?

14. Formulate a theorem that you would call the LA Congruence Theorem
for right triangles. Do you think it is true? Why?

Exercises A

A

C D
State the additional information you need to prove
AABC = NABD by the given method.

1. HA 2. HL 3. AAS
4. SAS 5. ASA 6. SSS B

State the additional information you need for the given method to A
prove that AABC = AFED if AD = CF. D E

7. HA 8. ASA 9. HL
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0. Complete the proof. E D
Given: B is the midpoint of AC. h
ZE and £D are right £s. EB = DB B P
Prove: LA = /C 4 -
Statements Reasons
1. ZE, /D arert. £s. 1.
2. AABC and ACBD are rt. As. 2
3. B is the midpoint of AC. 3.
4. AB = CB - J—
5. EB = DB |
6. NABE = ACBD [
7. LA =/.C 7.
Write a two-column proof for each exercise.
11. Given: £B and 4D are rt. Zs. 12. Given: ZB and ZD are rt. £s. B[ > c
AB = CD £l =22 &
Prove: AABC = ACDA Prove: AABC = ACDA A : D
Use each given to prove the right triangles AAOD and ABOC congruent.
13. O is the midpoint of AB. D c
ZA and /B arert. /Zs. QQ = 0C
14. LA and ZB arert. £s. OC = 0D, LD = LC
15. O is the midpoint of AB.
ZAand ZB arert. /s. LAOD = /BOC
A (0] B
B
16. A basketball backboard is mounted on a wall with a metal bracket

ABCD so that £B and 4D are right angles and AB = CD. Show that
the two corners A and B of the backboard are equidistant from the wall.

DE 1 AC, BF | AC,AB =CD,DE =BF " "
/. Prove that £1 = /2. M
18. Prove that AD = CB. 1 .
/Iﬁ. Prove that AE = CF. A " B
A Given: CD | AB, BE 1 AC, AABC is isosceles. 4
Prove: ABFC is isosceles.
AGiven:C_D_LZE,B"EJ_E,ﬁEC_D b 5
Prove: AABC is isosceles.
7. CD L AB,BE 1 AC,TD = BE,BD = 5x — 7, CE = 2x + 14,
DF = 2x + 5, EF = 3x — 2 Prove that AEFD has two pairs of B C

congruent sides.
Ke'. CD L AB,BE 1L AC,AC = AB,AD = 4x — 5,AE =2x +7
msA=3x+8 FindmZA.
A milling cutter with seven teeth is made by cutting seven right triangles
out of a seven-sided regular polygon. If AB is cut the same length for
each tooth, why are the sharp points of the cutter all the same size angle?

24.
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