Limits

Limit of a Function
If fis a function, then we say:

A is the limit of f(x) as x approaches a

if the value of f(x) gets arbitrarily close to A as x approaches a. This is written in mathematical notation as:

lim f(x) = A

x—a

For example, 1}2} x*=9, since x> gets arbitrarily close to 9 as x approaches as close as one wishes to 3. The
definition of lim f(x) = A was stated above in ordinary language. The definition can be stated in more precise
mathematicalXﬁl‘hguage as follows: lim f(x) = A if and only if, for any given positive number €, however
small, there exists a positive number 0 such that, whenever 0 < |x — a| < § , then |f(x) — A| < €.

The gist of the definition is illustrated in Fig. 7-1. After € has been chosen [that is, after interval (ii)
has been chosen], then 6 can be found [that is, interval (i) can be determined] so that, whenever x # a is
on interval (i), say at x,, then f(x) is on interval (ii), at f(x ). Notice the important fact that whether or not
lim f(x)=A is true does not depend upon the value of f(x) when x = a. In fact, f(x) need not even be defined

x—a

when x = a.
Xq f(xo)
O O—+ O X —0 —t O— f(x)
a-—=6 a a+é A-—€ A Ate
(i) (ii)
Fig. 7-1

2__; is not defined when x = 2. Since

T et X
EXAMPLE 7.1: 1A1£121 ) =4, although p

o4 _ (-Da+D)

x—=2 x—2 +2

x2—4
x=2

we see that approaches 4 as x approaches 2.

EXAMPLE 7.2: Letus use the precise definition to show that Jim (4x — 5) = 3. Let €> 0 be chosen. We must produce
x—=2

some &> 0 such that, whenever 0 < |x — 2|< §, then |(4x—5)-3|<c.
First we note that [(4x — 5) — 3| = [4x — 8| = 4|]x - 2|.
If we take to be € /4, then, whenever 0 < [x —2| < 6, |(4x—5)—3|=4]x—2|<46=€.
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Right and Left Limits

Next we want to talk about one-sided limits of f(x) as x approaches a from the right-hand side or from the

left-hand side. By lim f(x) = A we mean that f'is defined in some open interval (¢, a) and f(x) approaches A
as x approaches a thr(;ugh values less than a, that is, as x approaches a from the left. Similarly, hm fx)=A
means that fis defined in some open interval (a, d) and f(x) approaches A as x approaches a from the right.
If f is defined in an interval to the left of a and in an interval to the right of a, then the statement hm fx)=Ais
equivalent to the conjunction of the two statements 11m f(x)=Aand hm f(x)=A. We shall see by examples
below that the existence of the limit from the left does not imply the ex1stence of the limit from the right, and

conversely.
When a function is defined only on one side of a point a, then we shall identify hm f (x) with the one-sided

limit, if it exists. For example, if f(x) = /x, then fis defined only at and to the rlght of 0. Hence, since hm
Jx =0, we will also write hm Jx=0.0f course, hm Jx does not exist, since Jx is not defined when X <

0. This is an example where the existence of the limit from one side does not entail the existence of the limit
from the other side. As another interesting example, consider the function g(x) = /1/x, which is defined only
for x > 0. In this case, hm v1/x does not exist, since 1/x gets larger and larger without bound as x approaches

0 from the right. Therefore 11m ~1/x does not exist.

EXAMPLE 7.3: The function f(x) = /9 —x" has the interval =3 < x < 3 as its domain. If @ is any number on the in-
terval (=3, 3), then lim \J9—x? exists and is equal to /9 —a2. Now consider a = 3. Let x approach 3 from the left; then
lim \/9-x* = 0. For x >3, /9—x? is not defined, since 9 — x? is negative. Hence, hm JI—x2 = hm 9-x* =0.

x—37
Similarly, hm VI9-x* = 1im 9-%* =0.

vﬂ73*

Theorems on Limits
The following theorems are intuitively clear. Proofs of some of them are given in Problem 11.

Theorem 7.1: If f(x) = ¢, a constant, then lim f(x) = c.

For the next five theorems, assume lim f(x) = A and lim g(x) = B.
Theorem 7.2: hm ¢ f(x)=clim f(x)=cA.

x—a

Theorem 7.3:  lim [f(x) £ g(x)]=lim f(x) £ limg(x)= A% B.

Theorem 7.4:  lim[f(x)g(x)]=lim f(x)-limg(x)=A- B.

lim f(x)
Theorem 7.5:  fim[ /) )= *ﬁaf =A ifB=0.
—al g(x) )" limg(x) ~ B’

Theorem 7.6:  lim4/f(x) = ,flim f(x) = YA, if YA is defined.

Infinity
Let

lim f(x) =+eo

mean that, as x approaches a, f(x) eventually becomes greater than any preassigned positive number, however
large. In such a case, we say that f(x) approaches +eo as x approaches a. More precisely, hm f(x)=+ocif and only

if, for any positive number M, there exists a positive number ¢ such that, whenever 0 < |x al < 6, then f(x) > M.
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Similarly, let
lim f(x) =—oc

mean that, as x approaches a, f(x) eventually becomes less than any preassigned number. In that case, we say
that f(x) approaches —eo as x approaches a.
Let

lim f(x) = oo

mean that, as x approaches a, |f(x)| eventually becomes greater than any preassigned positive number. Hence,
lim f(x) = e if and only if lim |[f(x)| =

These definitions can be extended to one-sided limits in the obvious way.

EXAMPLE 7.4:

@ fimb=te () Ime=f = (©) limd =

x—0

EXAMPLE 7.5:

(&) lim 1_ +o0. As x approaches 0 from the right (that is, through positive numbers), 1/x is positive and eventu-
=0t X

ally becomes larger than any preassigned number.

() lim 1__ since, as x approaches 0 from the left (that is, through negative numbers), 1/x is negative and

x>0~ X

eventually becomes smaller than any preassigned number.

The limit concepts already introduced can be extended in an obvious way to the case in which the variable
approaches +oo or —eo. For example,

lim f(x)=A

X—+oo

means that f(x) approaches A as x — +oo, or, in more precise terms, given any positive €, there exists a
number N such that, whenever x > N, then | f(x)— A| < €. Similar definitions can be given for the statements
lim f(x)=A, lim f(x)=40co, lim f(x)=—oco, lim f(x)=—occ, and lim f(x)=4oc.

X——00 X—>+o0 xX——00 x—a xX——00

x—to0 X x—>+o0

EXAMPLE 7.6: lim l:0 and lim (2+x_12):2'

Caution: When lim f(x) = te< and lim g(x) = Zoo, Theorems 7.3—7.5 do not make sense and cannot be used.

For example, th =4oc and th = 400, but
0 x*

x—0 x

U o o
£‘£‘31/x lim x* =0

Note:  We say that a limit, such as lim f(x) or lim f(x) exists when the limit is a real number, but not when the
X—a X—+00

e . 2 _
limit is +eo or —oo or oo, For example, since lim % 24 =4, we say that lim % —4 exists. However, although llml = toc,
=2 X— x—2 X — x—0 x
we do not say that th exists.
x—0 X

SOLVED PROBLEMS

1. Verity the following limit computations:

(@) 1jn215x=5111121x=5~2=10
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(b) lim 2x+3)=2limx+1im3=2-2+3=7
() lim(x*—dx+)=4-8+1=-3

hm(x 2)
x—2 _ s _1
() Mo = G =3

x—=3

x4 _4-4_
(e lm sg=27470

(f) 1limy25-x* = [lim 25-x%) =9=3

x4 x—4

[Note: Do not assume from these problems that lim f(x) is invariably f(a).]

(@ lim*X=23=|im (x=5)=-10

-5 X+5 x—>-5

Verify the following limit computations:

x=4 .. x—4 1 1
(@) lim s =lim s ey = lin 3 =7

The division by x — 4 before passing to the limit is valid since x # 4 as x — 4; hence, x — 4 is never zero.

(b) llm =11 ()C 3)()6 +3x+9)_1 x+3x+9_2

3 X? —9 w3 (x=3)(x+3) -3 x+3 2
() =x2 L X2 42hx+ R —x . 2hx+ R _
@ = Tt Mty Sim G =a

Here, and again in Problems 4 and 5, & is a variable, so that it might be thought that we are dealing with
functions of two variables. However, the fact that x is a variable plays no role in these problems; for the moment,
x can be considered a constant.

d) lim—3=X iy GGV HS) (G- )BHNCHS) 34 5y =6
=23 — \/x +5 =2 3-J2+5G+Jx2+5) =2 4 — x? 2

) lLmEFx=2_jjy G-D&x+D) _p

= =00 ; no limit exists.
x—1 ( ])2 x—l (x - ])2 x>l X -1 ©

In the following problems (a)—(c), you can interpret liﬂlm as either ILIPm or ILIEIW; it will not matter which. Verify
the limit computations.

@ fim 2 gy 372 _3-0_1
T ox+7 T 97k T9+0 3
6x2+2x+1 . 6+2/x+1/x* 6+0+0 6
(b) lim im = =
x—>+o<>5.x 3x+4  voise 5—3/x+4/x 5-0+0 5
xX2+x-2 Ux+1/x2=-2/x* 0
c =1 == =
(© lim = lim s 70
. 2x3 2x
@) lim 5y =lim e =
2x3 2x
(e) }LIPOOX 2+1 vl—>r£10<>1+1/x2 = e
(f) lim (x°-7x*-2x+5)=lim xs(l—;—%+%)=+o¢ since

lim (1—1—%+i5)=(1—0—0+0)=1and lim x° = +oo
X X X X—+00

(g lim (x°—7x*-2x+5)= lim xs(l—%—%+%):—w since

X——00 X——00 X
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lim (1—%—i+—) (1-0-0+0)=1and 1 hmx =—o0

X0 x*

Given f(x) = x* — 3x, find mw'

Since f(x) = x> — 3x, we have f(x + h) = (x + h)*> — 3(x + h) and
mf(x+h2—f(x) — lim (x*+2hx+h?—3x-3h)— (x* —3x) —lim

0 0 h 0

=£ing(2x+h—3)=2x—3.

2hx+h*—3h
h

Given f()=5r+1, find lim LEEIZS) o o 1
f(x+h) S i 5+ 5Sh+ 1= JSx+1

JHO h0 h

J5x+5h+1 —5x+1\5x+5h+1+/5x+1
=i h 5x+5h+1+5x+1

GBx+5h+1)—(5x+1)
m
>0 h(\[5x +5h+1++/5x+1)

=lim > -
=0 5x+5h+1+5x+1 2/5x+1

(a) In each of the following, (a) to (e), determine the points x = a for which each denominator is zero. Then see
what happens to y as x = a~ and as x — a*, and verify the given solutions.
(b) (GC) Check the answers in (a) with a graphing calculator.

(a) y=f(x)=2/x: The denominator is zero when x =0. As x — 07, y — —oo; as x — 0%, y — +oo.

- _x=1 . _ _ oo 3
b)) y=f(x)= Gia=D" The denominator is zero for x=—-3 andx=2. Asx > -37,y = as x — —3%,

Y=+  ASx — 27,y —> —oojasx —> 24, y —> Foo,

() y=fn= #&1) The denominator is zero forx =—-2 and x = 1. As x — =27, y — —oo; as x — —2%,

Y=+, Asx = 1,y > 4oeojasx = 11, y —> —oo.

+2 1

@ y=f= %ZThedenominamriszeroforx=3.Asx%3‘,y%+m;asx%3*,y%+o¢.
+2)(1

e) y=fo= M%) The denominator is zero for x =3. As x — 37,y = +o0; as x = 3%,y — —oo,

For each of the functions of Problem 6, determine what happens to y as x — —oo and x — +oo.

(a) Asx — oo, y=2/x = 0. When x < 0, y < 0. Hence, as x — —oo, y = 0~. Similarly, as x — +oo, y — 0*.

(b) Divide numerator and denominator of m by x? (the highest power of x in the denominator),
obtaining

1/x—1/x2
A+3/x)(1-2/x)

Hence, as x — *oo,
0-0 0

A+ 0)1-0) =1=0

As x — —oo, the factors x — 1, x + 3, and x — 2 are negative, and, therefore, y — 0~. As x — +oo, those factors
are positive, and, therefore, y — 0*.

(¢) Similar to (b).
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10.

11.

@ G- _ P+x-2 _1+1k-2/
(x—=3)? xX2—6x+9  1-6/x+9/x*’
power of x in the denominator). Hence, as x — +eo, y —

after dividing numerator and denominator by x? (the highest
1+0-0_1
1-04+0 1
always nonnegative. As x — —eo, both x + 2 and x — 1 are negative and their product is positive; hence,
y — 1*. As x = +oo, both x + 2 and x — 1 are positive, as is their product; hence, y — 1*.

— —y2 _ —_x —
(e) (x +xZ)_(13 X _ xx _x3+ 2_ xl —137x2/x , after dividing numerator and denominator by x (the highest
power of x in the denominator). As x — oo, 2/x and 3/x approach 0, and — x — 1 approaches +co. Thus, the
denominator approaches 1 and the numerator approaches =+ co. As x — —oo, x + 2 and x — 3 are negative and

1 — x is positive; 50, y —> +oo. As x — +oo, x + 2 and x — 3 are positive and 1 — x is negative; so, y —> —oo.

=1. The denominator (x — 3)?is

Examine the function of Problem 4 in Chapter 6 as x — a~ and as x — a* when a is any positive integer.

Consider, as a typical case, a =2. As x — 27, f(x) — 10. As x = 2%, f(x) — 15. Thus, hmf(x) does not exist.
In general, the limit fails to exist for all positive integers. (Note, however, that hm fx)= hm f(x)=35, since f(x)
is not defined for x <0.)

Use the precise definition to show that lim (x* +3x)=10.

Let €>0 be chosen. Note that (x —2)>=x>—4x+4, and s0, ¥* + 3x — 10=(x —=2)> + Tx — 14 = (x — 2)> +
7(x —2). Hence |(x* + 3x) — 10| = |(x — 2)* + 7(x — 2)| < |x — 2]* + 7|x — 2|. If we choose & to be the minimum of 1
and €/8, then 82 < §, and, therefore, 0 < [x — 2| < §implies |(x* +3x)—10|< 6> +76<5+76=80<e.

If hm g(x)= B # 0, prove that there exists a positive number & such that 0 < |x — a| < § implies |g(x)| > J?l

Lettmg € = |BJ/2 we obtain a positive d such that 0 < |x — a| < § implies |g(x) — B| < |BJ/2. Now, if 0 < |x —a| < §,
then |B] = |g(x) + (B — g(x))| £ Ig(x)| + |B — g(x)| < |g(x)| + |BI/2 and, therefore, |B|/2 < |g(x)|.

Assume (I) lim f(x)=A and (II) lim g(x) = B. Prove:

(@ lm[f(x)+gW]=A+B (b) lim f(x)g(x) = AB (c) lim f Ex; % ifB#0

(a) Let €>0 be chosen. Then € /2> 0. By (I) and (II), there exist positive &, and &, such that 0 < |x —a| < §,
implies |f(x)—A|<€/2 and 0 < |x — a| < &, implies |g(x) - B| < € /2. Let & be the minimum of &, and 5,
Thus, for 0 < Ix —a| < 8, | f(x)— A|<€/2 and |g(x)— B| < € /2. Therefore, for 0 < |x — a| < §,

|(f(x) +g(x) = (A+ B)|=[(f(x) - A) + (8(x) = B)|

<|f@-Al+lg)-Bl<S+5=
(b) Let €> 0 be chosen. Choose € to be the minimum of €/3 and 1 and €/(3|B|) (if B #0), and € /(3 |A]) (if
A #0). Note that (€")> < € since € <1 Moreover, |B|€'<e /3 and |A|€"< € /3. By (I) and (II), there exist
positive &, and 8, such that 0 < |x — a| < §, implies |f(x)— A|<€* and 0 < |x — a| < &, implies |g(x)— B|<€".
Let & be the minimum of &, and &,. Now, for 0 < |x —a| < 6,
| f(x)g(x) = AB|=|(f (x)— A)(g(x) = B) + B(f(x)— A) + A(g(x) - B)|
<1 () = A)(g(x) = B)| +[B(f(x) = A)| + |A(g(x) - B)|

=|f(x) - Allg(x) - B| + |BIlf (x) - Al + |Allg(x) - Bl
2 -
<(€)’+|Ble +|A|le <€ +3+3_3+3+3—e
(c) By part (b), it suffices to show that lgl'}ﬁ = % Let €>0 be chosen. Then B* €/2> 0. Hence, there

Bl’e

exists a positive &, such that 0 < |x — a| < &, implies |g(x)— B|< 5
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By Problem 10, there exists a positive §, such that 0 < |x — a| < 6, implies |g(x)| > |B|/2. Let & be the minimum
of 6, and §,. Then O < |x — a| < § implies that

| _1|_B-s)]_|Bre 2

g0 B Blewl = 2 BF”€

12. Prove that, for any polynomial function
fX)=ax"+a,_x""'+--+ax+a, lim f(x) = f(a)

This follows from Theorems 7.1-7.4 and the obvious fact that lvlilt}x =a.

13. Prove the following generalizations of the results of Problem 3. Let f(x)=a,x"+a, x""'+---+a,x+a, and
g(x)=bx* +b_x*"'+---+bx+b, be two polynomials.

(@) Jgjg“g; =5 ifn=k

(b) }iﬁlgajgp 8)) =0 ifn<k

() lim % =ee if n > k. (It is +eo if and only if ¢, and b, have the same sign.)
(d) }gﬁg =t if n > k. (The correct sign is the sign of @ b (—1)"%)

. 1 . ) . 2
14. Prove (@) i Tz =—=: (0) lim 7 =1 o) fim 7=

(a) Let M be any negative number. Choose & positive and equal to the minimum of 1 and ]ﬁ[ Assume x < 2
. 3 1 1 —_ oy
and 0 < |x — 2| <1 6. Then |x1—2|3 <& SSSW[. Hence, —2F >|M|=-M. But (x — 2)* < 0.
Therefore, -2 =3F <M.

(b) Let € be any positive number, and let M =1/€. Assume x > M. Then

| x |1 1 1 1

_ |_ 1_1_
|[x+1 1_|x+1|_x+1<x< M€

2 2
(c) Let M be any positive number. Assume x > M + 1. Then xx_ i 2 XT =x>M.

15. Evaluate: (a) lim J%; (b) lim Jj;cl; (c) H%J%

(a) When x>0, x| =x. Hence, lim J%l =lim1=1.

(b) When x <0, |x| = — x. Hence, }Lron J% =1lim -1=-1.

x—0"
-k L P b T B
(©) llmJ—l does not exist, since lim b # lim J—l
=0 X x—0"

x>0t X

SUPPLEMENTARY PROBLEMS

16. Evaluate the following limits:

(a) lir121 (x2—4x)

(o) lm (x*+2x*-3x-4)

x—-1

. (Bx—1)?
© G
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. 3,\'_3—)(
(@) lma3=

.ox—1
() lxlg;xz—l

. x*—4
) 1xligxz—Sx+6

cox?+3x+2
(® }erll X2 +4x+3

ox—2
(h) le; x2—4
) lim—X=2
(l) -2 \[x? — 4
G) lim f_ 2
=2 X7 — 4
. (x+h)}-x
(k) lim h
O  lim—2=1

Ans. (a)—4; (0) 0; (c) 73 (d) 05 (e) 73 (F) —4; (g) 73 (h) 3 (i) 0; (j) e, no limit; (k) 3x% (1) 2

17. Evalute the following limits:
7x° —4x°+2x—13

(@) P—glw =3x%+x¥ —5x% +2x
. 14x3 =5x+27

O )
. 2x°+12x+5

(© P—Elm 7x*+6

X0 5)62 -3x-4
() lim (3x*—25x* —12x—17)
(f) lim (3x* —25x2 —12x—17)

(g) lim (3x*-25x7-8)

Ans.  (a) —%; (b) 05 (c) +eo; (d) —eo; (&) +oo; (£) —o0; (g) +o0

18. Evaluate the following limits:

@ lim 33
(0 lim g2
© }Lﬂ X245
@ lim XEEEE
@ lim i

f . 3x — 3—1
® lim 375



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
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. 3)( _ 3—)(
©® lim 5=

Ans.  (a) 35 (b) =% (c) 0; (d) +oo; (e) 0; (f) 1; (2) -1

. +h)—
Find %‘L’SM for the functions fin Problems 11, 12, 13, 15, and 16 (a, b, d, g) of Chapter 6.
27

Ans. (11)2a—4;(12) ﬁ;(lS) 2a—1;(15)—m;(16) (a) 2a, (b) \/af+4,(d) (a33)2’

4a
® @+17

(GC) Investigate the behavior of
X if x>0

f<x)={x+l if x<0

as x = 0. Draw a graph and verify it with a graphing calculator.

Ans. lim f(x)=0; lim f(x)=1; lim f(x) does not exist.
x—0* x—0 x—=0
Use Theorem 7.4 and mathematical induction to prove liin x" =a" for all positive integers n.
X—a

For f(x) = 5x — 6, find 6 > 0 such that, whenever 0 < |x — 4| < §, then | f(x)— 14| < €, when (a) €= % and
(b) € =0.001.

Ans. (a) 757 (b) 0.0002
Use the precise definition to prove: (a) limSx=15; (b) lim x*=4; (c) 121;()62 -3x+5)=3

Use the precise definition to prove:
2

: 1_ : X 1 L— 1 X = —o0
@ limy=e Olmmy=e @Ofnsg=t @8Ny

Let f(x), g(x), and h(x) be such that (1) f(x) < g(x) < h(x) for all values in certain intervals to the left and right of
a, and (2) lim f(x) =1im (x) = A. Prove lim g(x) = A.

(Hint: For €> 0, there exists > 0 such that, whenever 0 < |x — a| < &, then | f(x) — A|<€ and |i(x) — A| < € and,
therefore, A—€< f(x)<g(x)Sh(x)<A+e€)

Prove: If f(x) < M for all x in an open interval containing a and if lim f(x)=A, then A <M.

(Hint: Assume A > M. Choose €= %(A — M) and derive a contradiction.)
(GC) Use a graphing calculator to confirm the limits found in Problems 1(d, e, f), 2(a, b, d), 16, and 18.

(a) Show that }LIPOSX —Jx*=1=0.
(Hint: Multiply and divide by x++/x*—1.)

2 2
(b) Show that the hyperbola % - % =1 gets arbitrarily close to the asymptote Yy = %x as x approaches co.

() Find lim —““i_ﬁ
(Hint: Multiply the numerator and denominator by vx+3 + V3

(b) (GC) Use a graphing calculator to confirm the result of part (a).
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30. Letf(x)= +x —1ifx>4andf(x)=x2—4x+ | if x < 4. Find:
@) Tim f(x) (b) lim f(x) (€) lim f(x)
Ans. (a)1;(b) 1;(c) 1

31. Letg(x)=10x—7if x>1and g(x) =3x+2if x < 1. Find:
(@) lim gx) (b) lim g (¢) lim g(x)
Ans. (a) 3; (b) 5; (¢) It does not exist.



