Antiderivatives

If F'(x) = f(x), then F is called an antiderivative of f.

EXAMPLE 22.1: .’ is an antiderivative of 3x2, since D (x*) = 3x2. But x* + 5 is also an antiderivative of 3x?, since
D(5)=0.

(I) In general, if F(x) is an antiderivative of f(x), then F(x) + C is also an antiderivative of f(x), where C
is any constant.
(IT)  On the other hand, if F(x) is an antiderivative of f(x), and if G(x) is any other antiderivative of f(x), then
G(x) = F(x) + C, for some constant C.

Property (II) follows from Problem 13 of Chapter 18, since F'(x) = f(x) = G'(x).
From Properties (I) and (IT) we see that, if F(x) is an antiderivative of f(x), then the antiderivatives of f(x)
are precisely those functions of the form F(x) + C, for an arbitrary constant C.

Notation: f J(x)dx will denote any antiderivative of f(x). In this notation, f(x) is called the integrand.
Terminology: An antiderivative f f(x)dx is also called an indefinite integral.

An explanation of the peculiar notation f f(x)dx (including the presence of the differential dx) will be
given later.

EXAMPLE 22.2: (a) fxdx =1x2+C;(b) f—sinxdx =cosx+C.

Laws for Antiderivatives

Law 1. dex=C.
Law 2. fldx=x+C.

Law 3. fadx=ax+C.

r+l1
Law 4. fx* dx = :C+1 + C for any rational number r = —1.

r+l

(4) follows from the fact that D, (%) = x forr=-1.
Law5. [af(dv=af f(x)dx.

Note that D, (a [0 dx) - aD, [0 dx) _ af ().
Law 6. [(f(x)+g(0)dv = [ f(x)dx+ [g(x)dx.

Note that D, U fdr+ 30 dx) D, ( [ f(x)dx) +D. ( [2 dx) — )+ 2(x).
Law 7. [(f()- g(0)dx = [ f()dx~ [g(x)dx.

Note that D, U Fx)dx - fg(x)dx) D ( [ f(x)dx) _D, ( [2) dx) () - 2(x).
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EXAMPLE 22.3:
Rl

(a) _[Q/de J”3dx—m+c 7x* + C by Law (4).
(b) J'%dx:J.X*de:)i—_ll+C:—%+beLaw(4).

(© j7x3dx = 7jx3dx = 7(ﬁ) +C=2x*+C by Laws (5), (4).

4
) [ +4yde=[xdx+ j4dx:%x3 +4x+C by Laws (6), (4), and (2).
(e) J‘(3x6—4x)dx=J3x6dx—f4xdx:3fx6dx—4_[xdx=3(%x7)—4(%x2)+C=%x7—2x2+C.

EXAMPLE 22.4: Laws (3)—(7) enable us to compute the antiderivative of any polynomial. For instance,
J6x* =35 +7xt + By =6(42°) = 3(4x*) + T4 x%) +Bx+ C
=2x —Lx0+1x5+3x+C
Law (8). (Quick Formula I)

J(g(x)) g'(x)dx= (g()c))’+1 +C for any rational number r # —1

(r+1)(g(x))" g’(x) = (g(x))"g’(x) by the power

. . 1 r+l 1 r+l7 —
For verification, D (m(g(x)) ) o — D [(g(x))"]= +1

Chain Rule.
EXAMPLE 22.5:  [(4x" +7)'x2dx=1 (0 +7) +C.
To see this, let g(x)=(+x>+7) and r=5 in Quick Formula I.

EXAMPLE 22.6: f 2+ 1) xdx=1 j(x +1)¥32xdx = (& + 1 +C=15 3rynac

2(5/3)

In this case, we had to insert a factor of 2 in the integrand in order to use Quick Formula I.
Law (9). Substitution Method
[ F(s()g () dx = [ fu)du

where u is replaced by g(x) after the right-hand side is evaluated. The “substitution” is carried out on the
left-hand side by letting u = g(x) and du = g’(x) dx. (For justification, see Problem 21.)

EXAMPLE 22.7:
(a) Find stin(x2)dx.

Let u =x* Then du=2xdx. So, xdx=<du.By substitution,
jxsin(xz)dx = Jsinu 3)du =+ (—cosu) + C=—Lcos(x*)+ C

(b) Find f sin(x/2)dx.
Let u = x/2. Then du =+dx. So, dx =2 du. By substitution,

J'sm( )dx J(smu)Zdu-ZJsmudu 2(—cosu)+C = —2cos(%)+C
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Observe that Quick Formula I is just a special case of the Substitution Method, with u = g(x). The advan-
tage of Quick Formula I is that we save the bother of carrying out the substitution.
The known formulas for derivatives of trigonometric and inverse trigonometric functions yield the fol-

lowing formulas for antiderivatives:
Jsinxdxz —cosx+C
Jcosxdx =sinx+C
Jsecz xdx=tanx+C
Jtanxsecxdx =secx+C
_[cscz xdx=—-cotx+C

Jcotxcscxdx=—cscx+C

1
J dx=sin""x+C

J1-x?

1
dexz tan'x+C

1
————dx=sec'x+C
'[)c\/x2 -1

1 (X
Jﬁdxzsm l(;)-i—c

1 1
dex = Etan‘l (2)4’ C

X
— |+C
a

J;dx = lsec‘]
xwxi-a> @

fora>0

fora>0

fora>0

SOLVED PROBLEMS

In Problems 1-8, evaulate the antiderivative.

1. Jx"’dx =1x"+C [Law (4)]

d ) . 1

2. J.x—fzjx °dx=_—5x5+C:—§+C [Law (4)]

3. [Yzde=[ePdz= e +C=3@y +C [Law (4)]

4. [redr=[xd= x4 C=3Yx+C [Law (4]
Ty 13

5. J@x -sx+3)dv=2[xdx-5[xdx+ [3ax

=2(3x3) -5 x)+3x+C=2x*-3x>+3x+C

[Laws (3)=(7)]



CHAPTER 22 Antiderivatives

6 J(—x)xde=[(1—xn'"dx = [ (x" - x*)dx

_ 12 gy 32 _L 3/2_L 5/2
—_[x dx jx dX—3/2x 55" +C

=22 2y 4 C=2x2(L—Lx)+C  [Laws (4), (7)]
7. [Gs+4yds=[9s +245+16)ds
=9(45) +24(+s?) + 165+ C =35> +125> + 165+ C [Laws (3)-(6)]
Note that it would have been easier to use Quick Formula I:
[Gs+ayds=1[Bs+473ds =14 Bs +4)) + C=(H)Bs +4) + C
8. [XAESX =g [(x45—dx)dv=a+5x- 4(Lx4)+ c
X -1
=12 450+ % +C  [Laws 3)—(7)]
Use Quick Formula I in Problems 9-15.

9. [(s2+2@s?)ds=4(s* +2) + C

10. [0 +2)20dv=4 [0+ P3edv=4 (3]0 #2724 C =3 + 272 4

8x? — 8 [ (43 £9)33,2 _ﬁ(L 3 —2) 41
11. j(x3+2)3dx_3j(x +2730dr =45 (0 +2)7 |+ C= = g + C

x2dx _1 3 /47,2 —LL 3 3/4 _ 403 3/4
12. jm_3j(x +2) 3de—3(3/4(x +2) )+C—9(x +2 4 C

13 [3x1-227 dv =3 [~4x/1- 207 dx

:—%J.—4x(l—2x2)l/zdx:_%( 2x2)3’2)+C

1

321
=—1(1-2x)2+C

14, 1= xdr=—4[(1-x*)"(-2x)dx

- —%(4#/3(1 - x2)4’3)+ C=—3(1-x)"+C
15. J‘sin2 xcosxdx = J(sinx)z cosxdx=+(sinx)*+C=3%sin’ x+C
In Problems 16—18, use the Substitution Method.
cos+/x
16. | SO
Let u=+/x = x2. Then du=4x"dx. So, 2du=—dx.Thus,
X

NP

Jcosﬁdx:zjcosudu=2sinu+C=ZSin(\E)+C
Jx
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17. [xsec®(4x’ —5)dx.
Let u = 4x> — 5. Then du = 8x dx, +du = x dx. Thus,

[xsec’(@x? = 5)dv =1 [sec? u du = ftanu + C = L tan(4x* = 5)+ C

18. J’x2\/x+ 1dx.
Letu=x+ 1. Then du =dx and x =u — 1. Thus,
e Tdx = [ -1yu du= [ @ = 2u+Du'"du

— I(MS/Z _ 2u3/2 + ul/Z) du — %sz _ 2(%)u5l2 + %MS/Z + C
=2 (hu? —2u+ 1)+ C

=2x+ D [F(x+ 1) =3(x+ D+ 4]+ C

19. A stone is thrown straight up from the ground with an initial velocity of 64 ft/sec. (a) When does it reach its
maximum height? (b) What is its maximum height? (c) When does it hit the ground? (d) What is its velocity
when it hits the ground?

In free-fall problems, » = Ja dt and 5 = ,[” dt because a = % and v = % Since a = —32 ft/sec?,

v=[-32dr=-321+C,
Letting t = 0, we see that C, = y,, the initial velocity at # = 0. Thus, »=-32¢ + y,. Hence,
5= [(=32t+ ) dr =161 + v, + C,

Letting t = 0, we see that C, = s, the initial position at # = 0. Hence
s=—162+v,t +5,
In this problem, s, =0 and , = 64. So,
v=-32t+64, s =—16t> + 64t

% =v=0. So, =32t + 64 = 0 and, therefore, t = 2 seconds.

(b) When =2, s=-16(2)*+ 64(2) = 64 ft, the maximum height.
(¢) When the stone hits the ground, 0 = s = —16> + 64¢. Dividing by ¢, 0 = —16¢ + 64 and, therefore, r = 4.
(d) Whent=4, v=-32(4) + 64 = —64 ft/sec.

(a) At the maximum height,

20. Find an equation of the curve passing through the point (3, 2) and having slope 5x*> — x + 1 at every point (x, y).

Since the slope is the derivative, dy/dx = 5x* — x + 1. Hence,

y=J.(sz—x+1)dx=%x3_%x2+x+c

Since (3, 2) is on the curve, 2=3(3)* —+(3)*+3+C=45-3+3+C. So, C=-% . Hence, an equation of the
curve is

y=3x—Fx +x—

21. Justify the Substitution Method: Jf(g(x))g'(x)dx = J.f(u) du.
Here, u = g(x) and du/dx = g’(x). By the Chain Rule,

D, ([ £y du)=D, (] £y due)- B = plu)- 9 = fg(x))- g'o)
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SUPPLEMENTARY PROBLEMS

In Problems 22-44, evaluate the given antiderivative.

2
22. J‘%dx. Ans. 2x"*(1+2x+1ixH)+C
X
(x> +2x) x>
23, [ TE Ans. Eo+c
24. [cos3xdx Ans.  Lsin3x+C
siny dy
25. J.m Ans. secy+C
26. i +‘Z) o (Hint: Multiply numerator and denominator by 1 — cos x.)
Ans. —cotx+cscx+C
27. J(tan 2x+sec2x)*dx Ans. tan2x+sec2x—x+C
28. [ & Ans. sin” (i) +C
4—x2 2
29, [dx Ans.  Ltan™ (ﬁ) +C
CJO9+x? 3 3
30. IL (Hint: Factor 16 out of the radical.)
\J25-16x7
Ans.  %sin™! (45—)‘) +C
31. 4;21):_ 9 (Hint: Either factor 4 out of the denominator or make the substitution u = 2x.)
Ans.  +ttan™ (%) +C
dx . . . .
32. j— (Hint: Either factor 4 out of the radical or make the substitution u = 2x.)
x\/4x* =9
1oo1(2x
Ans. 3 sec (3)+C
2dx . .
33. J X (Hint. Substitute u = x3.) Ans.  +sin'(x¥)+C
NI ’
2
34. fdx (Hint: Substitute u = x2.) Ans. \/— tan™! \/—
x*+3 6
_dx 1 af 1
35. '[xm Ans. 2cos‘(xz)+C

Antiderivatives
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36. 3)6;4—f_1+3xd Ans. 3—)262 —4x+4tan~'x+C
sec x tan x dx 1 ,1(2secx)
37. Ot dsec’x Ans. <tan 3 )t C
38. % Ans. —J1-x>+3sin"'x+C
_dx ﬁ -1 w
3. | erioer30 Ans. T5tan ( C A
dx . (x—4
40. | ———— Ans. sin ‘( )+ C
'[ V20 + 8x — x? 6
___dx Lian-l (M)
41. 2x*+2x+5 Ans. 3tan 3 +C
a2, [—= Ans. sin"(x+6)+C
V28— 12x— x? 8
43. x—+3dx Ans.  —J5—4x—x* +sin™! (x+
I Ji—4x—x? 3
44. X+2 Ans.  —J4x—x2 +4sin™! (x —2
J. JVéx—x?
In Problems 45-52, use Quick Formula I.
45. J' (x—2)"dx Ans.  :(x-2y"+C
46. J. o 1)3 Ans. e 1)2 +C
dx
47. Ans. 2Jx+3+C
N e
48. [Bx—Tdx Ans. 2(Gx-1"2+C
49. j J2-3x dx Ans. —2(2-3x0)"*+C
50. (22 +3)"x dx Ans. HQx*+3)+C
51 [(T+y'y dy Ans. L(1+y)"2+C

xdx 1
52. j(x e Ans. — s+ C
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In Problems 53-64, use any method.

53. [(x—17xdx Ans. txt-2x+ix+C
54. [ -0 x—1dx Ans. t(x*-x)y+C

55. J.M Ans. x*+2x-4+C
56. I%dx Ans. 2(1+Jxy+C

57. J%(;_Z)dx Ans. Ex? =33 —4x"+ C=2x""E X -$x-2)+C
58. J'sec 3xtan3x dx Ans.  +sec3x+C

59. J.cscz(Zx) dx Ans. —+cot2x+C

60. J‘x sec?(x?) dx Ans.  +tan(x*)+C

61. J‘tan2xdx Ans. tanx—x+C

62. Icos“ x sinx dx Ans. —+cos’x+C

63. J. Sd—xxz Ans.  sin™ (%) +C

64. % Ans.  +sin”'(2tanx)+C

65. A stone is thrown straight up from a building ledge that is 120 ft above the ground, with an initial velocity of
96 ft/sec. (a) When will it reach its maximum height? (b) What will its maximum height be? (c) When will it hit
the ground? (d) With what speed will it hit the ground?

Ans. (a)t=73sec; (b) 264 ft; (c) @ ~7.06sec; (d) ~129.98 ft/sec

66. An object moves on the x axis with acceleration a = 37 — 2 ft/sec?. At time ¢ = 0, it is at the origin and moving
with a speed of 5 ft/sec in the negative direction. (a) Find a formula for its velocity ». (b) Find a formula for its
position x. (c) When and where does it change direction? (d) At what times is it moving toward the right?

Ans. (a)y=%t2—2t—5;(b)x=%t3—t2—5t;(c)%;(d)t>2+§/ﬁ or t<#

67. A rocket shot straight up from the ground hits the ground 8 seconds later. (a) What was its initial velocity?
(b) What was its maximum height?

Ans. (a) 128 ft/sec; (b) 256 ft
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68. A driver applies the brakes on a car going at 55 miles per hour on a straight road. The brakes cause a constant
deceleration of 11 ft/sec®. (a) How soon will the car stop? (b) How far does the car move after the brakes were
applied?

Ans. (a) 5 sec; (b) 137.5 ft

69. Find the equation of a curve going through the point (3, 7) and having slope 4x — 3 at (x, y).

Ans. y=%x-3x-20





