Methods of Proof

Many laws in logic can be applied to proof in mathematics. There are many methods of
proof deduced from laws of logic as follows.

1. Direct proof 2. Proof statement p <>

3. Proof by cases 4. Proof by contrapositive

5. Proof by contradiction 6. Prove by mathematical Induction
7. Proving a statement in the form, p > (q Vv r). 8. Proof by counter example

9. Proof of existence

1. Direct proof: Proof that p—>q istrue.

Method : Accept that p is true and apply a sequence of logical implication until the
resultis . Then, we can conclude that p — q is true.

Proof: accept the p is true

.............................. use p, definitions, axioms,
.............................. theorems and logical
implication

Therefore, g.

So, p —> (q istrue.

Example 1 Prove that Va €1 if ais even, then a” is even.

Proof : Let a be even. (p)

a=2k, kel (definition)
a’ =(2k)’ (Theorem)
a’=4k> = 2(2k%)

2k* el (Theorem)



a’ is even (Definition). (q)

So, the statement if a is even, then a’ is even is true.
Example 2 : Prove that if a and b are odd, then a + b is even.
Solution : Given a and b are odd (p)
Let a=2k+1, k = integer
b=2m+1, m=integer

a+b =(2k+1)+(2m+1)

2k+2m+2

2(k+m+1), k+m+1=integer

So, a+b iseven (q)

Therefore, p — q is true.

That is the statement, if a and b are odd, then a + b is even, is true.
Exercises (direct proof)
Prove that

Ifa and b are odd, then a+b iseven
If a and b are odd, then ab is odd.
Ifa and b are even, then ab is even

1

2

3

4. Ifa isodd, then a’ is odd.

5. If x andy are positive real numbers and X <Yy, then X < yz.
6

If a, b, c and d are positive real numbersand a <b and ¢ <d then ab<cd.
2. Proving statements p <>
We can use logical equivalence p<>q = (p—>q)A(qQ—p)inproving p<>q
by proving (p—q) A(q—p).
Example 3 : prove thatais even if and onlyif a+ 1is odd.
Solution: Let p: aiseven, g:a+1isodd.

To prove that p <> q is true, we will prove that p — q is true and q — p is true.
1) Toprove p—q

Accept that a is even (p).

So, a = 2k, k = any integers

a+1=2k+1



2k + 1 is odd (definition)
a+1lisodd(q)

therefore, p — qis true.
2) Toprove q —>p
Accept thata + 1 is odd (q)
So, a+1 = 2k+ 1, k =any integers
a=2k
so, a is even (p)

therefore q — p is true.

From 1) and 2), p <> (q is true.

Thatis al even iff a+ 1 is odd.

Example 4 From AABC below, provethat m(l) = m(2) < AB=AC.

Proof: Let p: m(l) = m(2)
a: AB=AC
We will prove (p —>q)A(q—p).
1) Prove p—>q
Assume m(l) = m(2)

Consider AABC and AACB

AABC = AACB (AsA)

So, AB = AC (Congruence of A)
Thatis p—>q

2) To prove if AB=AC, then m(1) = m(2).

A

Given AB=AC (p)

D is a mid — point of %

AABD = AACD  (ssS)
/N A\, S.p—>Qq is true.

From 1) and 2), p <> (q is true.



Exercise ( prove p<>q )

Prove that

1. ais odd iff a+1 iseven

2. aisoddiff a’ isodd.

3. a+1liseveniff a®+1 iseven.
4. aisoddiff a* —1 iseven.

5. a + b iseveniff a—b iseven.
6. a’ isodd iffa+2is odd.

3. Proof by Cases

From logical equivalence (p >1)A(Q—>1) = (pVvq)—r. To prove that
(pv q)—>r istrue, we just prove that both (p —>71) and (q — 1) are true.

Example 5 Prove that a’>0, VaeR.
We splitinto two cases, a>0 or a<0.
Casel : Let a>0 (p)
a.a>a.0 (multiply both sidesby a>0 )
a>>0 ()
So,if a>0 then a’>0.
Casell : Let a<0 (q)
a.a >a.0 (multiply both sidesby a<0)
a’>0, a>>0 (r)
So,if a<0 then a’>0.
From both cases, we conclude that if a > 0, (p) then a’>0 (r) and
If a<0,(q) then a* >0
So,[VaeR],a>>0. (pvq)—>r.

Example 6 Provethat if a=0 or b=0 then ab=0.
Case | We Will prove thatif a=0,then ab=0.
IF a=0 (p)
-.ab=0b=0 ()



So, p —> 1 is true.

Case Il We Will prove thatif b=0, then ab=0.
IF b=0 (q)
s.ab=a.0=0 ()

So, q —> I is true.

So, from case | and case Il , we conclude that if a=0 or b=0 then ab=0 (Proof
by cases).

NOTE. Proof by cases can be extended to more than two cases as follows.

(p,vp,V...vp,) =>1r=(p, 2> 1)A(p, > T)A...A(p, =T)

EXERCISES

/Use proof by cases to prove the following.
[1. If x is a real number, then | -x| | x| .
I'! 2. If x is a real number, then | x? | | x| =

| 3. For every real number X, X < | x| .
' 4. If x and y are real numbers, then | xy| = | x| - |y|. Hint: One or
] both of X, y is zero or both are nonzero,

5. Ifa> 0, then | x| < aiff-a< x< a.

6. Ifa> 0, then | x| > aiff x> av x< -a,

7. If x and y are real numbers, then | x +y| < | x| + | yl.

4. Proof by contrapositive
From logical equivalence p—>q=~q—>~p,if it is difficult

to prove that p — (q istrue, we prove ~q —>~p istrue as follows.

assume ~ q is true

use ~ (, definitions,

axioms, theorems and
.............................. |ogica| imp”cation

Thatis ~q —>~p (true).

So, P — q is true. ( by contrapositive )-




Example 7 Prove that for any integer a ,if a’is even, thenaiseven.

2. .
Let p:a”is even, q :a iseven

If ael then a is even or odd.

~p:a2 isodd, ~(:a isodd

We will prove that ~ q —>~ p is true.

Assume ais odd. (~ q)

a=Rk+1)’ kel

a’=(2k+1)" = 4k +2k+1= 22k +1)+1, 2k +1) el

So, a’is odd (~ ). Therefore, ~q—>~p (true).

So, p — q is true (by contrapositive). That is, if a’ is even ,then ais even.

Example 8 From figure below, prove that if m(Z£A)=m(£B) (p) then |, ||1,

Prove : By using contrapositive, we will prove that if 1, J/f 1, (~q) then
m(ZA)#=m(£LB) (~p).

Assume 1, 1, (~q). Therefore, |, and 1, intersect atR.

In APQR, m(Z£A) > m(«£B) (Then.)
So, m(£LA)#=m(£B) (~p).So, ~q—>~p istrue.

Therefore q — p is true.



Thatis if m(A)=m(B), then |, ||1,.
5. Proof by contradiction

From tautology [~p — (qA ~q)]— p (proof by contradiction), we use it as a way
to prove that a statement p is true as the following.

Proof: assume ~ p is true

use, ~ p definitions,
axioms, previously prove
.............................. theorem

Therefore, QA ~ ( (contradiction).
Thatis ~p — (qA ~ Q).

So, we can conclude that p is true. (by proof by contradiction)

Example 9 : Prove that the sum of rational number X and irrational number
Y is irrational .

Proof let z=X+Yy and p: Z isirrational
Assume Z isrational (~p ). So, Z+(—y) =X (Theorem)
But z+ (—y) isrational. (Theorem)

So, X is rational. (q)
But, X is irrational (given). (~q ).
Therefore, A ~ (, a contradiction. Thatis ~p — (qA ~q)

So, p is true (by proof by contradiction). Thatis X + Yy is irrational.

1
Example 10 : Prove that forevery x>0,X+ 5 >2.

prove : Assume X+l.«>§2 (~p)
X
1
So, X+—<2
X

x* +1<2x (multiply both sides by x)

x> =2x+1<0



(x-1)<0 (q)
a contradiction to the fact that

(x=1)>>0, forallreal x (~q)

So, X+—2>2  (proof by contradiction)
X

Example 11 : prove that (p A Q) — p is a tautology.
Prove:  Assume (p AQ)— P isnot atautology (~p)
So, thereisacase where (pA(Q) istrueand p is false

So, thereis acase

where p istrue (r), qistrue, p is nottrue (~T1).A contradiction

So, (pAQ)— D is a tautology.

A ~

Example 12 : Prove that in AABC, if AB = AC then B=C.
A Given AB=AC (q)

Assume B#C (~p)

w
(@]

Therefore B>é or B<é
Implies AC>AB or AC<AB (~q)

A contradiction to given

so, B=C (p)

Exercises : Use prove by contradiction to prove the following.
1. If x isirrational any y # 0 is rational, prove that xy is irrational.

2. If x#0and y#0,then xy=0.

1
3. If x>0,then —>0. (use the theorem that 1>0)
X

1
4. If x<0,then —<0.
X

5. \/5 is irrational. (The proof appears in many secondary math text book.

Consult them.)



6. Prove by Mathematical Induction

The proof is use for proving that statement of the type Vn,P(n) or Vn[P(n)]
is true where P(n) is a statement concerning natural number n.

Example 13 Statement concerning n € N

n(n+1)

1. P(n):1+2+3+...+n= ,Vne N

_ n(n’>+1)(2n+1)
6

2. P(n):’+2*+3 +...+n’ ,Vne N

R(n):z" <nz",neN
4. S(n): Givenn points on the plane where no three of which are on the same line,

n(n-1)

there will be T line segments joining those n points.

One way to prove statement of this type, Vn,P(n) is true by mathematical

induction.

The following is the mathematical induction which mathematicians accept as an
axiom

P(1) A V[P(k) — P(k + 1)] = Vn[P(n)]

If we can prove 2 steps :
1) P() istrue and
2) Vk[P(k) > P(k+1)] istrue,
Then by Modus Ponens, we can deduce Vn[P(n)] is true.

Thus there were two steps in the proof Vn[P(n)];

1. Basis Step : Prove P(1) is true.
2. Induction Step : Prove Vk[P(k) — P(k +1)]is true.

That is, we prove P(1) and for every k, P(k) > P(k +1).



Then, we have an endless sequence of sentences.

P(1) is true.
P() —> P(2)
P(2) - P(3)
Vk[p(k) = P(k +1)]
P(k—1) — P(k)
The process becomes.
P(1) P(2) P(3)
P(1) > P(2), P(2) —> P(3), P(3) > P(4) .. andsoon,
= P(2) = P@3) . P(4)

producing the endless sequence
P(1),P(2),P(3),...P(n),...; Thatis, we have proved Vn[P(n)] is true.
Example 14 Use mathematical Induction to prove that

1+2+3+...+n:n(n+1)

,Vne N.

Proof : Let P(n):1+2+3+...+n2:n(n+1)

Basis Step: P(1) : 1= M

=1
=~ PQ) is true.
Induction Step : Accept that P(k) is true.

k(k +1
So, acceptthat 1+2+3+..+k= (T) is true. add (k+1) both sides.



1+2+3+...+k+(k+1):@+(k+l)
_ (k+D[(k+1)+1] < true
2
Therefore, P(k +1) is true.
So, 1+2+3+...+n= n(n+1),VneN
Example 15 Prove that 17+ 2> +3* +...+n’ = n(n + 1)6(2n 1) ,Vne N.
Proof: Let P(n):1’+2°+3°+..+n’ = n(n + 1)6(2n )
Basis Step : P(1):1° = Ia+ 1)6(2 1)
1=1, So, P(1) istrue.
Induction Step : accept that P(k) is true.
So, acceptthat 17 +2% +3* +...+k* = Kk + 1)6(2k 1) is true
Add (k +1)2 both sides. So,
P+2°+3%+. +k>+(k+1)° = k(k+1)6(2k+1) +(k+1)°
Ck(k+ D2k +1)+6(k +1)?
6
_(k+D[kZk+1)+6(k +1)]
6
~ (k+D)(k+2)(2k +3)
6
(k+D[(k+D)+1][2(k +1) +1]
6

_ (k+ D[k +D) +1][2(k +1)

+1]

6



P+22 437+ 4k +(k+1)’ = (k+1)[(k+1)21][2(k+1)+1]

S P(k+1) istrue.
So, we have prove 1) P(1l) and 2) P(k) > P(k+1),Vk e N.
Therefore, P(n) is true, ¥Yn € N . (by Mathematical Induction).
Example 16 Prove that for any n points on the plane where no three of which are on

n(n—1)

the same line, there will be T line segments joining those n points.

Proof : Let P(n): forany n points on the plane where no three of which are on

n(n-1)

the same line, there will be T line segments joining those n points.

Basis Step : P(1): number of line segments =

Ma-1_,
2

So, P(1) istrue

Induction Step : Assume, forany ke N

P(k) : number of line segments = is true.

k(k —1)
2

Add one more point (P) satisfying the

condition. So,

. # of line segments = M +k
_ (k+D(k)
2

So, p(k + 1) is true.

Thatis Vn e N,P(n)is true .

Note : 3|n(n’ +2) means n(n” +2) can be divided by 3
3112, 3f11, 5|75, 7|21, 7]20

Definition: a|b<>b=ka, kel




Example 17 : Prove that 3|n(n” +2),Vne N

Use mathematical induction .
Let p(n): 3|n(n’+2),neN
BasisStep: p(1) : 3[1(1>+2) or 3|3 (True)
So, p(1) is true
Induction Step : accept that p(k) is true. Thatis 3|k(k® +2).
Consider (k+D[(k+1)*+2] = (k+D[k* +2k +3]

kK* +2k*+3k+k*+2k +3

(k> +2k) +3k* +3k +3

k(k> +2)+3(k* +k +1)
31k(k®+2) and 3|3(k+k+1)

s0, 3|(k+D[(k+1)* +2]

Therefore P(k +1) is true

Thatis P(n) istrue forall n in N

EXERCISES
vProve the following by mathematical induction.

. -
Tne N, 2 > n.

poy
=
9]

o
.

4, ¥ne N, 2n < 2 Hint: Use Exercise 3.

)
=1
(T
75

e N, n-< n+l.
=l
=

6. 7neN, 2" < n! Hint: (k+l)= (k+1jk /
7. ¥n = 4, 2" < n! Prove 2" < n/false when n £ 3.
7. Proving a statement in the form, p > (q Vv 1).

We use equivalence p > (qVvr)=(pA~q)—>r.



Example 18 Prove thatif ab=0,then a=0 or b=0.
Proof: let p:ab=0, q:a=0, and r:b=0
Want to proof that p — (q Vv r) is true.

We will proof that its equivalent statement that (pA ~q) — 1 is true.

Assume 1) ab=0 (p)-=mmmmmmmmmmmmeee (1)

And 2) ~q:a=0 (~q)

So, — exists.
a

l(ab) = l(O) (Multiply (1) both side by l)
a a a

b=0 (r)
So, (pA~q)—>r istrue.
Therefore, p — (q V 1) is true.

8. Proof by counter example

From a tautology of quantified statements.
~ VX[P(x)]=3x[~ P(x)]
We use it to prove that VX[P(xX)] is false by proving that X[~ P(x)] is true.
Example 19 : prove that the statement, all of prime numbers are odd, is false.

Solution: Let U :set of all prime numbers

and p(x) : x isodd, xeU

So, VX[P(x)] : all prime numbers are odd
Consider [p(2)] : 2 is odd (F)

So, ~[p(2)] is true. Therefore, X[~ P(X)] is true

So, ~ VX[P(x)] is true and VX[P(X)] is false.

So, all prime numbers are odd is false.



v kW N

Exercise
Disprove the followings by counter example.

The sum of two irrational numbers is an irrational number.

The product of irrational numbers is an irrational number.

The product of a rational number and an irrational number is an irrational numbers.
Each square matrix has an multiplicative inverse.

For all real numbers x, the equation /—X—15=2 hasno solution.

9. Proof of Existence

From tautology of quantified statement, p(a)— IX[P(x)] (T)
Thatis when p(a) is true, then Ix[P(x)] is true.

Example 20 : Prove that in the set of real numbers, there exist a number which itself is

the inverse for addition.

vk wnNn e

Solution : Let P(a) : ais itself inverse for addition

Want to prove that 3X[P(x)] is true.

Consider the number Q. Itistruethat 0+0 = O.
So, 0 isitself inverse for addition.

Therefore, [P(0)] is true.

Thatis JX[P(x)] is true.

Exercise

Prove the followings:

There is a real number x such that 5++xX+7 =X.

There exists a positive integer x such that 90 < x* <110.

For any real number x, there exists a real number y such that x +y=0.

There exits only one integer x such that x + 3 = 10.

For any real number vy, there exists only one real number x suchthat x+y = vy.




