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BINARY OPERATIONS

The transition from elementary school arithmetic to high school algebra involves using
letters to represent unknown numbers and studying the basic properties of equations and
expressions. The two main binary operations used in high school algebra are addition
and multiplication. Abstract algebra takes the next step in abstraction. Not only are
the variables unknown, but the actual operations involved may be unknown! We will
study sets that have binary operations with properties similar to those of addition and
multiplication of numbers. In Part 1. our goal will be to develop some of the basic
properties of a group. In this section we start our investigation of groups by defining
binary operations, naming properties possessed by some binary operations, and giving
examples.

Definitions and Examples

The first step in our journey to understand groups is to give a precise mathematical
definition of a binary operation that generalizes the familiar addition and multiplication
of numbers. Recall that for any set §, Definition 0.4 defines the set § x § to contain all
ordered pairs (a,b) witha, b € S.

A binary operation * on a set S is a function mapping § x § into S. For each (a.b) €

S x S, we will denote the element x((a, b)) of § by a * b. u
Intuitively, we may regard a binary operation * on § as assigning, to each ordered

pair (a, b) of elements of S, an element a * b of S.

Binary refers to the fact that we are mapping pairs of elements from § into §. We
could also define a ternary operation as a function mapping triples of elements of S to S,
but we will have no need for this type of operation. Throughout this book we will often
drop the term binary and use the term operation to mean binary operation.

Our uvsual addition + is an operation on the set [, Our usual multiplication - is a
different operation on [®. In this example, we could replace [® by any of the sets C, Z,
R, or Zt. A
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Note that we require an operation on a set § to be defined for every ordered pair
(a, b) of elements from §.

Let M(R) be the set of all matrices’ with real entries. The usual matrix addition + is
not an operation on this set since A 4 B is not defined for an ordered pair (A, B) of
matrices having different numbers of rows or of columns. A

Sometimes an operation on S provides an operation on a subset H of § also. We
make a formal definition.

Let * be an operation on S and let H be a subset of 5. The subset H is closed under
# if for all @, b € H we also have a = b € H. In this case, the operation on H given by
restricting * to H is the induced operation of = on H. |

By our very definition of an operation * on S. the set S is closed under %, but a
subset may not be, as the following example shows.

Our usual addition + on the set [£ of real numbers does not induce an operation on the
set R* of nonzero real numbers because 2 € R* and —2 € R”, but 2 +(—2) =0 and
0 ¢ I*. Thus E* is not closed under . A

In our text, we will often have occasion to decide whether a subset H of § is closed
under a binary operation * on §. To arrive at a correct conclusion, we have ro know what
it means for an element to be in H, and to use this fact. Students often have trouble here.
Be sure you understand the next example.

Let + and - be the usual operations of addition and multiplication on the set Z.
and let H = {n?|n € Z*}. Determine whether H is closed under (a) addition and
(b) multiplication.

For part (a), we need only observe that 17 = 1 and 2° = 4 are in H, but that
l+4=>5and5 ¢ H. Thus H is not closed under addition.

For part (b), suppose that » € H and s € H. Using what it means for r and s to be
in H, we see that there must be integers n and m in Z* such that » = n* and s = m?.
Consequently, rs = n*m* = (nm)*. By the characterization of elements in H and the fact
that nm € Z ™. this means that rs € H, so H is closed under multiplication. A

Let F be the set of all real-valued functions f having as domain the set [ of real numbers.
We are familiar trom calculus with the operations +., —, -, and o on F. Namely, for cach
ordered pair (f, g) of functions in F, we define for eachx € R

[+ gby (f+8)x) =f(x)+ g(x) addition,
f—gby(f—g)x)=f(x) —g(x) subtraction,
Fogby(f-9)x) =flx)gx) multiplication, and
Sogby(feg)r)=flgx) composition.

All four of these functions are again real valued with domain R, so F is closed under all
four operations 4-, —, -, and o, A

The operations described in the examples above are very familiar to you. In this
text, we want to abstract basic structural concepts from our familiar algebra. To empha-

 Most students of abstract algebra have studied linear algebra and are familiar with matrices and matrix
operations. For the benefit of those students, examples involving matrices are often given. The reader who is
not familiar with matrices can either skip all references to them or turn to the Appendix at the back of the text,
where there is a shorl summary.
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size this concept of abstraction from the familiar, we should illustrate these structural
concepts with unfamiliar examples.

The most important method of describing a particular binary operation * on a given
set is to characterize the element a * b assigned to each pair (a,b) by some property
defined in terms of a and b.

On Z7, we define an operation % by a % b equals the smaller of @ and b, or the common
valueifa =5b. Thus 2% 11 =2;15% 10 = 10; and 3 * 3 = 3. A
On Z', we define an operation #" by a*'b = a. Thus 2 '3 = 2:25 %' 10 = 25; and
§# 5 =175 A

On Z ", we define an operation %" by a ¥ b = (a * b) + 2, where * is defined in Exam-
ple 1.8. Thus 4 %" 7 =6;25%"9=11;and 6 %" 6 = 8. A

It may seem that these examples are of no importance, but in fact they are used mil-
lions of times each day. For example, consider the GPS navigational system installed
in most cars and cell phones. It searches alternative driving routes, computes the travel
time, and determines which route takes less time. The operation in Example 1.8 is pro-
grammed into modern GPS systems and it plays an essential role.

Examples 1.8 and 1.9 were chosen to demonstrate that an operation may or may
not depend on the order of the given pair. Thus in Example 1.8, a b = b % a for all
a,b € Z7, and in Example 1.9 this is not the case, for 5+’ 7 =5but 7' 5 = 7.

An operation * on a set S is commutative if (and only if) a*xb=hx*a for all
a.bes. |

As was pointed out in Section 0, it is customary in mathematics to omit the words
and only if from a definition. Definitions are always understood to be if and only if
statements. Theorems are not always if and only if statements, and no such convention
is ever used for theorems.

Now suppose we wish to consider an expression of the form a* b #*c. A bi-
nary operation * enables us to combine only two elements, and here we have three.
The obvious attempts to combine the three elements are to form either (a * b) * ¢ or
a# (b#c). With % defined as in Example 1.8, (2%5)%9 is computed by 255 =2
and then 2 % 9 = 2. Likewise, 2% (5% 9) is computed by 5% 9 =5 and then 2 %5 = 2.
Hence (2 5) %9 = 2% (5 % 9), and it is not hard to see that for this *,

(a*b)*xc=ax*x(bx*c),
so there is no ambiguity in writing a * b % c. But for " of Example 1.10,
2*"5)+"9=4x"9=6,
while
25" (54" =2+"7T=4.

Thus (a %" b)*" ¢ need not equal a =" (b%"¢), and the expression a " b«" ¢ is
ambiguous.

An operation on a set S is associative if (¢ D) xc =a+ (b*c)foralla,b,c€S. N

It can be shown that if % is associative, then longer expressions such as a % b %
¢ # d are not ambiguous. Parentheses may be inserted in any fashion for purposes of
computation; the final results of two such computations will be the same.
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Composition of functions mapping [ into i was reviewed in Example 1.7. For any
set § and any functions f and g mapping S into S, we similarly define the composition
[ ogof g followed by f as the function mapping § into § such that (f o g)(x) = f(g(x))
for all x € §. Some of the most important binary operations we consider are defined
using composition of functions. It is important to know that function composition is
always associative whenever it is defined.

(Associativity of Composition) Let S be a set and let f, g, and / be functions mapping
Sinto 5. Thenfo(goh)=(fog)oh.

To show these two functions are equal, we must show that they give the same assignment
to cach x € §. Computing we find that

(f o (g o M)(x) = f((g o M)(x)) = f(g(h(x)))
and
((f 0 g) o h)(x) = (f o @)(h(x)) = f(g(h(x))).
s0 the same element f(g(h(x))) of S is indeed obtained. L 2

As an example of using Theorem 1.13 to save work, recall that it is a fairly painful
exercise in summation notation to show that multiplication of n x n matrices is an asso-
ciative operation. If, in a linear algebra course, we first show that there is a one-to-one
correspondence between matrices and linear transformations and that multiplication of
matrices corresponds to the composition of the linear transformations (functions), we
obtain this associativity at once from Theorem 1.13.

There is another property that an operation on a set may have that is of particular
importance in algebra. The numbers 0 and 1 play special roles as real numbers because
for any real number a, a + 0 = a and g x 1 = a. Because of thesc properties, 0 is called
the additive identity in R and 1 is called the multiplicative identity in . In general we
have the following definition of an identity.

Let § be a set with binary operation *. If ¢ € § has the property that for all « € §,
a*e = e*a=a,then eis called an identity element for . n

We included both conditions @ e = a and e % a = a in the definition of an identity
because we are not assuming that the operation on § is commutative. Of course, if the
operation is commutative, such as + and x on the real numbers, then we would only
have to check one of the conditions and the other follows from commutativity.

(Uniqueness of Tdentity) A set with binary operation * has at most one identity
clement.

We need to show that there cannot be two different identity elements. To do this, we
assume that both ¢ and ¢’ are identitics and show that ¢ = ¢'. Consider the element
e*¢'. Since ¢ is an identity, ¢ x ¢/ = ¢'. But ¢ * ¢’ = ¢ because ¢ is also an identity.
Therefore e = €. *

Continuing with Example 1.7, let #' be the set of all functions mapping the real numbers
to the real numbers. We verify that the function defined by «(x) = x is the identity for the
operation function composition. Let /' € F. Then f o t(x) = f(1(x)) = f(x) and t o f(x) =
Lf(x) = f(x).

The function m(x) = 1 is the identity for the operation function multiplication,
a(x) = 0 is the identity for function addition, but function subtraction has no identity
clement. A
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The last property that we consider in this section is the existance of inverse cle-
ments. For addition, the inverse of a real number « is —a. Using multiplication, the
inverse of a nonzero real number a is ﬁ We now give the formal definition of an inverse
for an element x.

It # is an operation on the set § and § has an identity e, then for any x € §. the inverse
of xis an element x" such that x 5 X’ = X' xx = e. 5|

Continuing Example 1.16, let F be the set of functions mapping the real numbers to
the real numbers with operation function composition. We have two definitions for the
inverse of a function f € F. the usual definition of an inverse function and Definition
1.17. The two definitions match since both say that an inverse for [ is a function [
suchthat fof' =f of = . So f € F has an inverse if and only if f is one-to-one and
onto. A

Tables

For a finite set, a binary operation on the set can be defined by means of a table in which
the elements of the set are listed across the top as heads of columns and at the left side
as heads of rows. We always require that the elements of the set be listed as heads across
the top in the same order as heads down the left side. The next example illustrates the
use of a table to define a binary operation.

Table 1.20 defines the binary operation * on § = {a, b, ¢} by the following rule:

(ith entry on the left) * (jth entry on the top)

= (entry in the ith row and jth column of the table body).
Thus a * b = ¢ and b * a = a, 50 * is not commutative. A

We can easily sce that a binary operation defined by a table is commutative
if and only if the entries in the table are symmetric with respect to the diagonal
that starts at the upper left corner of the table and terminates at the lower right
corner.

Complete Table 1.22 so that * is a commutative operation on the set § = {a, b, ¢, d}.

From Table 1.22, we see that b a = d. For # to be commutative, we must have a #
b = d also. Thus we place d in the appropriate square defining « * b, which is located
symmetrically across the diagonal in Table 1.23 from the square defining b * a. We
obtain the rest of Table 1.23 in this fashion to give our solution. A

1.22 Table 1.23 Table
Fla|b|c|d

a | b \.\ab
b|ld]|a a\‘,\d
bld|a]cl|on

al|lc|d
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a
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When an operation has an identity element, it is customary to put the identity first in the
list of heads. This makes the first row and the first column match the head row and head
column as seen in Table 1.25. A

Some Words of Warning

Classroom experience shows the chaos that may result if a student is given a set and
asked to define some binary operation on it. Remember that in an attempt to define a
binary operation * on a set S we must be sure that

1. exactly one element is assigned to each possible ordered pair of elements of S,

2. foreach ordered pair of elements of S, the element assigned to it is again in §.

Regarding Condition 1, a student will often make an attempt that assigns an element
of § to “most” ordered pairs, but for a few pairs, determines no element. In this event,
* is not everywhere defined on S. Tt may also happen that for some pairs, the at-
tempt could assign any of several elements of S, that is, there is ambiguity. In any case
of ambiguity, # is not well defined. If Condition 2 is violated, then S is not closed
under .

On which of the sets @, (J*, and Z* does the formula ¢ = b = a/b define an operation?
Note that this formula does not make sense in the case that b = 0. So for example,
2% 0 =2/0 is not defined, which means Condition 1 is not satisfied. So * is not an
operation on {J.

1If we throw out 0, we do have an operation on * since both Conditions 1 and 2
arc satisfied. That is, for any a.b € %, a * b = a/b is a nonzero rational number.

The set ZT does not include 0, but there is another issue. For example, 1 %2 =
1/2 ¢ Z*. which means that Condition 2 is violated and * is not an operation on Z". A

Following are several illustrations of attempts to define operations on sets. Some
of them need some work! The symbol * is used for the attempted operation in all these
examples.

Let F' be the set of all real-valued functions with domain R as in Example 1.7. Suppose
we “define” # to give the usual quotient of f by g, that is, f % g = h, where h(x) =
J(x)/g(x). Here Condition 2 is violated, for the functions in F are defined for all real
numbers, and for some g € F, g(x) will be zero for some values of x in R and h(x)
would not be defined at those numbers in E. For example, if f(x) = cosx and g(x) = s
then h(0) is undefined, so h & F. A

Let ¥ be as in Example 1.27 and let f » g = h, where h is the function greater than both
f and g. This “definition” is extremely vague. In the first place, we have not defined
what it means for one function to be greater than another. Even if we had, any sensible
definition would result in there being many functions greater than both [ and g, and *
would still be nor well defined. A

Let S be a set consisting of 20 people, no two of whom are of the same height. Define
% by a * b = ¢, where ¢ is the tallest person among the 20 in S. This is a perfectly good
binary operation on the set, although not a particularly interesting one. A

Let S be as in Example 1.29 and let a % b = ¢, where ¢ is the shortest person in S who
is taller than both a and b. This * is not everywhere defined, since if either a or b is the
tallest person in the set. @ * b is not determined. A
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m EXERCISES 1

Computations

Exercises | through 4 concern the binary operation = defined on § = {a. b. c. d, e} by means of Table 1.31.

o

. Compute hxd,c = ¢, and [(a * ¢) = e] * a.

2. Compute (a * b) % c and a * (b * ¢). Can you say on the basis of this computation whether * is associative?
3. Compute (b d) * c and b = (d % ¢). Can you say on the basis of this computation whether * is associative?
4. Is * commutative? Why?

5. Complete Table 1.32 so as to define a commutative binary operation * on § = {a. b, ¢, d}.

6. Table 1.33 can be completed to define an associative binary operation * on § = [a. b, c.d]. Assume this is
possible and compute the missing entries. Does § have an identity element?

1.31 Table 1.32 Table 1.33 Table
*la|b|lc|d]|e *la|b|c|d ¥la|b|e|d
alal|b|c|b|d alal|b|c alal|b|c|d
b|lb|lc|lal|le|c b|b|d ¢ b|b|la|c|d
clelalb|b|a c|lela|d|b c|le|d|c|d
dlble|b|e|d d | d a d
e|d|b|la|d]|c

In Exercises 7 through |1, determine whether the operation # is associative, whether the operation is commutative,
and whether the set has an identity element.

7. xdefined on Z by lettinga«b=a—b

8. = defined on @ by letting a + b = 2ab + 3

9. xdefinedon Z by lettinga«b =ab+a—+ b
10. = defined on Z* by letting a % b = 29¢
11. = defined on Z™ by letting & % b = a”

ty

12. Let S be a set having exactly one element. How many different binary operations can be defined on §7 Answer
the question if § has exactly 2 elements; exactly 3 elements; exactly n elements.

13. How many different commutative binary operations can be defined on a set of 2 elements? on a set of 3
elements? on a set of n elements?

14. How many different binary operations on a set § with n elements have the property that forallx € §, x % x = x7

15. How many different binary operations on a set § with n elements have an identity element?

Concepts

In Exercises 16 through 19, correct the definition of the italicized term without reference to the text, if correction
is needed, so that it is in a form acceptable for publication.

16. A binary operation # is commutative if and only if a « b = b * a.

17. A binary operation % on a set § is associative if and only if, for all a,b,c€§, we have
(bxc)xa=b*(c*xa)

18. A subset H of a set § is closed under a binary operation # on S if and only if (a % b) € H forall a,b € §.
19. An identity in the set § with operation # is an element ¢ € S such thata ke = e xa =a.

20. Is there an example of a set §, a binary operation on §, and two different elements e, e> € § such that for all
a €S, e ka=aandaxe = a?ll so, give an example and if not, prove there is not one.
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In Exercises 21 through 26. determine whether the definition of * does give a binary operation on the set. In the
event that = is not a binary operation, state whether Condition I, Condition 2, or both conditions regarding defining
binary operations are violated.

21. On 77, define a = b = b*.
22. On R, define * by letting a % b = 2a — b.

23. On R™", define * by a * b to be the minimum of a and b — 1 if they are different and their common value il
they are the same.

24. On R, define a # b to be the number ¢ so that ¢ = a.
25. On Z™. define = by letting a = b = ¢, where ¢ is at least 5 more than a + b.

26. On Z7T, define = by letting a » b = ¢, where ¢ is the largest integer less than the product of a and b.

9
o

Let H be the subset of M2(R) consisting of all matrices of the form [2 ,_2] fora, b € R. Is H closed under
a. matrix addition? b. matrix multiplication?

28. Determine whether each of the following is true or false.

a. If = is any binary operation on any set S, thena xa = a foralla € §.

b. If = is any commutative binary operation on any set S, thena# (b#¢) = (b *¢c)*a foralla,b,c € §.

c. If % is any associative binary operation on any set S, then a * (b c) = (b xc)x aforall a,.b.c € §.

d. The only binary operations of any importance are those defined on sets of numbers.

e. A binary operation # on a set § is commutative if there exist a.b € S such thata * b = b % a.

f. Every binary operation defined on a set having exactly one element is both commutative and associative.
g. A binary operation on a set § assigns at least one element of § to each ordered pair of elements of §.

h. A binary operation on a set § assigns at most one element of § to each ordered pair of elements of §.

i. A binary operation on a set § assigns exactly one element of § to each ordered pair of elements of §.

Jj- A binary operation on a set § may assign more than one element of § to some ordered pair of
elements of S.

k. For any binary operation * onthe set S, ifa,b,c e Sanda* b =a* ¢, then b = c.

1. For any binary operation * on the set S, there is an element ¢ € § such that forall x € S, x % e = x.
m. There is an operation on the set § = {e,ez.a} sothatforallx € S, ey xx =2 % x =x.

n. Identity elements are always called e.

29. Give a set different from any of those described in the examples of the text and not a set of numbers. Define
two different binary operations # and # on this set. Be sure that your sel is well defined.
Theory
30. Prove that if * is an associative and commutative binary operation on a set S, then
(axb)x(cxd)=[(d*c)=al*bh
forall a.b.c.d € §. Assume the associative law only for triples as in the definition, that is, assume only

(xxy)skz=x%(y*xz)
forall x,v,z € §.
In Exercises 31 and 32, either prove the statement or give a counterexample.
31. Every binary operation on a set consisting of a single element is both commutative and associative.
32. Every commutative binary operation on a set having just two elements is associative.

Let F be the set of all real-valued functions having as domain the set  of all real numbers. Example 1.7 defined
the binary operations 4, —. -, and o on F. In Exercises 33 through 41, either prove the given statement or give a
counterexample.

33. Function addition + on F is associative.

34. Function subtraction — on F is commutative.



35.
36.
37.
38
39,
40.
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42.
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Section 2 Groups 19

Function subtraction — on £ is associative.

Under function subtraction — F has an identity.

Under function multiplication - F has an identity.

Function multiplication - on F" is commutative.

Function multiplication - on F is associative.

Function composition o on F is commutative.

If % and =" are any two binary operations on a set §, then

ax(b+ ¢)=(axh)+ (a*xc) forall a,b,ceS.

Suppose that * is an associative binary operation on a set S. Let H = {g € S|a*x = x*a for all x € §}.
Show that H is closed under . (We think of H as consisting of all elements of § that commute with every

element in §.)

Suppose that * is an associative and commutative binary operation on a set §. Show thatH = {a € S|laxa =
a} 1s closed under %. (The elements of H are idempotents of the binary operation =.)

Let S be a set and let * be a binary operation on § satisfying the two laws

e yxy=yxforalls €S, and
o (xxy)#z=(yxz)xxlorallx,y.z€S.

Show that  is associative and commutative. (This is problem B-1 on the 1971 Putnam Competition.)

SECTION 2

GROUPS

In high school algebra, one of the key objectives is to learn how to solve equations.
Even before learning algebra, students in elementary school are given problems like
54+ 0=2or2 x 0= 3, which become 5 + x = 2 and 2x = 3 in high school algebra.
Let us closely examine the steps we use to solve these equations:

S+x=2, given,
—54+(5+x)=-5+2, adding-35,
(—54+5)+x=—-5+2, associative law,

04+x=-54+2, computing —5+35,

x=-=5+42, property of 0,
= computing — 5 + 2.

Strictly speaking, we have not shown here that —3 is a solution, but rather that it is
the only possibility for a solution. To show that —3 is a solution, one merely computes
54 (—3). A similar analysis could be made for the equation 2x = 3 in the rational
numbers with the operation of multiplication:

2x =13, given,
1(2x) = {(3). multiplying by 1,
(% 2 = 5'3, associative law,
Lix= %3. computing %2,
x=13,  property of I,
x= % computing %3_

Now suppose that we have a set with a binary operation . What properties does
the operation need to have in order to solve an equation of the form a * x = b where «
and b are fixed elements of S? Both equations 5 4+ x = 2 and 2x = 3 have this form; the
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first uses the operation +, and the second uses the operation x. By examining the steps
used we can see what properties of the operation * are required as summarized in the
table below.

Property | + | X
Associative Property | =5+ (54 x)=(=54+5)+x %(Zr_) = (,i, - 2)x
Identity Element 0:0+x=x T lilex=x
Inverse Element -5 -545=0 %: % -2=1

If S is a set with an operation * satisfying these three properties. then an equation
of the form a % x = b could be solved for .x using exactly the same steps used to solve
54 x =2 or 2x = 3. These three essential properties are all that is required in order to
have a group. We are now ready to present the precise definition.

Definition and Examples

A group (G, #) is a set G, closed under a binary operation x, such that the following
axioms are satisfied:

‘% Forall a, b, c € G, we have
(a#xb)xc=ax(b*c). associativity of
% There is an element ¢ in G such that for all x € G,
e*xx=x%e=ux. Iidentity element ¢ for *
&y Corresponding to each a € G, there is an element &’ in G such that
axda =d xa=e. inversea ofa |
(R, +) is a group with identity element 0 and the inverse of any real number g is —a.
However, (I£,-) is not a group since 0 has no multiplicative inverse. We were still able
to solve 2x = 3 in the example above because (IR*,-) is a group since multiplication

of real numbers is associative, | is an identity, and every real number except 0 has an
inverse. A

It is often convenient to say that G is a group under the operation #* rather than
write (G. *} is a group. At times. there is only one obvious operation that makes (G, )
a group. In this case, we may abuse notation and say that G is a group. For example, if
we say that R is a group, we mean that E is a group under addition.

A group G is abelian if its binary operation is commutative. |

Let us give some examples of some sets with binary operations that give groups
and also of some that do not give groups.

The set Z" under addition is nor a group. There is no identity element for+in Z". A

The set of all nonnegative integers (including 0) under addition is still not a group. There
is an identity element 0, but no inverse for 2. A
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m HISTORICAL NOTE

here are three historical roots of the develop-

ment of abstract group theory evident in the
mathematical literature of the nineteenth century:
the theory of algebraic equations, number theory,
and geometry. All three of these areas used group-
theoretic methods of reasoning, although the meth-
ods were considerably more explicit in the first
area than in the other two.

One of the central themes of geometry in the
nineteenth century was the search for invariants
under various types of geometric transformations.
Gradually attention became focused on the trans-
formations themselves, which in many cases can
be thought of as elements of groups.

In number theory. already in the eighteenth
century Leonhard Euler had considered the re-
mainders on division of powers a" by a fixed prime
p. These remainders have “group” properties.

Similarly, Carl F. Gauss, in his Disquisitiones
Arithmeticae  (1800), dealt extensively with
quadratic forms ax” -+ 2bxy 4 ¢v*, and in particu-
lar showed that equivalence classes of these forms
under composition possessed what amounted to
group properties.

Finally, the theory of algebraic equations pro-
vided the most explicit prefiguring of the group
concept. Joseph-Louis Lagrange (1736-1813) in
fact initiated the study of permutations of the roots
of an equation as a tool for solving it. These per-
mutations, of course, were ultimately considered as
elements of a group.

It was Walther von Dyck (1856-1934) and
Heinrich Weber (1842-1913) who in 1882 were
able independently to combine the three historical
roots and give clear definitions of the notion of an
abstract group.

2.6 Example The familiar additive properties of integers and of rational, real, and complex numbers
show that Z, @@, I, and C under addition are abelian groups. A
2.7 Example The set Z7 under multiplication is not a group. There is an identity 1. but no inverse

of 3. A

® HISTORICAL NOTE

ommutative groups are called abelian in

honor of the Norwegian mathematician Niels
Henrik Abel (1802—1829). Abel was interested in
the question of solvability of polynomial equa-
tions. In a paper written in 1828, he proved that if
all the roots of such an equation can be expressed
as rational functions f. g, . . .. i of one of them. say
x, and if for any two of these roots, f(x) and g(x),
the relation f(g(x)) = g(f(x)) always holds, then
the equation is solvable by radicals. Abel showed
that each of these functions in fact permutes the
roots of the equation: hence, these functions are el-
ements of the group of permutations of the roots. It
was this property of commutativity in these permu-
tation groups associated with solvable equations
that led Camille Jordan in his 1870 treatise on al-
gebra to name such groups abelian; the name since

then has been applied to commutative groups in
general.

Abel was attracted to mathematics as a
teenager and soon surpassed all his teachers in Nor-
way. He finally received a government travel grant
to study elsewhere in 1825 and proceeded to Berlin,
where he befriended August Crelle, the founder of
the most influential German mathematical journal.
Abel contributed numerous papers to Crelle’s Jour-
nal during the next several years, including many
in the field of elliptic functions, whose theory he
created virtually single-handedly. Abel returned to
Norway in 1827 with no position and an abundance
of debts. He nevertheless continued to write bril-
liant papers, but died of tuberculosis at the age of
26, two days before Crelle succeeded in finding a
university position for him in Berlin.
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2.8 Example

2.9 Example

2.10 Example

2.11 Example

2.12 Example

2.13 Example

2.14 Example

Solution

Groups and Subgroups

The familiar multiplicative properties of rational, real, and complex numbers show that
the sets " and R of positive numbers and the sets (J*, B*, and C* of nonzero numbers
under multiplication are abelian groups. A

The set of all real-valued functions with domain & under function addition is a group.
This group is abelian. A

(Linear Algebra) Those who have studied vector spaces should note that the axioms
for a vector space V pertaining just to vector addition can be summarized by asserting
that V' under vector addition is an abelian group. A

The set My,.,(R) of all m x n matrices under matrix addition is a group. The m x n
matrix with all entries 0 is the identity matrix. This group is abelian. A

The set M,(R) of all n x n matrices under matrix multiplication is not a group. The
n x n matrix with all entries 0 has no inverse. A

Each of the groups we have seen in the above examples is an abelian group. There
are many examples of groups which are not abelian, two of which we now present.

Here we give an example of a group that is not abelian. We let 7' be the set of all
isometries of the plane. An isometry of the plane is a function mapping the plane to
the plane which preserves distance. So if ¢ is an isometry of the plane and P, Q are
points in the plane, then the distance between P and Q is the same as the distance
between ¢(P) and ¢(Q). Isometries of the plane map the plane one-to-one and onto
itself. Examples of isometries include translations and rotations of the plane. The set 7'
under the operation of composition forms a group. To verify this we first must check that
function composition is an operation. Certainly, the composition of two isometries is an
isometry since each preserves distance. So function composition gives an operation on
T. Theorem 1.13 states that function composition is associative, so % is satisfied. The
identity function ¢ that maps each point  in the plane to itself gives an identity element
in T, which means that :% is satisfied. Finally. for any isometry ¢, the inverse function
¢! is also an isometry and it serves as an inverse as defined in ‘%;. Therefore T is a
group under function composition.

To show that T is not abelian, we only need to find two isometries ¢ and # such
that ¢ o 8 # # o ¢p. The functions ¢(x, y) = (—x.y) (reflection across the y-axis) and
0(x,¥) = (—y,x) (rotation by 7 /2 about the origin) foot the bill. Note that ¢ o #(1,0) =
@(6(1,0)) = ¢(0.1) = (0, 1) and B 0 ¢(1.0) = B(¢(1.0)) = 8(—1.0) = (0, —1), which
implies that ¢ 0 7= & o ¢p and T is not an abelian group under function composition.

A

Show that the subset § of M, () consisting of all invertible n x n matrices under matrix
multiplication is a group.

We start by showing that § is closed under matrix multiplication. Let A and B be in §,
so that both A~! and B! exist and AA~! = BB~! = [,. Then

ABYB'A) =ABB YA =ALAT =1,
so that AB is invertible and consequently is also in §.
Since matrix multiplication is associative and [, acts as the identity element, and
since each element of § has an inverse by definition of S, we see that § is indeed a group.
This group is not commutative. A

The group of invertible n x n matrices described in the preceding example is of
fundamental importance in linear algebra. It is the general linear group of degree n.
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and is usually denoted by GL(n, R). Those of you who have studied linear algebra know
that a matrix A in GL(n,R) gives rise to an invertible linear transformation T : B —
R", defined by T(x) = Ax, and that conversely, every invertible linear transformation
of R" into itself is defined in this fashion by some matrix in GL(n, [R). Also, matrix
multiplication corresponds to composition of linear transformations. Thus all invertible
linear transformations of R" into itself form a group under function composition; this
group is usually denoted by GL(R"). Since the sets GL(R") and GL(n,[R) and their
operations are essentially the same, we say that the two groups are isomorphic. We give
a formal definition later in this section.

We conclude our list of examples of groups with one that may seem a bit contrived.
We include it to show that there are many ways to define groups and to illustrate the
steps needed to verify that a given set with an operation is a group.

Let * be defined on 7 by a * b = ab/2. Then

ab abe
(a*b)*¢c= ?*c= TR
and likewise
be be
a*(b:ewr)———.fneci .
2 4

Thus * is associative. Computation shows that
2¢¥a=ax*x2=a

forall a € Q1. so 2 is an identity element for *. Finally,

4 4
a*x—=—%a=2,
i a
so ¢ = 4/a is an inverse for a. Hence (' with the operation * is a group. A

Elementary Properties of Groups

As we proceed to prove our first theorem about groups, we must use Definition 2.1,
which is the only thing we know about groups at the moment. The proof of a second
theorem can employ both Definition 2.1 and the first theorem; the proof of a third theo-
rem can use the definition and the first two theorems, and so on.

Our first theorem will establish cancellation laws. In real number arithmetic, we
know that 2¢ = 2b implies that « = b. We need only divide both sides of the equation
2a = 2b by 2, or equivalently, multiply both sides by é which is the multiplicative
inverse of 2. We parrot this proof to establish cancellation laws for any group. Note that
we will also use the associative law.

If G is a group with binary operation #, then the left and right cancellation laws
hold in G, that is, a % b = a % ¢ implies b = ¢, and b * @ = ¢ * a 1mplies b = ¢ for all
a.b.c e G.

Suppose a % b = a % c. Then by ‘%, there exists «', and
a *(axbh)=a *(axc).
By the associative law,
(d xa)x=b=(ad *a)x*c.
By the definition of ¢’ in ‘%3, a" *a = e, s0

exb=exc.
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By the definition of e in %,
b=c.

Similarly, from b % @ = ¢ * a one can deduce that 5 = ¢ upon multiplication on the right
by @’ and use of the axioms for a group. L 4

Our next proof can make use of Theorem 2.16. We show that a “linear equation™ in
a group has a unigue solution. Recall that we chose our group properties to allow us to
find solutions of such equations.

If G is a group with binary operation x, and if ¢ and b are any elements of G, then the
linear equations a * x = b and y * a = b have unique solutions x and y in G.

First we show the existence of ar least one solution by just computing that ' * b is a
solution of ¢ % x = b. Note that

a*(a =b)=(axa')xb, associative law,

=exh, definition of &',
= b, property of e.
Thus x = a' * b is a solution of @ * x = b. In a similar fashion, y = b % & is a solution

ofyxa=b.

To show uniqueness of y, we use the standard method of assuming that we have
two solutions, y; and y;, so that y; «a = b and y; * @a = b. Then v; * a = y; * a, and by
Theorem 2.16, y; = y,. The uniqueness of x follows similarly. L 4

Of course, to prove the uniqueness in the last theorem, we could have followed the
procedure we used in motivating the definition of a group, showing that if a * x = b,
then x = a’ = b. However, we chose to illustrate the standard way to prove an object is
unique; namely, suppose you have two such objects, and then prove they must be the
same. Note that the solutions x = @' # b and y = b * @' need not be the same unless = is
commutative.

Because a group has a binary operation, we know from Theorem 1.15 that the
identity ¢ in a group is unique. We state this again as part of the next theorem for easy
reference.

In a group G with binary operation #, there is only one element ¢ in & such that
kX =Xxke=2x
for all x € G. Likewise for each a € G, there is only one element ' in G such that
dxa=axa =e.
In summary, the identity element and inverse of each element are unique in a group.

Theorem 1.15 shows that an identity element for any binary operation is unique. No use
of the other group axioms was required to show this.

Turning to the uniqueness of an inverse, suppose that @ € G has inverses a’ and a”
sothata'xa =a*xa =eand a”" xa = a*a" = e. Then

a+xd' =axd =e

and, by Theorem 2.16,

so the inverse of @ in a group is unique. L 4
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Note that in a group G, we have
(axbyx (b xa)=ax(bxD)xd =(axe)xd =axd =e.

This equation and Theorem 2.18 show that b’ % a' is the unique inverse of a * b.
That is, (@ * b) = b’ * a'. We state this as a corollary.

Let G be a group. For all a,b € G, we have (a* b) =b' % d'.

For your information, we remark that binary algebraic structures with weaker ax-
ioms than those for a group have also been studied guite extensively, Of these weaker
structures, the semigroup, a sct with an associative binary operation, has perhaps had
the most attention. A monoid is a semigroup that has an identity element for the binary
operation. Note that every group is both a semigroup and a monoid.

Finally, it is possible to give axioms for a group (G, %) that seem at first glance to
be weaker, namely:

1. The binary operation % on { is associative.
2. There exists a left identity element ¢ in G such that ¢ x x = x for all x € G.
3. Foreach a € G, there exists a left inverse &' in G such thata’ *a = e.

From this one-sided definition, one can prove that the left identity element is also a
right identity element, and a left inverse is also a right inverse for the same element.
Thus these axioms should not be called weaker, since they result in exactly the same
structures being called groups. It is conceivable that it might be easier in some cases to
check these left axioms than to check our two-sided axioms. Of course, by symmetry it
is clear that there are also right axioms for a group.

Group Isomorphisms

All our examples have been of infinite groups, that is, groups where the set G has an in-
finite number of elements. We turn to finite groups, starting with the smallest finite sets.

Since a group has to have at least one clement, namely, the identity, a minimal
set that might give rise to a group is a one-element set {¢}. The only possible binary
operation # on {e} is defined by e % e = e. The three group axioms hold. The identity
element is always its own inverse in every group.

There is a group with only two elements, namely G = {1, —1} with operation the
usual multiplication. It is clear that G is closed under multiplication and we know that
multiplication is associative. Furthermore, 1 is the identity, the inverse of 1 is 1, and the
inverse of —1 is —1. Table 2.20 is the group table for G.

Is this the only group with exactly two elements? To see. let us try to put a group
structure on a set with two elements. Since one of the elements must be the identity, we
will label the identity element e and we will label the other clement a. Following tradi-
tion, we place the identity first both on the top and to the left as in the following table.

* 3 [

o

Since e is to be the identity,

e N =Xxke =X
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2.21 Table
* | e |a
e |e|a
a |a|e

2.22 Definition

2.23 Example
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for all x € {e, a}. We are forced to fill in the table as follows, if s is to give a group:

* [ 4 a
€ ( [
4 i

Also, @ must have an inverse &' such that
¢ t
axad =da *a=e.

In our case, a’ must be either ¢ or a. Since &' = ¢ obviously does not work, we must
have &' = a, so we have to complete the table as shown in Table 2.21.

All the group axioms are now satisfied, except possibly associativity. But if we
relabel 1 as e and —1 as a in Table 2.20 we obtain Table 2.21. Therefore, the table
we constructed for {e, a} must also satisfy %, the associative property. The table also
shows clearly that properties ‘%, and ‘% are satisfied, so ({e, a}, %) is a group. The groups
{1.—1} and {e, a} are not the same, but they are essentially the same since by relabeling
elements of one with the names of the other, the operations match. When the elements
of one group can be matched with another in such a way that the operations are the
same, we say that the groups arc isomorphic and the matching is called a group
isomorphism. We showed that any group with two elements is isomorphic with {1, —1}
under multiplication. The notation used to indicate isomorphism is =, so we could write
({1.—1}, x) = ({e,a}, *). Of course the matching is a one-to-one function from one
group onto the other. If we were only interested in groups whose tables are easy to
compute, then we would not need a more precise definition for isomorphism. We would
simply see if we can relabel one group table to make it look like the other. However,
in the case of infinite groups or even groups with more than a few elements, we need a
better way to verify that groups are isomorphic. We now give a more precise definition
of a group isomorphism.

Let (Gy.%;) and (Go,%2} be groups and [ : G| — G,. We say that [ is a group
isomorphism if the following two conditions are satisfied.

1. The function f is one-to-one and maps onto G5.
2. Forall a,b € Gy, f(a*, b) = f(a) =2 f(b). [ |

Note that Condition 1 simply gives a way to relabel the elements of G with elements in
G,. Condition 2, which we will refer to as the homomorphism property, says that with
this relabeling, the operations #; on G and %, on G, match. If we are in the context of
groups, we will often use the term isomorphism to mean group isomorphism. It there
is an isomorphism from a group G, to G,, we say that G, is isomorphic with (or to)
G>. In Exercise 44, you are asked to show that if f : G| — G is an isomorphism, then
/7' 1 Gy — Gy, the inverse function, is also an isomorphism. So if G, is isomorphic
with G, then G is isomorphic with G. If you wish to verify that two groups, G, and
(57, are isomorphic, you can either construct an isomorphism mapping G, to G, or one
mapping G to Gy.

In Exercise 10 you will be asked to show that 27, the even integers, forms a group under
addition. Here we show 7 and 27 are isomorphic groups. In this case, the operations
on the groups are both addition. We need a function f : Z — 27Z that is both one-to-one
and onto 2Z. Let [ : Z — 27 be given by f(m) = 2m. We need to verify Condition 1 for
an isomorphism, which says that f is one-to-one and onto. Suppose that a,b € Z and
f(a) = f(b). Then 2a = 2b, which implies that @ = b, so [ is one-to-one. We now show |
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e e |a|b
a | a
b
2.25 Table
* e a b
e e a b
a b e
b e a
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isonto. Lety € 2Z. Since y is even, y = 2¢ for some ¢ € Z. Therefore, y = 2¢ = f(c). so
f maps onto 2Z. We now turn our attention to the homomorphism property and consider
arbitrary a, b € Z. Then

fla+b)=2a+b)=2a+2b=[(a)+ f(b),

which verifies Condition 2. Therefore f is a group isomorphism and Z and 27 are iso-
morphic groups.

As noted above, we could have defined an isomorphism by using the inverse
function /~! : 27 — Z, which is defined by f~!(x) = x/2. A

Properties of Group Tables

With Table 2.21 as background, we should be able to list some necessary conditions that
a table giving a binary operation on a finite set must satisfy for the operation to give a
group structure on the set. There must be one element of the set, which we may as well
denote by e, that acts as the identity element. The condition ¢ % x = x means that the row
of the table opposite e at the extreme left must contain exactly the elements appearing
across the very top of the table in the same order. Similarly, the condition x % ¢ = x
means that the column of the table under e at the very top must contain exactly the
clements appearing at the extreme left in the same order. The fact that every element a
has a right and a left inverse means that in the row having a at the extreme left, the
element e must appear, and in the column under @ at the very top, the e must appear.
Thus ¢ must appear in each row and in each column. We can do even better than this.
however. By Theorem 2.17, not only do the equations a*x = ¢ and y* a = ¢ have
unique solutions, but also the equations a = x = b and y * a = b. By a similar argument,
this means that each element b of the group must appear once and only once in each
row and each column of the table.

Suppose conversely that a table for a binary operation on a finite set is such that
there is an element acting as identity and that in each row and each column, each element
of the set appears exactly once. Then it can be seen that the structure is a group structure
if and only if the associative law holds. If a binary operation = is given by a table,
the associative law is usually messy to check. If the operation * is defined by some
characterizing property of a * b, the associative law is often easy to check. Fortunately,
this second case turns out to be the one usually encountered.

We saw that there was essentially only one group of iwo elements in the sense that if
the elements are denoted by e and a with the identity element e appearing first, the table
must be as shown in Table 2.21. Suppose that a set has three elements. As before, we
may as well let the set be {e, a, b}. For e to be an identity element, a binary operation # on
this set has to have a table of the form shown in Table 2.24. This leaves four places to be
filled in. You can quickly see that Table 2.24 must be completed as shown in Table 2.25
if each row and each column are to contain each element exactly once. We find a group
whose table is the same as Table 2.25. The elements of the group are the three matrices

1 V3 1 V3
e = [:I {]] a=| 2 2 |,andb=| 2 2 [ WeletG= {e.a.b}. In Exercise
: o1l \;T,{ i ; % 0 .a.bl.
18 you will show that G is a group under matrix multiplication. By computing matix
products it is easy to check that the group table for G is identical with Table 2.25.
Theretfore Table 2.25 gives a group.

Now suppose that G’ is any other group of three elements and imagine a table for G
with identity element appearing first. Since our filling out of the table for G = {e, a, b}
could be done in only one way, we see that if we take the table for G’ and rename the
identity e, the next element listed a, and the last element b, the resulting table for G’
must be the same as the one we had for (. As explained above, this renaming gives an
isomorphism of the group G’ with the group G. Thus our work above can be summarized

=
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by saying that all groups with a single clement are isomorphic, all groups with just two
elements are isomorphic, and all groups with just three elements are isomorphic. We use
the phrase up to isomorphism to express this identification. Thus we may say, “There is
only one group of three elements, up to isomorphism.”

An interesting problem in group theory is to determine up to isomorphism all the
groups with a given number of elements n. In Exercise 20, you will be asked to show
that there are up to isomorphism exactly two groups of order 4. It is beyond the scope of
this book to give a thorough investigation of this problem, but we will solve the problem
for some other special values of n in later sections.

@ EXERCISES 2

Computations
In Exercises | through 9, determine whether the binary operation # gives a group structure on the given set. If no
group results, give the first axiom in the order ‘%, ‘%, % from Definition 2.1 that does not hold.
1. Let % be defined on Z by letting a = b = ab.
2. Let * be defined on 2Z = (2n |n € Z} by letting a b = a + b.
3, Let s be defined on R by letting a = b = vab.
4. Let * be defined on () by letting ¢ * b = ab.
5. Let * be defined on the set [R* of nonzero real numbers by letting a * b = a/b.
Let * be defined on C by letting a = b = |ab|.
7. Let * be defined on the set {a, b} by Table 2.26.
8. Let * be defined on the set {a, b} by Table 2.27.
9. Let * be defined on the set {e, a, b} by Table 2.28.

,

2.28 Table
2.26 Table 2.27 Table

* e a b
* a b * a b

3 ¢ a b
a a | b a a b

a a ¢ b
b|b|b h a b

b b b e

10. Let n be a positive integer and let n = {nm | m € 7}.
a. Show that (nZ.+} is a group.
b. Show that (nZ,4+) = (Z.+).

In Exercises 11 through 18, determine whether the given set of matrices under the specified operation, matrix
addition or multiplication. is a group. Recall that a diagonal matrix is a square matrix whose only nonzero entries
lie on the main diagonal, from the upper left to the lower right corner. An upper-triangular matrix is a square
matrix with only zero entries below the main diagonal. Associated with each n x n matrix A is a number called
the determinant of A, denoted by det(4). If A and B are both n x n matrices, then det(AB) = det(4) det(B). Also.
det(/,) = 1 and A is invertible if and only if det(A) # 0.

11. All n x n diagonal matrices under matrix addition.

12. All n x n diagonal matrices under matrix multiplication.

13. All n x n diagonal matrices with no zero diagonal entry under matrix multiplication.

14. All n x n diagonal matrices with all diagonal entries 1 or — under matrix multiplication.
15. All n x n upper-triangular matrices under matrix multiplication.

16. All n x n upper-triangular matrices under matrix addition.

17. All n x n upper-triangular matrices with determinant 1 under matrix multiplication.
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B RV _1 3
The set of 2 x 2 matrices G = {e,a. b} wheree:[é?},ﬂ: [ﬁ: 2 ].andb:[ 2 ] under

matrix multiplication.

Let § be the set of all real numbers except —1. Define * on § by
axb=a-+b+ab.

a. Show that * gives a binary operation on §.
b. Show that (S, *) is a group.
¢. Find the solution of the equation 2 # x# 3 = 7 in §.

This exercise shows that there are two nonisomorphic group structures on a set of 4 elements.

Let the set be [e. a, b, c}. with e the identity element for the group operation. A group table would then have
to starl in the manner shown in Table 2.29. The square indicated by the question mark cannot be filled in with
a. It must be filled in either with the identity element ¢ or with an element different from both ¢ and a. In this
latter case. it is no loss of generality to assume that this element is b. If this square is filled in with e, the table
can then be completed in two ways to give a group. Find these two tables. (You need not check the associative
law.) If this square 1s filled in with b, then the table can only be completed in one way to give a group. Find this
table. (Again, you need not check the associative law.) Of the three tables you now have, two give isomorphic
groups. Determine which two tables these are, and give the one-to-one onto relabeling function which is an
isomorphism.

a. Are all groups of 4 elements commutative?
b. Find a way to relabel the four matrices

Lot] (o 5 )]

so the matrix multiplication table is identical to one you constructed. This shows that the table you con-
structed defines an associative operation and therefore gives a group.

¢. Show that for a particular value of n, the group elements given in Exercise 14 can be relabeled so their
group table is identical to one you constructed. This implies the operation in the table is also associative.

According to Exercise 12 of Section 1, there are 16 possible binary operations on a set of 2 elements. How
many of these give a structure of a group? How many of the 19,683 possible binary operations on a set of
3 elements give a group structure?

Concepts

22.

23,

Consider our axioms %, %, and ‘% for a group. We gave them in the order % /% %3. Conceivable other
orders to state the axioms are %) 5%, 05 %5, 9 509, 55 %, and 5% %), OF these six possible
orders, exactly three are acceptable for a definition. Which orders are not acceptable, and why? (Remember
this. Most instructors ask the student to define a group on at least one test.)

2.29 Table

* | e|lal|b|e

ele|lal|bdb|c

alal?
b | b
¢ | ¢

The following “definitions™ of a group are taken verbatim, including spelling and punctuation, from papers of
students who wrote a bit too quickly and carelessly. Criticize them.

a. A group G is a set of elements together with a binary operation * such that the following conditions are
satisfied
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* is associative
There exists ¢ € G such that

€% x = x#¢ = x = identity.

For every a € G there exists an &' (inverse) such that

&

A group is a set G such that
The operation on G is associative.
there is an identity element (¢) in G.
for every a € G, there is an a’ (inverse for each element)
c. A group is a set with a binary operation such
the binary operation is defined
an inverse exists
an identity element exists
d. A set G is called a group over the binery operation # such that forall a,. b € G
Binary operation = is associative under addition
there exist an element {e} such that
axe=e%xa=e¢
Fore every element a there exists an element ' such that
axa =ad +a=e
24. Give a table defining an operation satisfying axioms /%, and /%3 in the definition of a group, but not satisfying
axiom % for the set
a. {e.a,b)
b. {e.a.b.c}
25. Mark each of the following true or false.
a. A group may have more than one identity element.
b. Any two groups of three elements are isomorphic.
¢. In a group. each linear equation has a solution.
— d. The proper attitude toward a definition is to memorize it so that you can reproduce it word for
word as in the text.

Any definition a person gives for a group is correct provided that everything that is a group by that
person’s definition is also a group by the definition in the text.

e

f. Any definition a person gives for a group is correct provided he or she can show that everything
that satisfies the definition satisfies the one in the text and conversely.

g. Every finite group of at most three elements 1s abelian.

h. An equation of the form a = x % b = ¢ always has a unique solution in a group.

i. The empty set can be considered a group.

Jj- Every group is a binary algebraic structure.

Proof synopsis
We give an example of a proof synopsis. Here is a one-sentence synopsis of the proof that the inverse of an element
a in a group (G, *) is unique.

Assuming that a # ' = e and a * @ = ¢, apply the left cancellation law o the equation a  a’ = a % a”.
Note that we said “the left cancellation law™ and not “Theorem 2.16.” We always suppose that our synopsis was

given as an explanation given during a conversation at lunch, with no reference to text numbering and as little
notation as is practical.
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Give a one-sentence synopsis of the proof of the left cancellation law in Theorem 2.16.

Give at most a two-sentence synopsis of the proof in Theorem 2.17 that an equation ax = b has a unique
solution in a group.

Theory

28.

29.

30.

31.

32.

33

35.

36.

37.

38.
39,
40

41.

42.
43.

An element @ # e in a group is said to have order 2 if @ % @ = e. Prove that if G is a group and a € G has order
2, then for any b € G, b' % a * b also has order 2.

Show that if’ G 1s a finite group with identity ¢ and with an even number of elements, then thereisa # e¢in G
suchthata xa =e.

Let E* be the set of all real numbers except 0. Define * on * by letting a + b = |a|b.

a. Show that = gives an associative binary operation on E*.

b. Show that there is a left identity for = and a right inverse for each element in FE*.

¢. Is R* with this binary operation a group?

d. Explain the significance of this exercise.

If * is a binary operation on a set §, an element x of § is an idempotent for = if x » x = x. Prove that a group
has exactly one idempotent element. (You may use any theorems proved so far in the text.)

Show that every group G with identity e and such that x*x = e for all x € G 1s abelian. [Hint: Consider
(a=b)*(a+b).]

Let G be an abelian group and let ' = ¢ # ¢ % - - - % ¢ for n factors ¢, where ¢ € G and n € Z*. Give a mathe-
matical induction proof that (a # b)" = (¢") % (") foralla.b € G.

Suppose that G is a group and a, b € G satisly a b = b = a' where as usual, @' is the inverse for a. Prove that
bsa=da *b.

Suppose that G is a group and ¢ and b are elements of G that satisfy a + b = b % a>. Rewrite the element
(a 13)2 in the form b*a’. (See Exercise 33 for power notation. )

Let G be a group with a finite number of elements. Show that for any a € G, there exists an n € Z™ such that
a" = e. See Exercise 33 for the meaning of ¢". [Hint: Consider ¢, a, az, @ ... a™, where m 1s the number of
elements in (G, and use the cancellation laws. |

Show that if (a + b)> = a® % b” for a and b in a group G, then a * b = b * a. See Exercise 33 for the meaning
of a?.

Let G be a group and leta. b € G. Show that (@ b)’ = @'+ b" ifandonly if ax b = b % a.
Let G be a group and suppose that a # b« ¢ = e fora. b, c € G. Show that b % ¢ x a = ¢ also.

Prove that a set G, together with a binary operation * on G satisfying the left axioms 1, 2, and 3 given after
Corollary 2.19, is a group.

Prove that a nonempty set G, together with an associative binary operation * on G such that
a*x=band y#*a = b have solutions in G forall ¢, b € G,

is a group. [Hint: Use Exercise 40.]

Let G be a group. Prove that (¢') = a.

Let ¢ : B2 — 2 be an isometry of the plane.

a. Prove that ¢ is a one-to-one function.
b. Prove that ¢ maps onto [R%.

Prove that if f: G; — G» is a group 1somorphism from the group (Gj.#;) to the group (Ga,*2). then

f~': Gy — G is also a group isomorphism.

. Suppose that G is a group with n elements and A € G has more than '2—° elements. Prove that for every g € G,

there exists a. b € A such that @ * b = g. (This was Problem B-2 on the 1968 Putnam exam.)
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3.1 Example

3.2 Example

Groups and Subgroups

ABELIAN EXAMPLES

In this section we introduce two families of abelian groups and one special abelian
group. These groups will be very useful in our study of groups in that they provide
examples we can use to help understand concepts and test conjectures. Furthermore, we
will see that some of them arise frequently in the study of groups.

We start by defining the set Z, = {0, 1,2,3,....n — 1}, the first n — | positive in-
tegers together with 0, which makes a total of n elements. To define an operation 4, on
Tons we leta, b € 7,. Then

a+b ifa+b<n

a+”b:|a+h—n ifath=n"

Note that foranya, b e Z,, 0 <a+b<2n—2. 500 <a+,b <n—1isan op-
eration which we call addition modulo n. Addition modulo n is clearly commutative:
a4+, b= b+, aforany a,b € Z,. The number 0 is an identity, the inverse of a € Z,, is
n — a for a # 0, and the inverse of 0 is 0. To show that (7, +,) is an abelian group, it
only remains to show that +, is associative. Although it is not difficult to show directly
that +, is associative, it is a little tedious, so we defer the proof until we develop the
circle group and then use properties of that group to conclude that (Z,, 4,) is an abelian
group.

For n = 1, Z; = {0}, which is the trivial group with just one element. Forn = 2, Z, =
{0. 1}, which as we saw in Section 2 is isomorphic with {1, —1} under multiplication.
It is important to note that completely different operations on sets can still define iso-
morphic groups. We also saw in Section 2 that any group with exactly three elements
is isomorphic with any other group with exactly three elements. Therefore Z; under
addition modulo 3 is isomorphic with the group consisting of the three matrices

{244

under matrix multiplication. Again we see that two groups can be isomorphic, but have
completely different sets and operations. A

le

Fd|— rd

Let us look more closely at the group table for Z4, Table 3.3. We see that the
inverse for 0 is 0, the inverse for 1 is 4 — 1 = 3, and the inverse for 2 is 4 — 2 = 2.
In Exercise 20 in Section 2, you were asked to show that there are two groups with
exactly four clements. The other group is the Klein 4-group denoted V, which stands
for Vier, German for “four.” The group table for V is displayed as Table 3.4. How can
we tell that the two groups Z4 and V are not isomorphic? We could try all possible one-
to-one functions from Z4 onto Ky to see if any of them make the table for Z, look like
the table for K. This is tedious, so instead we look for a sneaky method. Notice that
the diagonal entries of the table for Ky are all the identity. No matter how we relabel

3.3 Table 3.4 Table

Zgt  +4 I 0o 1 2 3 Vi % | e a b ¢
0|0 1 2 3 ele a b ¢
1 1. 2 3 0 ala e ¢ b
212 3 @ 1 blbh ¢ a
313 60 1 2 cle b a e
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the entries in the table for Z4. only two entrics along the diagonal will be the same.
Therefore Z4 and K, are not isomorphic. A

Looking back at the definition of +, there is no reason we had to restrict our set
to integers @ with 0 < @ < n. In fact, the same formula defines an operation on all real
numbers @ with 0 < a < n. In general, let ¢ be any positive real number and a, b € [0, ¢).
We define +. by

a-+b ifa+b <c

a+nb:la—|—b—c.‘ ifat+b=c¢’

This operation is called addition modulo c. It is easy to see that addition modulo ¢
is an operation on [0, ¢), it is commutative, 0 is an identity, the inverse of () is (), and
the inverse of any a € (0,¢) is ¢ — a. Instead of writing [0, ¢) we will denote this set
as [R,. In order to show that ([£., 4.} is an abelian group, it remains to show that +, is
associative. Again, we defer the proof until after we develop the circle group.

% g}‘f = %;rr. The inverse of Z is 27 —

£ s

2
Let ¢ = 2x. Then 57T +ox %H’ = o and %H’ +or

In the group ([&:;,+5,), we are essentially equating 0 with 27 in the sense that
if @ and b add to give 2, we know that @ +», b = 0. Intuitively, we can think of this
geometrically as taking a string of length 277 and attaching the ends together to form a
circle of radius 1. Our next goal is to make this idea more precise by defining a group
on the unit circle in the plane and showing that this group is isomorphic with R, . To
do this, we first review some facts about complex numbers.

v

4i 1=

3i-

3.6 Figure

Complex Numbers

A real number can be visualized geometrically as a point on a line that we often regard
as an x-axis. A complex number can be regarded as a point in the Euclidean plane, as
shown in Fig. 3.6. Note that we label the vertical axis as the yi-axis rather than just the
y-axis, and label the point one unit above the origin with i rather than 1. The point with
Cartesian coordinates (a, b) is labeled a 4 bi in Fig. 3.6. The set C of complex numbers
is defined by
C={a+bilabeR}

We consider R to be a subset of the complex numbers by identifying a real number r
with the complex number » + 0. For example, we write 3 4+ 07 as 3 and —m 4 Oi as —m
and 0 + 0f as 0. Similarly, we write 0 4 1/ as i and 0 4 si as si.
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Complex numbers were developed after the development of real numbers. The
complex number i was invented to provide a solution to the quadratic equation x> = —1,

S0 we require that ;
== (1)

Unfortunately, i has been called an imaginary number, and this terminology has led
generations of students to view the complex numbers with more skepticism than the
real numbers. Actually. @/l numbers, such as 1, 3, m, —+/3, and i are inventions of our
minds. There is no physical entity that is the number 1. If there were, it would surely
be in a place of honor in some great scientific museum, and past it would file a steady
stream of mathematicians, gazing at 1 in wonder and awe, A basic goal of this text is to
show how we can invent solutions of polynomial equations when the coefficients of the
polynomial may not even be real numbers!

Multiplication of Complex Numbers

The product (a 4 bi)(c + di) is defined in the way it must be if we are to enjoy the
familiar properties of real arithmetic and require that i = —1. in accord with Eq. (1).
Namely, we see that we want to have
(a + bi)(c + di) = ac + adi + bei + bdi”
= ac + adi + bci + bd(—1)
= (ac — bd) + (ad + be)i.

Consequently, we define multiplication of z; = a + biand 23 = ¢+ di as
2122 = (a + bi)(c 4 di) = (ac — bd) + (ad + bo)i, (2)

which is of the form r + si with r = ac — bd and 5 = ad + bc. 1t is routine to check
that the usual properties z;z»> = z2zj(commutative), zj(z2z3) = (z122)23 (associative),
and z;(z2 + z3) = 222 + 7123 (distributive) all hold for all 2, 22,23 € C.

Compute (2 — 5i)(8 + 3i).

We don’t memorize Eq. (2), but rather we compute the product as we did to motivate
that equation. We have

(2 —5iM8+3i) =16+ 6i —40i + 15 = 31 — 34 A

To establish the geometric meaning of complex multiplication, we first define the abso-
lute value |a + bi| of a 4 bi by

la+ bi| = a2+ D2 (3)

This absolute value is a nonnegative real number and is the distance from a + bi to the
origin in Fig. 3.6. We can now describe a complex number 7 in the polar-coordinate form

z = |z|(cosf + isinf), (4)
where € is the angle measured counterclockwise from the positive y-axis to the vector
from 0 to z, as shown in Fig. 3.8. A famous formula due to Leonard Euler states that

e = cos# +isind.

Euler’s Formula
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v

z=|zl(cos @ + isin#)
ilzsind o-mmmmm————
5 |
Lk !
g I
I s X

0 1 |;| cos @

3.8 Figure

We ask you to derive Euler’s formula formally from the power series expansions for
¢”.cosf. and sin @ in Exercise 43. Using this formula, we can express z in Eq. (4) as
z = |z]e". Letus set

% and i6

71 = |z1le 2 = |z2le

and compute their product in this form, assuming that the usual laws of exponentiation
hold with complex number exponents. We obtain

2122 = |z1]€® [z2]€™ = |z1 ]2zl

= |z1llz2llcos(8) + 62) + isin(B + (h)]. (%)

Note that Eq. 5 concludes in the polar form of Eq. 4 where |z;22| = |21||z2| and the
polar angle € for z;z; is the sum & = 8, + 8. Thus. geometrically. we multiply com-
plex numbers by multiplying their absolute values and adding their polar angles, as
shown in Fig. 3.9. Exercise 41 indicates how this can be derived via trigonomet-
ric identities without recourse to Euler’s formula and assumptions about complex
exponentiation.

A

. vi

3 A

5 i
Z1ds Pel
) T t, % 1
2
I | ‘IH] ! -1 \ | o
-2 — 0 1 2 0 1
3.9 Figure 3.10 Figure

Note that { has polar angle /2 and absolute value 1, as shown in Fig. 3.10. Thus
has polar angle 2(/2) = m and |1 - 1| = 1, so that i = —1.
2

=l

Find all solutions in C of the equation z

Writing the equation z* = 7 in polar form and using Eq. (5). we obtain

121%(cos 20 + i sin 20) = 1(0 + ).

Thus |z]*> = 1, so |z| = 1. The angle & for z must satisfy cos 26 = 0 and sin26 = 1.
Consequently, 260 = (7/2) 4+ n(27), so 8 = (/4) + nx for an integer n. The values of
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n yielding values # where 0 < 6 < 27 are 0 and 1, yielding @ = /4 or 8 = 57 /4. Our
solutions are

1{ cos & + isin % and 1{ cos o + isin oe
= g — I ey = 5 — I
“ 4 4 2 4 4

or
1 —1
g =—0104+10 and z=—70+1.
‘= > A
Find all solutions of z* = —16.

As in Example 3.11 we write the equation in polar form, obtaining
|z1*(cos 40 + isin46) = 16(—1 + 0i).

Consequently, |z|* = 16, so |z| = 2 while cos 46 = —1 and sin46 = 0. We find that
40 = +n(2m), so 0 = (w/4) + n(mw/2) for integers n. The different values of €
obtained where 0 <@ < 2 are 7/4,37 /4,57 /4, and 7z /4. Thus one solution of
4 .
' =-—16is

T i 4 I 1
2( cos — —Hsin—) = 2(— T —i) = V2(1 + ).
( 4 4 V2 V2

In a similar way, we find three more solutions,

V2—141, V2A=1-i), and  V2(1-i. A

The last two examples illustrate that we can find solutions of an equation " =

a + bi by writing the equation in polar form. There will always be n solutions, provided
that a ++ bi = 0. Exercises 16 through 21 ask you to solve equations of this type.

We will not use addition or division of complex numbers, but we probably should
mention that addition is given by
(a+bi) +(c+di) =(a+c)+ (b +d)i (6)
and division of a + bi by nonzero ¢ + di can be performed using only division of real
numbers as tollows:
a -+ bi _a +bi c—di . (ac + bd) + (be — ad)i
c+di  c+di c—di e+ d?
ac + bd &5 be —ad
= !
c+d> P+ d?

(7

&

[SF ]

0 1

3.13 Figure
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Algebra on the Unit Circle

Let U= {z € C||z| = 1}, so that U is the circle in the Euclidean plane with center at
the origin and radius 1, as shown in Fig. 3.13.

(U, -} is an abelian group.

We first check that U is closed under multiplication. Let z3,z2 € U. Then |z;| = |z2] = 1,
which implies that |z,z;| = 1, showing z,z; € U.

Since multiplication of complex numbers is associative and commutative in gen-
eral, multiplication in U is also associative and commutative, which verifies ‘%) and the
condition for abelian.

The number | € U is the identity, verifying condition :%.

Foreacha + bi € U,

(a+ biYa—bi)=d — (b)Y’ =da" +b° = |a+bil* = 1.

So the inverse of a + bi is a — bi, which verifies condition ‘%;. Thus U is an abelian
group under multiplication. L 4

Figure 3.13 gives us a way of relabeling points in U/ as points in F,;. We simply
relabel z as € where 0 < 0 < 2m. Let f: U — Ry, be given by f(z) = @ according
to this relabeling. Then for 2,22 € U, f(z122) = f(21) +2x f(z2) since multiplying in U
simply adds the corresponding angles:

if zp< 6 and z < 6, then z;-7 < (6] +2; h). (8)

Recall that all that remains to show that [, is a group is to show that +,; is associative.
Since the operations of multiplication in UJ and addition modulo 27 in Ry, are the same
using the above relabeling and multiplication in U is associative, addition modulo 27 is
also associative. This completes the proof that {R2-, 425 ) is a group. Furthermore, the
relabeling (8) shows that the two groups (U, -) and (Ra,, +2,) are isomorphic. In Exer-
cise 43, you will be asked to prove that for any b > 0 and ¢ > 0. (IR, +) is an abelian
group and (R, +5) =~ (B, +.). Since (R, +2:) is isomorphic with (U, -}, for every
¢ = 0, (R.,+.) is also isomorphic with ({/,-), meaning they have the same algebraic
properties.

The equation z-z-z-z =1 in U has exactly four solutions, namely, 1, i, —1, and —i.
Now 1 € U and 0 € [;, correspond, and the equation x 43, x 427 X 42, x = 0 in Fy;
has exactly four solutions, namely, 0,7/2, 7, and 37/2, which, of course, correspond
to 1, i, —1, and —i, respectively. A

Roots of Unity

The clements of the set U, = [z € C|z" = 1} are called the n™ roots of unity. In
Exercise 46 you are asked to prove that U, is a group under multiplication. Using the
techniques from Examples 3.11 and 3.12, we see that the elements of this set are the

numbers e 2w 2
Wi o) | . (m—) + isin (m-—) form=0,1,2,....n— 1.
n n

They all have absolute value 1, so U, C U. If we let £ = cos I 4 jgin %—’: then these

n
#™ roots of unity can be written as

L= LR e ©
Because ¢" = 1, these n powers of ¢ are closed under multiplication. For example, with
n = 1(), we have : ;
£Or8 = g = 104 — L =t
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Thus we see that we can compute ¢'¢/ by computing i +,/, viewing 7 and j as elements
of Z,.

By relabeling an element ¢™ € U, to m € 7, we can see that addition modulo n in
&y 1s also associative, which completes the proof that (Z,, +,) is an abelian group.

m

We solve the equation x +gx +5x =1 in Zg using trial and error. We note that nei-
ther 0, 1, nor 2 is a solution simply by substitution. However, substituting x = 3 gives
3443453 =644 3 =1, which shows x = 3 is a solution. We can also check by
substituting that neither 4, 5, 6, nor 7 are solutions. So the only solution is x = 3.
Because Zg is isomorphic with Uy by the correspondence k € Zg corresponds with
£*, the corresponding equation in Ug is z-z-z2=¢ = e, Without further calcula-
tions we know that there is only one solution to z-z-z = ¢ in Ug and that solution

5l 2 2
is 2= =¢*% = cos(6m/8) + isin(6/8) = ~§ + %i since this is the corre-
sponding solution in Zg. -
There are three solutions to z° = ¢ in U. We leave it to the reader to find the solu-

tions and check that only one of them, 2, is in Us. A

We summarize the results of this section.

1. Foranyn € Z*, Z, is an abelian group under addition modulo n.

2. Foranyn e Z*, Z, is isomorphic with U,, an abelian group under complex
number multiplication.

3. Forany ¢ > 0, R, under addition modulo ¢ is a group.

4. U under multiplication is a group.

5. Forany ¢ € R, R, under addition modulo ¢ is isomorphic with U/ under
multiplication.

® EXERCISES 3

In Exercises 1 through 9 compute the given arithmetic expression and give the answer in the form a + bi for

a,beR.
Ld oy 3 5
4. (=)® 5. (3 2i)6+ 1) 6. (8+20)3 — i)
7. 2—=3DE + 1)+ (6—50) 8. (1+0)° 9, (1 —{)° (Use the binomial theorem.)

10. Find |5 — 12i].

11. Find |7 + eil.

In Exercises 12 through 15 write the given complex number z in the polar form |z|(p 4 ¢i) where |p 4+ gi| = 1.

12, 3— 4 13, —1—i 14. 124 5i 15. —345¢
In Exercises 16 through 21, find all solutions in C of the given equation.

16, 2 =1 17. 2 = -1 18. 2 = —125 19. 2 = —27i
20, 2= 21. 2° = —64

In Exercises 22 through 27, compute the given expression using the indicated modular addition.

22. 10447 16 23. 14 499 92 24, 3.141 +42.718

25 1+ 2 26, 3 4+, 2 27. 2v2+ ;55 3v2

28. Explain why the expression 5 +¢ 8 in [25 makes no sense.
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In Exercises 29 through 34, find afl solutions x of the given equation.

29.
31.
33.
35

36.

37.

38.

39.
40.

41.

42,

43.

x4p07=3inZy 30. x 42 7 =%inR2fr
x+7x=3inZy 32 x+3x+px=5inZ;
X+px=2inZp M xtgx+gxtgx=4inZg

Prove or give a counterexample to the statement that for any n € Z" and a € Z,, the equation x +, x = a has
at most two solutions in Z,,.

Prove or give a counterexample to the statement that for any n € Z1 and a € Z,, if n is not a multiple of 3,
then the equation x 4+, x 4+, x = a has exactly one solution in Z,,.

There is an isomorphism of Ug with Zg in which £ = /% « 5 and ¢? < 2. Find the element of Zg that
corresponds to each of the remaining six elements ¢ in Us for m = 0,3,4,5,6, and 7.

There is an isomorphism of Us with 77 in which £ = 2/ 5 4. Find the element in 77 to which £ must
correspond for m = 0,2,3.4.5, and 6.

Why can there be no isomorphism of Uy with Zg in which ¢ = ¢/7/? corresponds to 47
Derive the formulas

sin(a + b) = sinacos b + cosasinb
and

cos(a+ b) = cosacosbh —sinasinb
by using Euler’s formula and computing ¢
Let z; = |z)|(cos B + isin#y) and 23 = |z2|(cos B2 + isin ;). Use the trigonometric identities in Exercise 40
to derive 2122 = |z1]|z2l[cos(f) + G2) + i sin(d) 4 62)].
a. Derive a formula for cos 3¢ in terms of sin & and cos £ using Euler’s formula.
b. Derive the formula cos 36 = 4 cos’ @ — 3 cos @ from part (a) and the identity sin® # + cos” 8 = 1. (We will

have use for this identity in Section 41.)
Recall the power series expansions
2 .3 4 ]

F g™ x
o= +A+§+i+a+-~+a+'".
& 5 27 n—1
e D gyt ‘
siny = x 3[4—51 _”-i----—i-( 1) (zn_l)!-l---"dﬂd
¥ a4 , 2
L()sx:l—i+4—!—§+---+(—lj (2n)!+.”

from calculus. Derive Euler’s formula ¢ = cosé + i sinfl formally from these three series expansions.

44. Prove that for any n € Z*, (Z,. +,) is associative without using the fact that U, is associative.

45.

46.

Let b, ¢ € BT, Find a one-to-one and onto function f : R, — I, that has the homomorphism property. Con-
clude that |, is an abelian group that is isomorphic with L/.

Prove that for any n = [, U, is a group.

SECTION4 NONABELIAN EXAMPLES

Notation and Terminology

It is time to explain some conventional notation and terminology used in group theory.
Algebraists as a rule do not use a special symbol = to denote a binary operation different
from the usual addition and multiplication. They stick with the conventional additive or
multiplicative notation and even call the operation addition or multiplication, depending
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1 l a | b
b 1
I | a
4.2 Table
+ | 0| al] b
0 0| a | b
a 0
b a
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on the symbol used. The symbol for addition is, of course, +. and usually multiplication
is denoted by juxtaposition without a dot, if no confusion results. Thus in place of the
notation a # b, we shall be using either @ + b 1o be read “the sum of @ and b.” or ab
to be read “the product of a and b There is a sort of unwritten agreement that the
symbol + should be used only to designate commutative operations. Algebraists feel
very uncomfortable when they see a + b £ b 4 a. For this reason, when developing
our theory in a general situation where the operation may or may not be commutative,
we shall always use multiplicative notation.

Algebraists frequently use the symbol 0 to denote an additive identity element and
the symbol 1 to denote a multiplicative identity element, even though they may not be
actually denoting the integers 0 and 1. Of course, if they are also talking about numbers
at the same time, so that confusion would result, symbols such as e or u are used as
identity elements. Thus a table for a group of three elements might be one like Table 4.1
or, since such a group is commutative, the table might look like Table 4.2. In general
situations we shall continue to use ¢ to denote the identity element of a group.

It is customary to denote the inverse of an element a in a group by a ' in mul-
tiplicative notation and by —a in additive notation. From now on, we shall use these
notations in place of the symbol «'.

Let n be a positive integer. If a is an element of a group G, written multiplicatively,
we denote the product aaa . .. a for n factors a by a". We let o be the identity element
e, and denote the product a'a'a~'...a™" for n factors by a ™. It is easy to see that
our usual law of exponents, a"a" = a™*" for m.n € Z, holds. For m,n € Z*, it is clear.
We illustrate another type of case by an example:

2.5 1

atd =ala

daaaa = d '(a 'a)aaaa = a 'eaaaa = a ](ea)aaa
= a laaaa = (a"'a)aaﬂ = eqad = (ea)aa = aaa = a.

In additive notation, we denote a +a+a+ --- + a for n summands by na, denote
(—a)+ (—a) + (—a)+ - - - + (—a) for n summands by —na, and let Oa be the identity
element. Be careful: In the notation na, the number # is in Z, not in G. One reason
we prefer to present group theory using multiplicative notation, even if G is abelian,
is the confusion caused by regarding » as being in G in this notation na. No one ever
misinterprets the n when it appears in an exponent.

The following table summarizes basic notations and facts using both additive and
multiplicative notation. We assume that « is an element of a group, n,m are integers,
and k is a positive integer.

+ Notation -+ Notation - Notation
May or may not be abelian Abelian May or may not be abelian
e 0 1
a’ —a a !
axb a+b ab
akax---%a ka a"
»_.;__,
(@ xa ---xd) —ka a*
,_:_
Oa=0 a’ =1
(n+ m)a = na + ma "= g™
n(ma) = (nm)a (@")" = a™

Typically when stating a theorem we will use multiplicative notation, but the theo-
rem also applies when using additive notation by using the above table to translate.



4.3 Definition

4.6 Definition

Section4 Nonabelian Examples 41

We often refer to the number of elements in a group, so we have a term for this
number.

It G is a group, then the order of G is the number of elements or cardinality of . The
order of G is denoted |G]. =

Permutations

We have seen examples of groups of numbers, like the groups Z. @@, and R under addi-
tion. We have also introduced groups of matrices, like the group GL(2, R). Each element
A of GL(2.R) yields a transformation of the plane [ into itself; namely, if we regard
X as a 2-component column vector, then AX is also a 2-component column vector. The
group GL(2,R) is typical of many of the most useful groups in that its elements act
on things to transform them. Often, an action produced by a group element can be re-
garded as a function, and the binary operation of the group can be regarded as function
composition. In this section, we construct some finite groups whose elements, called
permutations, act on finite sets. These groups will provide us with examples of finite
nonabelian groups.

You may be familiar with the notion of a permutation of a set as a rearrangement of
the elements of the set. Thus for the set {1, 2, 3, 4, 5}, a rearrangement of the elements
could be given schematically as in Fig. 4.4, resulting in the new arrangement {4, 2, 5.
3, 1}. Let us think of this schematic diagram in Fig. 4.4 as a function mapping each
element listed in the left column into a single (not necessarily different) element from
the same set listed at the right. Thus | is carried into 4, 2 is mapped into 2, and so
on. Furthermore, to be a permutation of the set, this mapping must be such that each
element appears in the right column once and only once. For example, the diagram in
Fig. 4.5 does not give a permutation, for 3 appears twice while 1 does not appear at all
in the right column. We now define a permutation to be such a mapping.

1—4 1—=3
22 22
35 3—4
43 455
5—1 53

4.4 Figure 4.5 Figure

A permutation of a set A is a function ¢ : A — A that is both one-to-one and onto.
]

Permutation Groups

We now show that function composition o is a binary operation on the collection of all
permutations of a set A. We call this operation permutation multiplication. Let A be a
set, and let o and t be permutations of A so that o and r are both one-to-one functions
mapping A onto A. The composite function o o t defined schematically by

ASASA,
gives a mapping of A into A. Rather than keep the symbol o for permutation multipli-
cation, we will denote o o v by the juxtaposition or. Now ot will be a permutation

if it is one-to-one and onto A. Remember that the action of ot on A must be read in
right-to-left order: first apply T and then o. Let us show that o 7 is one-to-one. If

(oz)(a)) = (o7)(az),
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a(t(ay)) = o(r(a)).

and since ¢ is given to be one-to-one, we know that t(a;) = t(a>). But then, since
is one-to-one, this gives @; = @». Hence ot is one-to-one. To show that ot is onto A,
let @ € A. Since o 1s onto A, there exists @’ € A such that o(a’) = a. Since 1 is onto A,

a=o(d)=o(t@")) = (c1)a"),

PartT Groups and Subgroups
then
there exists a” € A such that 7(a") = «’. Thus
so o T isonto A.
4.7 Example Suppose that

and that o is the permutation given by Fig. 4.4. We write ¢ in a more standard notation,

A={1,2.3,4,5}

changing the columns to rows in parentheses and omitting the arrows, as

{1 249 4 ¥
~\4 28 3 1)

sothato(1) =4,0(2) = 2, and so on. Let

Then
(1 2 3 4
oT = 3

e ]
T
Lol
w2
EESR S
| S5 T =
—
\"‘---/
1l
S
U‘_¢
—
el
| S =
£ Ln
g

For example, multiplying in right-to-left order,
(e1)(1) =0o(r(1)) =0(3) = 5.

mw HISTORICAL NOTE

One of the earliest recorded studies of per-
mutations occurs in the Sefer Yetsirah, or
Book of Creation, written by an unknown Jew-
ish author sometime before the eighth century.
The author was interested in counting the var-
ious ways in which the letters of the He-
brew alphabet can be arranged. The question
was in some sense a mystical one. It was
believed that the letters had magical powers:
therefore, suitable arrangements could subjugate
the forces of nature. The actual text of the
Sefer Yetsirah is very sparse: “Two letters build two
words, three build six words, four build 24 words,
five build 120, six build 720, seven build 5040.”
Interestingly enough, the idea of counting the ar-
rangements of the letters of the alphabet also oc-
curred in Islamic mathematics in the eighth and
ninth centuries. By the thirteenth century, in both
the Islamic and Hebrew cultures, the abstract idea

of a permutation had taken root so that both Abu-
1-* Abbas ibn al-Banna (1256-1321), a mathemati-
cian from Marrakech in what is now Morocco, and
Levi ben Gerson, a French rabbi, philosopher, and
mathematician, were able to give rigorous proofs
that the number of permutations of any set of n el-
ements is n!, as well as prove various results about
counting combinations.

Levi and his predecessors, however, were con-
cerned with permutations as simply arrangements
of a given finite set. It was the search for solutions
of polynomial equations that led Lagrange and oth-
ers in the late eighteenth century to think of permu-
tations as functions from a finite set to itself, the set
being that of the roots of a given equation. And it
was Augustin-Louis Cauchy (1789-1857) who de-
veloped in detail the basic theorems of permutation
theory and who introduced the standard notation
used in this text.
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We now show that the collection of all permutations of a nonempty set A forms a
group under this permutation multiplication.

Let A be a nonempty set. and let S; be the collection of all permutations of A. Then S,
is a group under permutation multiplication.

We have shown that composition of two permutations of A yields a permutation of A,
50 84 is closed under permutation multiplication.

Now permutation multiplication is defined as function composition, and in
Section I, we showed that function composition is associative. Hence ‘% is satisfied.

The permutation ¢ such that t(¢) = a, for all @ € A acts as identity. Therefore % is
satisfied.

For a permutation o, the inverse function, o !, is the permutation that reverses the
direction of the mapping o. that is, o ~'(a) is the element &' of A such that a = o (a’).
The existence of exactly one such element «' is a consequence of the fact that, as a
function, ¢ is both one-to-one and onto. For each ¢ € A we have

a)=a=o(d)=0(c""(@) = (o0 ")a)

and also
HaY=d =0 Ya)=0c No(d)) = (6 o )d).

so that o ~'o and ¢o ! are both the permutation (. Thus ‘% is satisfied. L 4

Warning: Some texts compute a product o of permutations in left-to-right order, so
that (o u)(a) = (o (a)). Thus the permutation they get for o is the one we would get
by computing po. Exercise 34 asks us to check in two ways that we still get a group.
If you refer to another text on this material, be sure to check its order for permutation
multiplication.

There was nothing in our definition of a permutation to require that the set A be
finite. However, most of our examples of permutation groups will be concerned with
permutations of finite sets. Note that the structure of the group S, is concerned only
with the number of elements in the set A, and not what the elements in A are. If sets A
and B have the same cardinality, then 54 >~ Sg. To define an isomorphism ¢ : 54 — Sg.
we let f:A — B be a one-to-one function mapping A onto B, which establishes that A
and B have the same cardinality. For o € §4, we let ¢o(o ) be the permutation ¢ € Sg such
that o (f(a)) = f(o(a)) for all @ € A. To illustrate this for A = {1,2,3}and B = {#,$. %)
and the function f: A — B defined as

JFy=4# [f2)=3% [f3)="%,

123y, (4 8 %
3 2 )" \a 5 &)

We simply rename the elements of A in our two-row notation by elements in B using
the renaming function f, thus renaming elements of §4 to be those of Sz. We can take
{1.2,3,---, n} to be a prototype for a finite set A of n elements.

¢ maps

Let A be the finite set {1, 2, - - -, n}. The group of all permutations of A is the symmetric
group on i letters, and is denoted by S,. i

Note that S, has n! elements, where

nl=nn—1)(n—2)---(3)2)1).
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1 2:3 12
Lelo=(213)andr=(13 ).Thcn

ot(l)=0(l)=2

b el

and
ta(l)=3

which says that ot # to. Therefore §; is not abelian. We have seen that any group with
at most four elements is abelian. Furthermore we will see later that up to isomorphism,
the abelian group Zs is the only group of order 5. Thus S5 is the smallest group which
is not abelian.

123456
326145
Theorem 4.8 that the inverse function of a permutation is the group inverse. So it is easy
to find inverses for permutations, we simply turn the tables! That is, we switch the top
and bottom rows and sort the columns so the top row is in order:

(123456
“\421563)" A

Suppose that o = ( ) We find the inverse o ~'. We saw in the proof of

Disjoint Cycles

There is a more efficient way of specifying the action of a permutation. In the two-
row notation that we have been using, we list each number 1 through n twice, once
in the top row and once in the bottom row. Disjoint cycle notation allows us to write
the permutation using each number only once. We illustrate with an example. Let 0 =

123456 o wilke tn disjoint cyelenaatton we start by wih
34625 ) Iowriteindisjoint cycle notation we start by writing
(1
We see that o (1) = 3, so we place 3 just to the right of 1:
(1.3

Now we see that o maps 3 to 6, so we write:
(1.,3,6
Our permutation maps 6 to 1, but there is no reason to write 1 again, so we just place a
parcnthesis after the 6 to indicate that 6 maps back to the first element listed:
(1,3.6)
This is called a cycle because when we apply o repeatedly, we cycle through the
numbers 1, 3, and 6. A cycle containing exactly & numbers is called a k-cycle. So the

cycle (1,3,6) is a 3-cycle. This is not the end of the story for o because we have not
indicated that 2 maps to 4. So we start another cycle and write

(1.3.6)2,4
to indicate that o maps 2 to 4. Since 4 maps back to 2, we obtain a 2-cycle:
(1.3,6)(2,4)

We still have not indicated what o does to 5. We can write (1,3, 6)(2,4)(5) to indicate
that 5 maps to itself, but usually we will simply leave out 1-cycles with the understand-
ing that any number not listed maps to itself. So in disjoint cycle notation

o =(1,3,6)(2,4).
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We sce that o is a product of a 3-cycle and a 2-cycle. Sometimes we refer to a
2-cycle as a transposition.

A collection of cycles is said to be disjoint if no entry is in more than one cycle.
Note that o could also be written as (3. 6. 1)(4, 2). (2,.4)(1, 3, 6). or in a number of other
ways. In general it doesn’t matter which order we write the disjoint cycles, and inside
cach cycle we can start with any number as long as we keep the cyclic order the same.
It is clear that any permutation in §, can be written in disjoint cycle notation and that
the representation is unique up to the order the cycles are written and the cyclic order
within each cycle.

In disjoint cycle notation, 0 € Sy is written as (1, 5,2, 7)(3,4., 9). Let us rewrite & in two-
row notation. Reading off the disjoint cycle notation we see that (1) = 5, o(5) = 2,
oc(2)=7.0(7)=1,003)=4,0(4) =9, and o(9) = 3. Since 6 and 8 do not appear in
either cycle, we know that (6) = 6 and o (8) = 8. Therefore,

(123456?89)
g =

574926183 A

The operation that makes S, a group is composition of functions. Keeping this in mind.
we can see how to multiply permutations written in disjoint cycle notation.
Leto =(1,5,3,2,6) and T = (1,2,4,3,6) in S¢. Let us find ot in disjoint cycle nota-
tion without resorting to using two-row notation. So

ot =(1,5,3,2.6)1,2,4,3,6).

We need to rewrite this product in disjoint cycles. So we ask where 1 is mapped. Since
the operation is function composition, we see that the cycle 7 on the right sends 1 to
2 and then the cycle on the left sends 2 to 6. So g7(1) = 6 and we start our cycle by
writing

(1.6
Now we see that T maps 6 to 1 and o maps 1 to 5, so we write
(1,6,5

We note that 5 is not in the cycle (1,2,4,3,6), so t(5) =5 and o 1(5) = 6(5) = 3. So
we write

(1.6,5.3
Continuing in the same manner, we see that 3 maps to | and we complete the first cycle:
(1.6,5,3)

We are now ready to start the second cycle. We note that we have still not seen where 2
maps, so we start the next cycle with 2 and we write

ot =(1,5,3,2,6)1,2,4,3,6) = (1,6, 5,3)2,4)

using the same method we used for the first cycle. We know we are through since we
have used every number 1 through 6. A

Example 4.12 illustrates the process of multiplying permutations in general. We move
trom right to left between the cycles, and within the cycles we move from left to right.

We compute the product of the permutations
o =(1,5)2.4)(1.4,3)(2,5)4.2. 1)

using disjoint cycle notation.
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We start by secing where | is mapped. The first cycle on the right maps 1 to 4.
We are using function composition, so we next check what (2, 5) does to 4, which is
nothing. So we move to the cycle (1,4, 3) and note that 4 is mapped to 3. Next, 3 is not
in the cycle (2.4) and so (2.4) does not move 3 . Finally, (1.5) also does not move 3
and we conclude that o (1) = 3. We next need to determine where 3 is mapped by o and
continue until we arrive at

o =1(1,3,5.4)2) =(1,3,5.4). A
It is interesting to note that in Example 4.13 the group was never specified. The same
calculation is valid whether the group is Ss, Sg. or S, for any n = 5.
We compute the inverse of o = (1,5, 7)(3. 8, 2.4, 6). We first note that in general for a
group (ab)~! = b~la !, s0

6~V =@ &246)7 (5T
The inverse of a cycle is simply the cycle written backward:

o' =1(6,4,2,8,3)7,5,1).

This is a perfectly good way of writing &', but since disjoint cycles commute and we
can start each cycle with any entry in the cycle, we could write

ol =(1,7.5)2,8,3,6,4). A

With a little practice. computing products of permutations in disjoint cycle notation
becomes routine. We give the table for §5.

4.15 Table
53
o t (1,2,3) (1,3,2) (1,2) (1.3) (2,3)
( L (1,2,3) (1.3.2) (L2 (1,3) (2.3)
1,2,% | (1,2,3) (1,3,2) L (1,3) (2.3) (1,2)
(1,3,2) | (1,3,2) t (1,2,3) (2,3) (1,2) (1,3}
(1,2) (1,2) (2,3) (1,3) ] (1,3.2) (1,2.3)
(1,3) (1.3) (12 (2,3) (1,2,3) t (1,3,2)
(2.3 (2.3) (1.3) (1.2) (1:3:3) (123 t

Again we can see that S is not abelian since the table is not symmetric about the main
diagonal. We also notice that although disjoint cycles commute, the same cannot be
said for cycles that are not disjoint. For example we see in Table 4.15 that (1,2)(2,3) =
(1,2,3) £ (1,3,2) = (2,3)(1,2).

The Dihedral Group

We next define a collection of finite groups based on the symmetries of regular n-gons.
To be specific, we use as our standard regular n-gon the one whose points are U,,. Recall
that U, includes the point (1, 0) and the other points are spaced uniformly around the
unit circle to form the vertices of a regular n-gon, which we denote by P,. We label the
points starting at (1,0) with 0 and continue labeling them 1,2,3,...,n — 1 around the
circle counterclockwise. Note that this is the same labeling as the isomorphism between
U, and Z,, that we saw in Section 3. When we refer to a vertex we will reference it by
its label. So vertex 0 is the point (1,0). Note that the edges of P, consist of the line
segments between vertices k and k +, 1 forO <k <n — L.
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Let n = 3. Then D, is the set of all one-to-one functions ¢ : Z,, — Z, that map onto Z,
with the property that the line segment between vertices i and j is an edge in P, if and
only if the line segment between ¢(i) and ¢(j) is an edge of P,. The n'™ dihedral group
is the set D, with binary operation function composition. |

4]

ba
(=]

We justify calling (D,,, o) a group with Theorem 4.17.
For any n = 3, (D,, o) is a group.

We first show that function composition is an operation on D,,. Let ¢, 6 € D, and sup-
pose that the line between vertices 7 and j is an edge in P,. Since 0 € D,, the line
between #(i) and 6(j) is an edge of P,. Because ¢ € D, and the line between #(i) and
A(j) is an edge, the line between ¢p(6(i)) = ¢ o #(i) and H(H(j)) = ¢ o 6()) is an edge of
Py

We leave it to the reader to check that if the line segment between ¢(6(i)) = ¢ o 8(i)
and ¢(6(f)) = ¢ o 8(j) is an edge of P,, then the line segment between 7 and j is an edge
of P,.

We also know that the composition of one-to-one and onto functions is one-to-one
and onto, so ¢ o # € D,,. Therefore, function composition is an operation on D,,.

The operation of composition of functions is associative, so % is satisfied. The
function ¢ : Z, — Z, defined by «(k) = k is an identity in D,, so ‘%, is satisfied. Finally,
if ¢ € D,, then ¢! € D,; the inverse function for f acts as the inverse in the group
sense, so -7 is satisfied. Therefore, (D,. ¢} is a group. *

Following tradition, we will use multiplicative notation in the dihedral groups instead
of using o. If the operation on D, were abelian, we could use additive notation. but in
Example 4.18 we find that D, is not abelian.

2z
n

Letn = 3 and p : Z, — Z, be given by rotating the n-gon P, by
each vertex to the next one. That is,

which just rotates

for each k € Z,, as can be visualized in Figure 4.19. The function p matches edges to
edges and it is one-to-one and onto. So p € D,,.

A second element in D, is reflection about the x-axis, which we call j. By glancing
at Figure 4.20 we see thatin Ds, p(0) = 0, u(1) =4, u(2) = 3, u(3) = 2, and p(4) = 1.
For any n = 3 in general, if k € Z,, then

k) = —k.

(Recall that in Z,,, —k is the additive inverse of k, whichisn — kfork = Oand —0 = 0.)
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Let us check if up = pu. We start by checking what each function does to 0.

1(p(0)) = u(l)
=n-—1

Il

()
=1

p((0))

Since n = 3, n — 1 # 1, which implies that up # pp. Thus for all n = 3, D, is not
abelian. A

Let n = 3. The order of the dihedral group D, is 2n and

n—1

Dy ={t,p0.0% 0%+ . p" o pp® 0’ - e
We first show there can be at most 2n elements of D,,. If we map the vertices Z, to the
vertices Z,. vertex 0 has n possible images. Let y be the image of vertex (). Since y is
connected by an edge to just two vertices, 1 must map to one of these two vertices. So
after the image of vertex 0 is determined, there are only two choices for the image of 1.
After the images of vertices 0 and 1 are determined, the rest are fixed. This means that
there are at most 2n elements of D,,.

To show that |D,| = 2n we only need to show that no two of the functions ( =
o ot ot 0" s et e, . up" ! are the same. We first suppose that
o* = p' for some integers 0 < k <n—land 0 < r < n — 1. Then:

p*(0) = p’(0)

k4, 0=r+,0
k=r
This shows that no two of t = p®, p. p2, p, ..., p"! are the same.

We next show that no two of g = pup”, up, up* up.. .., up" " are the same. As
before we assume that ,up“ =up"where) <k <n—1land0 < r < n — 1 are integers.
By cancellation, we have p* = p”. But then k = r as shown above. Therefore no two of
o= wp®, wo, mp®, pued, ... up" " are the same.

It now only remains to show that there are no values for k and r with p* = pp’.

Note that traversing the n-gon in the order
pH0), pA(1), P4 (2), -+ L pM = 1)

progresses in a counterclockwise manner regardless of which k we use. On the other
hand,
1o (0), 1" (1), up*3), -+ o)

traverses the n-gon in a clockwise manner. This shows that there are no values of k and
r for which p* = up". Therefore, D, has at least 2n clements. Combining this with the
fact that D, has at most 2n elements shows that |D,| = 2n and

n

Dy ={t.p.p% 0 0" o’ - up" *

Theorem 4.21 says thatif ¢ € D, then there is an integer 0 = k < n — 1 such that either
¢ = p* or else ¢ = pp*. We refer to this representation of ¢ as the standard form.
We notice that each application of p reverses the direction traversed by the images of
0,1,2,3,...,n. We use this fact in the following example.

Let n = 3. We know pu # up from Example 4.18, so let us determine pp € D, in
standard form. Each time we apply ¢ we reverse the clock direction of the images of
0,1.2,3,...,n— 1. This means that pupp reverses direction twice, so the rotation is
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back to counterclockwise. Thus ppp = p* for some k. We determine the value of k by
determining where 0 is sent:

k= p"0) = jpp(0) = pp(0) = (1) =n — 1

Therefore,
ppp = p" .
Multiplying both sides on the left by p yields:

pppp = pp"!

Since ptp = t, we conclude that
pp = pp". A

When computing products in D, we normally want our answer in standard form. This
is not difficult if we keep in mind a few basic facts about the group D,,. We have shown
some of the properties listed below, and the rest you will be asked to verify in the
exercises.

= ¢ (Rotation by 2 is the identity map.)
p.(') | - pn I

= ¢, which implies z~! = p (Reflect across a line twice is the identity map.)
k

pPu = pp"* (Example 4.22 for k = 1 and Exercise 30 for any k.)

In the group Ds compute (1t0”)(pp). We see that

(o> (p) = up*up
= u(p*)p
= w(up® *)p
— #-2,04
= p* A

In the dihedral group D, compute (up*) .

(o)~ = (Y
iy pu—ku
E ﬂpu—(n—h

- ru,p"l‘ A

In Example 4.24 we determined that the inverse of pup® is itself, which suggests that
pp* could be reflection across a line of symmetry. In Exercise 37, you will be asked
to show this is the case. Geometrically, we can see that each of the elements of the
form wo* is reflection across a line. Placing one mirror along the line of reflection for
w0 and another mirror along the line of reflection for jep is the basis for designing a
kaleidoscope. Any element in D, can be written as a product using only the elements
(o and pp since we can write p = ppp. In a kaleidoscope successive reflections across
the mirrors correspond to taking products involving p and pp. So the image you see in
the kaleidoscope has all the symmetries in D,,. That is, you can rotate the image by 3—?:-]3
or reflect it across any one of the lines of reflection for the elements pp*. Figure 4.25 is
a typical image from a kaleidoscope with dihedral group D¢ symmetries.
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Computation
In Exercises | through 5. compute the indicated product involving the following permutations in Sg:

N BT EY R {123 456 {123 456
F=\3 14 56 2) FT\2 41365 #5\5 2 431 %)

1. 1o 2. %o 3. pa? 4. 071 5.0 'to
In Exercises 6 through 9, compute the expressions shown for the permutations o, 7, and g defined prior to Exer-
cise 1.
6. of 7. #2 8. o0 9. u 100

10. Convert the permutations o, 1, and p defined prior to Exercise 1 to disjoint cycle notation.
11. Convert the following permutations in Sg from disjoint cycle notation to two-row notation.
a. (1,4,5)(2,3)
b. (1.8,5)(2.6,7,3,4)
e (1,2,3)(4,5)6.7.8)
12. Compute the permutation products.

a, (1,5,2,4)(1,5,2,3)
b. (1,5,3)(1,2.3.4,5,6)(1.5,3)!
e [(1,6,7,2(4,5,2,6)1(1,7.3)] !
d. (1,6)(1.5)1,4)(1,3)(1,2)

13. Compute the following elements of D2, Write your answer in standard form.
a. pp’up®
b e~

c. pup™!
d. (upip'ply”

1

1Z1 creat.[.on!Shutterstock
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14. Write the group table for 13;. Compare the group tables for D3 and §3. Are the groups isomorphic?

Let A be asetand let ¢ € §4. For a fixed a € A, the set
Oue = {0”((‘) |n e Z)
is the orbit of @ under o. In Exercises 15 through 17, find the orbit of | under the permutation defined prior

to Exercise 1,
15. o 16. 7 17. p
18. Verify that H = {1, . p°. up”} € Dy is a group using the operation function composition.

19. a. Verify that the six matrices

1 0 0 010 0 0 1 1 0 0 0 01 01 0
O 1 0.0 0 L[, f01 0 Of.]0O O L[, j0 1T Of,]1 0 0
001 1 00 01 0 g 1 8 1 0 0 0 0 1

form a group under matrix multiplication. [Hint: Don’t try to compute all products of these matrices. In-
0

stead, think how the column vector | 1 | is transformed by multiplying it on the left by each of the matrices. ]
2

b. What group discussed in this section is isomorphic to this group of six matrices?

20. After working Exercise 18, write down eight matrices that form a group under matrix multiplication that is
isomorphic to Dy.

Concepts

In Exercises 21 through 23, correct the definition of the italicized term without reference to the text, if correction
is needed, so that it is in a form acceptable for publication.

21. The dihedral group D, is the set of all functions ¢ : Z,, — Z, such that the line segment between vertex / and
vertex j of U, is an edge of P, if and only if the line segment between vertices ¢(7) and ¢(j) in U, is an edge
of P,,.

22. A permutation of a set S 1s a one-to-one map from S to §.

23. The order of a group is the number of elements in the group.

In Exercises 24 through 28, determine whether the given function is a permutation of .
24. fi : R — R defined by fi(x) = x+ 1
25. fo: B — IR defined by f>(x) = x*
26. f3 : R — R defined by f3(x) = —°
27. fy: B — E defined by fy(x) = ¢*
28. f5s : R — R defined by f5(x) = x> — a2 — 2x
29. Determine whether each of the following is true or false.
a. Every permutation is a one-to-one function.
b. Every function is a permutation if and only if it is one-to-one.
c. Every function {rom a finite set onto itself must be one-to-one.
d. Every subset of an abelian group G that is also a group using the same operation as ( is abelian.
e. The symmetric group Syo has 10 elements.
f. 1If ¢ € Dy, then ¢ is a permutation on the set Z,.
g. The group D, has exactly n elements.
h. Ds is a subset of Dy.

Theory
30. Letn = 3 and k € Z,,. Prove that in D,,, p*p = pup”™*.

31. Show that S, is a nonabelian group for n = 3.
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32.

33.

35,

36.
L5

38.

PartT Groups and Subgroups

Strengthening Exercise 31, show that if n > 3, then the only element of o of §,, satisfying o = yo for all
¥ € Spis o =, the identity permutation.

Orbits were defined before Exercise 15. Leta,b £ A and o € §4. Show that if O, and Op, have an element
in common, then O, ; = Oy ,.

. (See the warning following Theorem 4.8.) Let G be a group with binary operation *. Let G' be the same set as

G, and define a binary operation #' on G’ by x+' y = y # x forall x,y € G'.

a. (Intuitive argument that G’ under %’ is a group.) Suppose the front wall of your classroom were made
of transparent glass, and that all possible products @ * b = ¢ and all possible instances a# (b*c) =
(a1 b) % ¢ of the associative property for G under % were written on the wall with a magic marker. What
would a person see when looking at the other side of the wall from the next room in front of yours?

b. Show from the mathematical definition of %’ that G’ is a group under «'.

Give a careful proof using the definition of isomorphism that if G and G’ are both groups with G abelian and
G' not abelian, then G and G’ are not isomorphic.

Prove that for any integer n = 2, there are at least two nonisomorphic groups with exactly 2n elements.

Letn = 3and 0 < k < n — 1. Prove that the map up* € D,, is reflection about the line through the origin that

makes an angle of — Ini with the x—axis.

Letn = 3 and k. r € Z,,. Based on Exercise 37, determine the element of D,, that corresponds to first reflecting
2nk

across the line through the origin at an angle of —=7= and then reflection across the line through the origin

. i
making an angle of —=*. Prove your answer.

SECTIONS5 SUBGROUPS
Subsets and Subgroups

You may have noticed that we sometimes have had groups contained within larger
groups. For example, the group Z under addition is contained within the group (J under
addition, which in turn is contained in the group R under addition. When we view the
group (Z, +) as contained in the group (IR, +), it is very important to notice that the op-
eration + on integers n and m as elements of {Z, +) produces the same element n 4 m
as would result if you were to think of # and m as elements in (B, +). Thus we should
not regard the group (7, -) as contained in (IR, 4), even though (I is contained in [® as
a set. In this instance, 2 -3 = 6 in (", -), while 2+ 3 = 5 in (R, +). We are requiring
not only that the set of one group be a subset of the set of the other, but also that the
group operation on the subset be the induced operation that assigns the same element
to each ordered pair from this subset as is assigned by the group operation on the whole
set.

5.1 Definition If a subset H of a group G is closed under the binary operation of G and if H with the
induced operation from G is itself a group, then H is a subgroup of G. We shall let
H =< G or G = H denote that H is a subgroup of G, and H < G or G = H shall mean
H=GbutH # G. |

Thus (Z.+) < (R, +) but (QF, ) is not a subgroup of (B, +), even though as sets,
" ¢ R. Every group G has as subgroups G itself and {e}, where ¢ is the identity
element of G.

5.2 Definition  If G is a group, then the subgroup consisting of G itself is the improper subgroup of G.
All other subgroups are proper subgroups. The subgroup {e¢]} is the trivial subgroup
of G. All other subgroups are nontrivial. ]

We turn to some illustrations.
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Let " be the additive group of all n-component row vectors with real number entries.
The subset consisting of all of these vectors having 0 as entry in the first component is
a subgroup of R". A

@ under multiplication is a proper subgroup of R under multiplication. A

The n™ roots of unity in C, U,, form a subgroup of U, the complex numbers whose
absolute value is 1, which in turn is a subgroup of C*, the nonzero complex numbers
under multiplication. A

Recall that Sz, is the set of all one-to-one functions mapping Z, onto Z, and D, is the
set of all one-to-one functions ¢ mapping Z, onto Z, with the further property that the
line segment between i and j is an edge of the regular n-gon P, if and only if the line
segment between ¢(i) and ¢(j) is an edge. D,, € Sz, . Since both D, and Sz, are groups

under composition of functions, D, < 57, . A

There are two different types of group structures of order 4 (see Exercise 20 of
Section 2). We describe them by their group tables (Tables 5.8 and 5.9). The group
V is the Klein 4-group.

The only nontrivial proper subgroup of Z, is {0, 2}. Note that {0, 3} is not a sub-
group of Zy, since [0, 3} is not closed under +. For example, 3 +3 = 2,and 2 ¢ {0, 3}.
However, the group V has three nontrivial proper subgroups, {e,a}, {e, b}, and {e, c}.
Here [e.a. b} is not a subgroup, since {e.a.b} is not closed under the operation of V

because ab = ¢, and ¢ ¢ {e,a, b}. A
5.8 Table 5.9 Table
Zy: + 1) 2:| 3 V elalb|c
0 1123 elelalb|c
1 112(3]0 alale|c|b
2121301 b b e | a
3 0|12 clel|b|lale

It is often useful to draw a subgroup diagram of the subgroups of a group. In such
a diagram, a line running downward from a group G to a group H means that H is a
subgroup of G. Thus the larger group is placed nearer the top of the diagram. Figure 5.10
contains the subgroup diagrams for the groups Z4 and V of Example 5.7.

4

Zy / v \

{0, 2} {e. a} {e, b} {e. ¢}
o fe}
(a) (b}

5.10 Figure  (a) Subgroup diagram lor Zy. (b) Subgroup diagram for V.

Note that if H < G and a € H, then by Theorem 2.17, the equation ax = a must
have a unique solution, namely the identity element of H. But this equation can also
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Groups and Subgroups

be viewed as one in G, and we see that this unique solution must also be the identity
element ¢ of G. A similar argument then applied to the equation ax = e, viewed in both
H and G, shows that the inverse a ' of a in G is also the inverse of @ in the subgroup H.

Let F be the group of all real-valued functions with domain IR under addition. The subset
of F consisting of those functions that are continuous is a subgroup of F, for the sum of
continuous functions is continuous, the function f where f(x) = 0 for all x is continuous
and is the additive identity clement, and if f is continuous, then —f is continuous. A

It is convenient to have routine steps for determining whether a subset of a group
G is a subgroup of G. Example 5.11 indicates such a routine, and in the next theorem,
we demonstrate carefully its validity.

A subset H of a group G is a subgroup of & if and only if

1. H is closed under the binary operation of G,
2. the identity element ¢ of G is in H, and
3. forallae H . a ' € H also.

The fact that if # < G then Conditions 1, 2, and 3 must hold follows at once from the
definition of a subgroup and from the remarks preceding Example 5.11.

Conversely. suppose H is a subset of a group G such that Conditions 1, 2, and 3
hold. By 2 we have at once that ‘%, is satisfied. Also ‘% is satisfied by 3. It remains
to check the associative axiom, :%;. But surely for all a, b, ¢ € H it is true that (ab)c =
a(be) in H, for we may actually view this as an equation in G, where the associative law
holds. Hence H = G. L 2

Let F be as in Example 5.11. The subset of F consisting of those functions that are
differentiable is a subgroup of F. for the sum of differentiable functions is differentiable,
the constant function 0 is differentiable, and if f is differentiable, then —f is differen-
tiable. A

Recall from linear algebra that every square matrix A has associated with it a number
det(A) called its determinant, and that A is invertible if and only if det(A) # 0. If A and B
are square matrices of the same size, then it can be shown that det(AB) = det{(A) - det(B).
Let G be the multiplicative group of all invertible n x n matrices with entries in C and
let T be the subset of G consisting of those matrices with determinant 1. The equation
det(AB) = det(A) - det(B) shows that T is closed under matrix multiplication. Recall
that the identity matrix /, has determinant 1. From the equation det(A) - det(A™') =
det(AA~") = det(l,) = 1, we see that if det(A) = 1, then det(A~") = 1. Theorem 5.12
then shows that 7 is a subgroup of G. A
Theorem 5.15 provides an alternate way of checking that a subset of a group is a
subgroup.

A nonempty subset H of the group G is a subgroup of G if and only if for all a. b € G,
ab™' €G.

We leave the proof as Exercise 51. L 4

On the surface Theorem 5.15 may seem simpler than Theorem 5.12 since we only need
to show that H is not empty and one other condition. In practice, it is usuoally just as
efficient to use Theorem 5.12. On the other hand, Theorem 5.16 can often be used
efficiently.
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Let H be a finite nonempty subset of the group G. Then H is a subgroup of G if and
only if H is closed under the operation of G.

We leave the proof as Exercise 57. *

Recall that U, = {z € C| " = 1}. We could use Theorem 5.16 to verify that U, is a
subgroup of C* by noting that U, has exactly n elements, so U, is a finite nonempty
subset of C* and if z;, z» € U, then (zy22)" = 1, which implies that U, is closed under
multiplication. A

We verify that the subset H = {t = p", p, p%. .. ., "'} € D, is a subgroup of D,. By
Theorem 5.16, we only need to check that H is closed under the operation of D,,. Let
k.r € Z,. Then p*p" = p***" € H. Therefore H < D,. A

Cyclic Subgroups

Let us see how large a subgroup H of Z;; would have to be if it contains 3. It would
have to contain the identity element 0 and 3 + 3, which is 6. Then it has to contain 6 + 3,
which is 9. Note that the inverse of 3 is 9 and the inverse of 6 is 6. It is easily checked
that H = {0,3, 6,9} is a subgroup of Z,,, and it is the smallest subgroup containing 3.

Let us imitate this reasoning in a general situation. As we remarked before, for
a general argument we always use multiplicative notation. Let G be a group and let
a € G. A subgroup of G containing ¢ must, by Theorem 5.12, contain ", the result
of computing products of a and itself for n factors for every positive integer n. These
positive integral powers of @ do give a set closed under multiplication. It is possible,
however, that the inverse of @ is not in this set. Of course, a subgroup containing a must
also contain @', and, in general, it must contain =" for all m € Z*, It must contain the
identity element ¢ = a". Summarizing, a subgroup of G containing the element a must
contain all elements a" (or na for additive groups) for all n € Z. That is. a subgroup
containing @ must contain {a"|n € Z}. Observe that these powers a" of a need not be
distinct. For example. in the group V' of Example 5.7,

d=e d=a da'=e al=a, and so on.

We have almost proved the next theorem.

Let G be a group and let @ € G. Then
H={d"|nelZ}

is a subgroup of G and is the smallest’ subgroup of G that contains a, that is, every
subgroup containing ¢ contains H.

We check the three conditions given in Theorem 5.12 for a subset of a group to give a
subgroup. Since a’a* = a"™** for r, s € Z, we see that the product in G of two elements
of H is again in H. Thus H is closed under the group operation of G. Also a” = ¢, so
ee H. and for a" € H,a™" € H and a "a" = e. Hence all the conditions are satisfied,
and H < G.

T We may find occasion to distinguish between the terms minimal and smallest as applied to subsets of a set §
that have some property. A subset H of § is minimal with respect to the property if 4 hus the property, and
no subset K C H.K # H, has the property. If H has the property and H C K for every subset K with the
property, then  is the smallest subsel with the property. There may be many minimal subsets, but there can
be only one smallest subset. To illustrate, {e. a}.{e. b}, and (e, ¢} are all minimal nontrivial subgroups of the
group V. (See Fig, 5.10.) However, V contains no smallest nontrivial subgroup.
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Our arguments prior to the statement of the theorem showed that any subgroup of
G containing a must contain A, so H is the smallest subgroup of G containing a. 4

Let G be a group and let @ € G. Then the subgroup {a" |n € 7} of G, characterized
in Theorem 5.19, is called the cyclic subgroup of G generated by a, and denoted
by (a). |

Let us find two of the cyclic subgroups to Dyy. We first consider (up*) for k € Zyp.
Since (up*)? = rand (up*)~! = up*, for any integer r. (up*)" is either wo® or . Thus

(ue") = {t up).

1

Since p~! = p?, every negative power of p is also a positive power of p and p'® = 1,

() = . o2 ei B}
A

An element ¢ of a group G generates G and is a generator for G if (¢) = G. A group
G is eyclic if there is some element a in G that generates G. |

Let Zy and V be the groups of Example 5.7. Then Z, is cyclic and both | and 3 are
generators, that is,

(1) = (3) =Zy.

However, V is not cyclic, for {a}, (b}, and {c) are proper subgroups of two elements. Of
course, (e) is the trivial subgroup of one clement. A

The group Z under addition is a cyclic group. Both 1 and —1 are generators for this
group, and they are the only generators. Also, for n € Z*, the group 7Z, under addition
modulo n is cyclic. If n = 1, then both | and n — 1 are generators, but there may be
others. A

Consider the group 7 under addition. Let us find (3). Here the notation is additive, and
{3) must contain

3, 343=6, 34+43+3=09, and so on,
00 -3, —-34-3=-6, —34-3+4+-3=-9, andsoon.

In other words, the cyclic subgroup generated by 3 consists of all multiples of 3, posi-
tive, negative, and zero. We denote this subgroup by 3Z as well as (3). In a similar way,
we shall let nZ be the cyclic subgroup (n) of Z. Note that 6Z < 3Z. A

For each positive integer n, U, is the multiplicative group of the nth roots of unity in
. These elements of U, can be represented geometrically by equally spaced points on
a circle about the origin, as illustrated in Fig. 5.27. The point labeled represents the
number

2% o0 2

¢ =cos— 181 —.

n n
The geometric interpretation of multiplication of complex numbers, explained in
Section 3, shows at once that as ¢ is raised to powers, it works its way counterclockwise
around the circle, landing on each of the elements of U, in turn. Thus U, under mul-
tiplication is a cyclic group, and ¢ is a generator. The group U, is the cyclic subgroup
(¢} of the group U of all complex numbers z, where |z| = 1, under multiplication. A
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elc.

5.27 Figure

m EXERCISES 5

Computations

In Exercises 1 through 6, determine whether the given subset of the complex numbers is a subgroup of the group
C of complex numbers under addition.

LR 2. @ B

4. The set {[® of pure imaginary numbers including 0
5. The set () of rational multiples of 7 6. The set {7" |n € Z}
7. Which of the sets in Exercises | through 6 are subgroups of the group C* of nonzero complex numbers under

multiplication?

In Exercises 8 through 13, determine whether the given set of invertible n x n matrices with real number entries is
a subgroup of GL(n, [t).
8. The n x n matrices with determinant greater than or equal to |
9. The diagonal n x n matrices with no zeros on the diagonal
10. The n x n matrices with determinant 2 for some integer k
11. The n x n matrices with determinant —1
12. The n x n matrices with determinant —1 or |

13. The set of all r x n matrices A such that (AT)A = I,. [These matrices are called orthogonal. Recall that A7,
the rranspose of A, is the matrix whose jth column is the jth row of A for 1 = j < #, and that the transpose
operation has the property (AB) = (BT} (AT).]

Let F be the set of all real-valued functions with domain [ and let F be the subset of F consisting of those functions
that have a nonzero value at every point in . In Exercises 14 through 19, determine whether the given subset of
F with the induced operation is (a) a subgroup of the group F under addition, (b) a subgroup of the group F under
multiplication.

14. The subset F

15. The subset of all f € F such that f(1) = 0
16. The subsetof all f F such that f(1) =1
17. The subset of all f € F such that £(0) = |
18. The subset of all f € F such that f(0) = —1

19. The subset of all constant functions in F.
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20. Nine groups are given below. Give a complete list of all subgroup relations, of the form G; = G, that exist
between these given groups Gy, Gz, - -+, Gy.
Gy = Z under addition
G2 = 12% under addition
G = @ under multiplication
(74 = R under addition
Gs = R™ under multiplication
Gg = {n" | n € Z} under multiplication
G7 = 3Z under addition
Gg = the set of all integral multiples of 6 under addition
Gg = (6" | n € 7} under multiplication

21. Write at least 5 elements of each of the following cyclic groups.

. 25Z under addition

. (%)" |n € Z} under multiplication
. A" |n € Z} under multiplication
(p?) in the group Dy

. {(1,2,3)(5,6)) in the group Sg

-V I~

In Exercises 22 through 25, describe all the elements in the cyclic subgroup of GL(2,[R) generated by the given

2 x 2 matrix.
11 3 0 0 -2
w0l w[ Y s[2]

0 -1
AR
26. Which of the following groups are cyclic? For each cyclic group, list all the generators of the group.

Gi=(Z+) G:=(Q+) G=(Q",) Gi=(6Z+)
Gs = {6" | n € Z} under multiplication

Gg = la+ bv2 | a,b € Z} under addition

In Exercises 27 through 35, find the order of the cyclic subgroup of the given group generated by the indicated
element.

217.
28.
29,
30.

The subgroup of Z4 generated by 3

The subgroup of V generated by ¢ (see Table 5.9)
The subgroup of U generated by cos %‘ ~+ isin E“TT
The subgroup of Zy generated by 8

31. The subgroup of Z g generated by 12
32. The subgroup of the symmetric group Sg generated by (2.4, 6,9)(3,5,7)
33. The subgroup of the symmetric group S generated by (1, 10)(2,9)(3. 8)(4, 7)(5.6)
34. The subgroup of the multiplicative group G of invertible 4 x 4 matrices generated by
(0 0 0 1]
0010
1 00 0
[0 1 0 0]
35. The subgroup of the multiplicative group G of invertible 4 x 4 matrices generated by
[0 1 0 0]
00 01
00 10
10 0 0]

36.

a. Complete Table 5.28 to give the group Zg of 6 elements.
b. Compute the subgroups (0}, (1}. (2}, (3}, (4}, and (5) of the group Zg given in part (a).
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¢. Which elements are generators for the group Zg of part (a)?
d. Give the subgroup diagram for the part (b) subgroups of Zg. (We will see later that these are all the sub-
groups of Zg.)

5.28 Table

Zg: +|0]|1]2]3 5
001
1|1]2]3]4 0
2|2
3 (3
4|4
505

Concepts

In Exercises 37 and 38, correct the definition of the italicized term without reference to the text, if correction is
needed, so that it is in a form acceptable for publication.

37. A subgroup of a group G is a subset H of G that contains the identity element ¢ of G and also contains the
inverse of each of its elements.
38. A group G is cyclic if and only if there exists @ € G such that G = {¢" |n € Z}.

39. Determine whether each of the following is true or false.

a. The associative law holds in every group.
b. There may be a group in which the cancellation law fails.
c. Every group is a subgroup of itself.

d. Every group has exactly two improper subgroups.

]

. In every cyclic group, every element is a generator.

—

. A cyclic group has a unique generator.

g. Every set of numbers that is a group under addition is also a group under multiplication.
h. A subgroup may be defined as a subset of a group.

i. Z4 is a cyclic group.

Jj- Every subset of every group is a subgroup under the induced operation.

k. For any n = 3, the dihedral group D, has at least n + 2 cyclic subgroups.

40. Show by means of an example that it is possible for the quadratic equation x* = ¢ to have more than two
solutions in some group G with identity e.

In Exercises 41 through 44 let B be a subsel of A, and let b be a particular element of B. Determine whether the
given set is a subgroup of the symmetric group 54 under the induced operation. Here o[B] = {o(x) |x € B}.

41. {o € Sy |o(b) = b}

42. {0 € 54 |0(b) € B)

43, |0 € Sy |o|B] € B}

44. {0 € 54 |o[B] = B}

Theory

In Exercises 45 and 46, let ¢ : G — G’ be an isomorphism of a group (G, %) with a group (G'. "}. Write out a
proof to convince a skeptic of the intuitively clear statement.
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If H is a subgroup of G, then ¢[H] = {¢(h) | h € H} is a subgroup of G'. That is, an isomorphism carries
subgroups into subgroups.

If there is an @ € G such that {a) = G. then G’ is cyclic.
Show that if H and K are subgroups of an abelian group G, then

{hk|h e H and k € K)
is a subgroup of G.

Find an example of a group G and two subgroups H and K such that the set in Exercise 47 is not a subgroup
of G.

Prove that for any integer n = 3, S, has a subgroup isomorphic with 1,,.

Find the flaw in the following argument: “Condition 2 ol Theorem 5.12 is redundant, since it can be derived
from 1 and 3, for leta € H. Thena~' € H by 3, and by 1, aa~' = e is an element of H, proving 2.”

Prove Theorem 5.15.
Prove that if G is a cyclic group and |G| = 3, then G has at least 2 generators.

Prove that if & is an abelian group, written multiplicatively, with identity element e, then all elements x of G
satisfying the equation x> = ¢ form a subgroup H of G.

Repeat Exercise 53 for the general situation of the set /7 of all solutions x of the equation x" = e for a fixed
integer n > | in an abelian group G with identity e.

Find a counterexample to Exercise 53 if the assumption of abelian is dropped.
Show that if ¢ € G, where G is a finite group with identity e, then there exists n € ZT such that a” = e.

Prove Theorem 5.16.

. Let G be a group and let a be one fixed element of G. Show that

H,=[xe G|xa=ax)
is a subgroup of G.

Generalizing Exercise 58, let § be any subset of a group G.
a, Show that Hs = [x € G | xs = sx for all s € 5} is a subgroup of G.
b. In reference to part (a), the subgroup Hy is the center of G. Show that F; is an abelian group.

Let H be a subgroup of a group G. For a,b € G, leta ~ b if and only if ab~! € H. Show that ~ is an equiva-
lence relation on G.

For sets H and K, we define the intersection // N K by

HNK={[x|xe Handx € K}.
Show thatif H < G and K < G, then H N K < G. (Remember: < denotes “is a subgroup of.” not “is a subset
of.”)
Prove that every cyclic group is abelian.

Let G be a group and let G, = {g" | ¢ € G}. Under what hypothesis about G can we show that G, s a subgroup
of G7

. Show that a group with no proper nontrivial subgroups is cyclic.

Cracker Barrel Restaurants place a puzzle called “Jump All But One Game” at each table. The puzzle starts
with golf tees arranged in a triangle as in Figure 5.29a where the presence of a tee is noted with a solid dot
and the absence is noted with a hollow dot. A move can be made if a tee can jump over one adjacent lee and
land on an empty space. When a move is made, the tee that is jumped over is removed. A possible first move
is shown in Figure 5.29b. The goal is to have just one remaining tee. Use the Klein 4-group to show that no
matter what sequence of (legal) moves you make, the last remaining tee cannot be in a bottom corner position.
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CycLic GROUPS
Recall the following facts and notations from Section 5. If G is a group and a € G, then
H=1[d"|neZ}

is a subgroup of G (Theorem 5.19). This group is the cyelic subgroup (a) of G gener-
ated by a. Also, given a group G and an element @ in G, if

G=ld"|neZ),

then a is a generator of G and the group G = (a) is eyclic. We introduce one new bit of
terminology. Let a be an element of a group G. If the cyclic subgroup {a} of G is finite,
then the order of a is the order |{a)| of this cyclic subgroup. Otherwise, we say that
is of infinite order. We will see in this section that if @ € G is of finite order m, then m
is the smallest positive integer such that o™ = e.

The first goal of this section is to describe all cyclic groups and all subgroups of
cyclic groups. This is not an idle exercise. We will see later that cyclic groups serve
as building blocks for a significant class of abelian groups, in particular, for all finite
abelian groups. Cyclic groups are fundamental to the understanding of groups.

Elementary Properties of Cyclic Groups

We start with a demonstration that cyclic groups are abelian.

Every cyclic group is abelian.
Let G be a cyclic group and let @ be a generator of G so that
G={a)=1{a"| neZl.

If g) and g» are any two elements of G, there exist integers 7 and s such that g; = &" and
2> = a". Then

§

glg2 _— a}‘a.ﬁ‘ S al".‘.!' = ¢ +=r :({T(fi' . Hgg|.

s0 G is abelian. L 4

We shall continue to use multiplicative notation for our general work on cyclic
groups, even though they are abelian.

The division algorithm that follows is well known and seems pretty simple. In fact.
this algorithm is taught in elementary school. If you divide an integer n by a positive
integer m, you get an integer quotient ¢ with a remainder » where 0 < r < m. You might
write this as n + m = ¢ R r, which of course means " = ¢ + ~. Multiplying both sides
by m gives the form of the division algorithm that is a fundamental tool for the study of
cyclic groups.
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6.2 Division Algorithm for ZZ If m is a positive integer and n is any integer, then there exist unique integers ¢

and r such that

n=mg+r and O<r<m

Proof We give an intuitive diagrammatic explanation, using Fig. 6.3. On the number line, mark

6.4 Example

Solution

6.5 Example

Solution

off the multiples of m and the position of n. Now n falls either on a multiple gm of m
and r can be taken as 0, or n falls between two multiples of m. If the latter is the case,
let gm be the first multiple of m to the left of n. Then r is as shown in Fig. 6.3. Note that
0 = 7 < m. Uniqueness of ¢ and r follows since if n is not a multiple of m so that we
can take r = 0, then there is a unique multiple gm of m to the left of n and at distance
less than m from n, as illustrated in Fig. 6.3. L 4

—m 0 m 2m qm (g + 1)m

n
il
| | L |

H{”_q(-.[} I - |r L I T T T
oqm (ql -+ l)jn —m 0 m 2m

6.3 Figure

In the notation of the division algorithm, we regard g as the quotient and r as the
nonnegative remainder when # is divided by m.

Find the quotient ¢ and remainder r when 38 is divided by 7 according to the division
algorithm.

The positive multiples of 7 are 7, 14, 21, 28, 35,42, - - . . Choosing the multiple to leave
a nonnegative remainder less than 7, we write

B=3F3=TN+3

so the quotient is ¢ = 5 and the remainder is r = 3. A

Find the quotient ¢ and remainder r when —38 is divided by 7 according to the division
algorithm.

The negative multiples of 7 are —7, —14, —21, —28, —35, —42, - - - . Choosing the mul-
tiple to leave a nonnegative remainder less than 7, we write

_38=—42+4=T7(—6)+4
so the quotient is ¢ = —6 and the remainder is r = 4. A

We will use the division algorithm to show that a subgroup H of a cyclic group G is
also cyclic. Think for a moment what we will have to do to prove this. We will have to
use the definition of a cyclic group since we have proved little about cyclic groups yet.
That is, we will have to use the fact that G has a gencrating clement ¢. We must then
exhibit, in terms of this generator a, some generator ¢ = ¢™ for H in order to show that
H is cyclic. There is really only one natural choice for the power m of a to try. Can you
guess what it is before you read the proof of the theorem?
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A subgroup of a cyclic group is cyclic.

Let G be a cyclic group generated by a and let H be a subgroup of G. If H = {e].
then H = (e} is cyclic. If H # {e}, then a" € H for some n € Z". Let m be the smallest
integer in Z* such that a™ € H.

‘We claim that ¢ = &™ generates H; that is,

H={a") = (c).

We must show that every b € H is a power of ¢. Since b € H and H < (G, we have
b = g" for some n. Find g and r such that

n=mq+r for O<r<m
in accord with the division algorithm. Then
a" = d™ = (@™)a",
S0
a" = (ad™)d".
Now since a" € H,a™ € H, and H is a group, both (¢™)™% and «" are in H. Thus
(") a" e H; that is, a € H.

Since m was the smallest positive integer such that ¢ € H and 0 < r < m, we must have
r=10. Thus n = mg and

bh=da" = (@™ =,
so b is a power of ¢. *

As noted in Examples 5.24 and 5.25. Z under addition is cyclic and for a positive
integer n, the set nZ of all multiples of n is a subgroup of Z under addition, the cyclic
subgroup generated by n. Theorem 6.6 shows that these cyclic subgroups are the only
subgroups of Z under addition. We state this as a corollary.

The subgroups of Z under addition are precisely the groups nZ under addition for n € Z.
L

This corollary gives us an elegant way to define the greatest common divisor of two
positive integers r and s. Exercise 54 shows that H = {nr + ms | n,m € Z}is a subgroup
of the group Z under addition. Thus H must be cyclic and have a generator d, which we
may choose to be positive.

Let r be a positive integer and s be a non-negative integer. The positive generator d of
the cyclic group
H={nr+ms| nmeZ}

under addition is the greatest common divisor (abbreviated ged) of r and 5. We write
d = ged(r, 5). =

Note thatdZ = H,r = 1r+ 0s € H, and s = Or 4 15 € H. This implies that r, s €
dZ., which says that d is a divisor of both r and s. Since d € H, we can write

d = nr+ ms

for some integers n and m. We see that every integer dividing both r and s divides the
right-hand side of the equation, and hence must be a divisor of d also. Thus d must
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be the largest number dividing both r and s; this accounts for the name given to d in
Definition 6.8.

The fact that the greatest common divisor d of » and 5 can be written in the form
d = nr + ms for some integers n and m is called Bézout’s identity. Bézout’s identity is
very useful in number theory, as we will see in studying cyclic groups.

Find the ged of 42 and 72.

The positive divisors of 42 are 1. 2, 3, 6, 7, 14, 21, and 42. The positive divisors of 72
are 1, 2, 3, 4,6, 8,9, 12, 18, 24, 36, and 72. The greatest common divisor is 6. Note
that 6 = (3)(72) 4 (=5)(42). There is an algorithm for expressing the greatest common
divisor d of r and s in the form d = nr + ms, but we will not need to make use of it here.
The interested reader can find the algorithm by searching the Internet for the Euclidean
algorithm and Bézout’s identity. A

Two positive integers are relatively prime if their ged is 1. For example, 12 and 25
are relatively prime. Note that they have no prime factors in common. In our discussion
of subgroups of cyclic groups, we will need to know the following:

If r and s are relatively prime and if r divides sm, then r must divide m. (1)

Let’s prove this. If r and s are relatively prime, then we may write

1 =ar+ bs for some a,b e 7.
Multiplying by m. we obtain

m = arm + bsm.

Now r divides both arm and bsm since r divides sm. Thus r is a divisor of the right-hand
side of this equation, so r must divide m.
The Structure of Cyclic Groups
We can now describe all cyclic groups, up to an isomorphism.

Let G be a cyclic group with generator a. If the order of G is infinite, then G is isomor-
phic to (Z, +). If G has finite order n, then G is isomorphic to {Z,, +,).

Case I For all positive integers m, a" # e. In this case we claim that no two
distinct exponents / and k can give equal elements " and a* of G.

Suppose that @" = a* and say h > k. Then
ik gk

£}

contrary to our Case I assumption. Hence every element of G can be
expressed as ¢™ for a unique m € Z. The map ¢ : G — Z given by
¢(a’) = i is thus well defined, one-to-one, and onto Z. Also,

dla'd) = ¢pa™) =i +j= () + p(d),

so the homomorphism property is satisfied and ¢ is an isomorphism.
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Case Il a" = e for some positive integer m. Let n be the smallest positive
integer such that " = ¢. If y € Z and s = ng + r for 0 < r < n, then
a'=a"""=(@"Ya" =ela"=a". AsinCase 1,if0 <k < h < nand

a"=a*, then a"* = e and 0 < h — k < n, contradicting our choice of

n. Thus the elements

k

i

2 3
d"=ead,d, - a7

are all distinct and comprise all elements of G. The map ¢ : G — Z,
given by Y(a)y=ifori=0,1,2,--+ ,n—1is thus well defined,
one-to-one, and onto Z,. Because " = e, we see that a'e/ = a* where
k=1i-+,j. Thus

lf’(f!fﬂ‘i) = f+nj = Vf’(ﬂ"-) +n \f’(fi‘j),

s0 the homomorphism property is satisfied and 1 is an isomorphism.

L 4
{l 3
i a’ 2
al 1
a’=e 0
41 n—1
6.11 Figure 6.12 Figure
Motivated by our work with U,, it is nice to visualize the elements e= a”,a',a?.- - - .

a"~! of a cyclic group of order n as being distributed evenly on a circle (see Fig. 6.11).
The element @” is located / of these equal units counterclockwise along the circle, mea-
sured from the right where ¢ = a” is located. To multiply ¢" and ¢* diagrammatically,
we start from a” and go k additional units around counterclockwise. To see arithmeti-

cally where we end up. find ¢ and r such that
h+k=ng+r for O=r=n
The ng takes us all the way around the circle g times, and we then wind up at a". A

Figure 6.12 is essentially the same as Fig. 6.11 but with the points labeled with the
exponents on the generator. The operation on these exponents is addition modulo n.

This is simply the isomorphism between (a) and Z,. Of course this is the same
isomorphism we saw when we defined Z,, from U,, but using « instead of ¢.

As promised at the beginning of this section, we can see now that the order of an
clement @ in a group G is simply the smallest positive number # such that ¢" = e.

Let us find the order of the k-cycle, o = (ay, a3, as,....a;), in the symmetric group.
The order of o is the smallest postive power of o that is t. Note that applying o just
maps each number to the next one in the cyclic order. So after k applications of o, cach
number maps back to itself, but not before & applications of &. Therefore, the order of a
k-cycle is k. A
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Subgroups of Finite Cyclic Groups

We have completed our description of cyclic groups and turn to their subgroups. Corol-
lary 6.7 gives us complete information about subgroups of infinite cyclic groups. Let us
give the basic theorem regarding generators of subgroups for the finite cyclic groups.

Let G be a cyclic group with n elements and generated by a. Let b € G and let b = .
Then b generates a cyclic subgroup H of G containing n/d elements, where d is the
greatest common divisor of n and s. Also, (¢*) = (&) if and only if ged(s, n) = ged(t, n).

That b generates a cyclic subgroup H of G is known from Theorem 5.19. We need show
only that H has n/d elements. Following the argument of Case I1 of Theorem 6.10. we
see that H has as many elements as the smallest positive power m of b that gives the
identity. Now b = &', and b" = ¢ if and only if (¢*)" = e, or if and only if n divides ms.
What is the smallest positive integer m such that n divides ms? Let d be the ged of n and
s. Then there exist integers 1 and v such that

d = un -+ vs.
Since d divides both n and s, we may write
| = u(n/d) + vis/d)

where both n/d and s/d are integers. This last equation shows that n/d and s/d are
relatively prime, for any integer dividing both of them must also divide 1. We wish to
find the smallest positive m such that

ms  m(s/d) . .

— = 1s an integer.

n o (n/d)

From the division property (1) following Example 6.9, we conclude that n/d must divide
m, so the smallest such m is n/d. Thus the order of H is n/d.

Taking for the moment Z, as a model for a cyclic group of order n, we see that if d
is a divisor of s, then the cyclic subgroup {d) of Z, has n/d elements, and contains all
the positive integers m less than n such that ged(m. n) = d. Thus there is only one sub-
group of Z, of order n/d. Taken with the preceding paragraph, this shows at once that it
a is a generator of the cyclic group G, then (¢°) = (a') if and only if ged(s,n) =
ged(r, n). L

For an example using additive notation, consider Z,;, with the generator @ = 1. Since
the greatest common divisor of 3 and 12 is 3, 3 = 3. | generates a subgroup of % =4
clements, namely

(3) =10,3,6,9}.

12

Since the ged of 8 and 12 is 4, 8 generates a subgroup of

(8) = {0,4,8}.

= 3 elements, namely,

Since the ged of 12 and 5 is 1. 5 generates a subgroup of 11; = 12 elements; that is, 5 is

a generator of the whole group Z,. A

The following corollary follows immediately from Theorem 6.15.

If a is a generator of a finite cyclic group G of order n, then the other generators of G
are the elements of the form a”, where r is relatively prime to n.
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Let us find all subgroups of Zg and give their subgroup diagram. All subgroups are
cyclic. By Corollary 6.17, the elements 1, 5, 7, 11, 13, and 17 are all generators of Z ;.
Starting with 2,

{2) =1{0.2.4,6,8,10, 12, 14, 16}.

is of order 9 and has as generators elements of the form A2, where h is relatively prime
t0 9, namely. h = 1,2,4,5,7, and 8, so h2 = 2.4, 8, 10, 14, and 16. The element 6 of {2}
generates {0, 6, 12}, and 12 also is a generator of this subgroup.

We have thus far found all subgroups generated by 0, 1, 2,4, 5. 6,7, 8, 10, 11, 12,
13, 14, 16, and 17. This leaves just 3. 9, and 15 to consider.

(3) =1{0,3,6,9,12, 15},

and 15 also generates this group of order 6, since 15 =5 - 3, and the ged of 5 and 6 is
1. Finally,

(9) = {0.9}.

The subgroup diagram for these subgroups of Zy is given in Fig. 6.19.

s
N2
N

(0)
6.19 Figure  Subgroup diagram for 7 g

This example is straightforward; we are afraid we wrote it out in such detail that it
may look complicated. The exercises give some practice along these lines. A

Let G be a finite cyclic group and H = G. Then |H| divides |G|. That is, |G| is a multiple
of |H|.

Let g be a generator for G and let n = |G|. By Theorem 6.6, H is cyclic, so there is
an element in i € H such that & generates H. Since h € H = G, h = g’ for some s.
Theorem 6.15 states that

n

|H| =

ged(n, 5)
which is a divisor of a. L 2

We find all orders of the subgroups of Z»g. Factoring gives 28 = 22 . 7, so the possible
orders of subgroups of the cyclic group Zog are 1, 2, 4, 7, 14, and 28. We note that
KO) =1, [(14)]| =2, [(T)| =4, (4] =T, [(2)| = 14, |(1}| = |Ziag| = 28. So there are
subgroups of order 1, 2, 4, 7, 14, and 28. A

Actually, Corollary 6.20 can be strengthened considerably. The assumption that G
is cyclic is completely unnecessary. As we will see in Section 10, Lagrange’s Theorem
states that for any finite group, the order of a subgroup divides the order of the group.
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@ EXERCISES 6

Computations

In Exercises 1 through 4, find the quotient and remainder, according to the division algorithm, when # is divided
by m.

l.n=42.m=9 2on=—-42,m=9
3 n=-37,.m=8 4 n=3T.m=28
In Exercises 5 through 7, find the greatest common divisor of the two integers.
5. 32 and 24 6. 48 and 8§ 7. 360 and 420

In Exercises 8 through 11, find the number of generators of a cyclic group having the given order.
8.5 9. 8 10. 24 11. 84

An isomorphism of a group with itself is an automorphism of the group. In Exercises 12 through 16, find the
number of automorphisms of the given group.
[Hint: You may use Exercise 53. What must be the image of a generator under an automorphism?]

12. Z> 13. Zg 14. Zy 15. Z 16, Zgy

In Exercises 17 through 23, find the number of elements in the indicated cyclic group.

17. The cyclic subgroup of Zzy generated by 25

18. The cyclic subgroup of Z4> generated by 30

19. The cyclic subgroup (i} of the group C* of nonzero complex numbers under multiplication
20. The cyclic subgroup of the group C* of Exercise 19 generated by (1 + i)/v/2

21. The cyclic subgroup of the group C* of Exercise 19 generated by 1 +i

22. The cyclic subgroup (p'?) of Day

23. The cyclic subgoup {p¥) of D75

24, Consider the group Sy

a. What is the order of the cycle (2.4.6,7)?

b. What is the order of (1,4)%2,3,5)7 Of (1,3)(2.4.6.7.8)?

¢. What is the order of (1,5,9)(2,6,7)7 Of (1,3)(2.5.6,8)7

d. What is the order of (1,2)(3,4,5,6,7,8)? Of (1,2,3)(4,5.6,7.8.9)?

e. State a theorem suggested by parts (c) and (d). [Hint: The important words you are looking for are least
common multiple. )

In Exercises 25 through 30, {ind the maximum possibe order for an element of §, for a given value of n.
25, =735 26. n=06 27, n=7
28. n=28 29. n=10 30. n=15

In Exercises 31 through 33, find all subgroups of the given group, and draw the subgroup diagram for the sub-
groups.

31. Zyp 32. Zag 33. Zg

In Exercises 34 through 38, find all orders of subgroups of the given group.

34. Zg 35, Zg 36. Zi2 37. Zp 38. Zi7
Concepts

In Exercises 39 and 40, correct the definition of the italicized term without reference to the text, il correction is
needed, so that it 1s in a form acceptable for publication.

39. Anelement a of a group G has order n € Z™ if and only if ¢" = e.

40. The greatest common divisor of two positive integers is the largest positive integer that divides both of them.
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41. Determine whether each of the following is true or false.

P

Every cyclic group is abelian.

. Every abelian group is cyclic.

. [0 under addition is a cyclic group.

. Every element of every cyclic group generates the group.

. There is at least one abelian group of every finite order =0.

. Every group of order =4 is cyclic.

. All generators of Zoy are prime numbers.

. If G and G’ are groups. then G N G’ is a group.

i. If H and K are subgroups of a group G, then H N K is a group.

B o=t =

J- Every cyclic group of order =2 has at least two distinct generators.

In Exercises 42 through 46, either give an example of a group with the property described, or explain why no
example exists.

42. A finite abelian group that is not cyclic

43. Aninfinite group that is not eyclic

44. A cyclic group having only one generator

45. An infinite cyclic group having four generators

46. A finite cyclic group having four generators

The generators of the cyclic multiplicative group U, of all nth roots of unity in C are the primitive nth roots of
unity. In Exercises 47 through 50, find the primitive nth roots of unity for the given value of n.

47. n=4

48. n=0

49, n =28

50. n=12
Proof Synopsis

51. Give a one-sentence synopsis of the proof of Theorem 6.1.

52. Give at most a three-sentence synopsis of the proof of Theorem 6.6.

Theory

53. Let G be a cyclic group with generator a, and let G’ be a group isomorphic to G. If ¢ : G — G’ is an isomor-
phism, show that, for every x € G, ¢(x) is completely determined by the value ¢(a). Thatis. if ¢ : G — G
and ¢ : G — G’ are two isomophisms such that ¢(a) = (a), then ¢(x) = ¥ (x) forall x € G.

54. Let r and s be integers. Show that {nr 4+ ms | n,m € Z} is a subgroup of Z.
55. Prove that if (7 is a finite cyclic group, H and K are subgroups of G, and H # K. then |H| # |K]|.
56. Let g and b be elements of a group G. Show that if ab has finite order n. then ba also has order n.

57. Let r and s be positive integers.

a. Define the least common multiple of r and s as a generator of a certain cyclic group.

b. Under what condition 1s the least common multiple of r and s their product. rs?

¢. Generalizing part (b), show that the product of the greatest common divisor and of the least common
multiple of r and s is rs.
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. Show that a group that has only a finite number of subgroups must be a finite group.

. Show by a counterexample that the following “converse” of Theorem 6.6 is not a theorem: “If a group G is

such that every proper subgroup is cyclic, then G is cyclic.”

. Let G be a group and suppose a € G generates a cyclic subgroup of order 2 and is the unigue such element.

Show that ax = xa for all x € G. [Hint: Consider (xax~1)%.]

. Prove that if G is a cyclic group with an odd number of generators, then G has two elements.

. Let p and ¢ be distinct prime numbers. Find the number of generators of the cyclic group Z,,.

Let p be a prime number. Find the number of generators of the cyclic group Zyr, where r is an integer = 1.

. Show that in a finite cyclic group G of order n, written multiplicatively, the equation x" = ¢ has exactly m

solutions x in G for each positive integer m that divides n.

With reference to Exercise 64, what is the situation if 1| = m = n and m does not divide n?

Show that Z, has no proper nontrivial subgroups if p is a prime number.

Let G be an abelian group and let H and K be finite cyclic subgroups with |[H| = rand |K| = 5.
a. Show that if r and s are relatively prime, then G contains a cyclic subgroup of order rs.
b. Generalizing part (a), show that G contains a cyclic subgroup of order the least common multiple of r and 5.

SECTION 7

7.1 Example

7.2 Example

7.3 Example

GENERATING SETS AND CAYLEY DIGRAPHS

Let G be a group, and let @ € G. We have described the cyclic subgroup {a) of G, which
is the smallest subgroup of G that contains the element ¢. Suppose we want to find as
small a subgroup as possible that contains both ¢ and b for another element & in G. By
Theorem 5.19, we see that any subgroup containing ¢ and b must contain ¢" and »" for
all m, n € 7, and consequently must contain all finite products of such powers of @ and b.
For example, such an expression might be a*b*a—*b%a’. Note that we cannot “‘simplify”
this expression by writing first all powers ot a followed by the powers of b, since G may
not be abelian. However, products of such expressions are again expressions of the same
type. Furthermore, ¢ = a” and the inverse of such an expression is again of the same
type. For example, the inverse of ¢*b*a b’ is a*b2a’b~*a~2. By Theorem 5.12,
this shows that all such products of integral powers of @ and » form a subgroup of G,
which surely must be the smallest subgroup containing both @ and b. We call @ and b
generators of this subgroup. If this subgroup should be all of &, then we say that {a, b}
generates G. Of course, there is nothing sacred about taking just two elements a. b € G.
We could have made similar arguments for three, four, or any number of elements of G,
as long as we take only finite products of their integral powers.

As we have seen, the dihedral group is generated by {1, p} since every element in D,
can be written in the form p* or up* for 0 < k < n. Also, {1, up} generates D, since
p = pu(pp), so any element in the dihedral group can also be written as a product of
copies of u and pp. It is interesting to note that both g2 and o have order 2, while in
the generating set {it, o) one element has order 2, but the other has order . A

The Klein 4-group V = {e,a, b, ¢} of Example 5.7 is generated by {a, b} since ab = c.
It is also generated by {a, c}. {b,c], and {a, b, ¢]. If a group G is generated by a subset S,
then every subset of G containing S generates G. A

The group Zg is generated by {1} and {5}. It is also generated by {2, 3} since 2 + 3 = 5,
so that any subgroup containing 2 and 3 must contain 5 and must therefore be Zg. It is
also generated by {3. 4}, {2, 3, 4], {1. 3}, and {3, 5}, but it is not gencrated by {2, 4}
since (2) = {0,2,4)} contains 2 and 4. A
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We have given an intuitive explanation of the subgroup of a group G generated by
a subset of GG. What follows is a detailed exposition of the same idea approached in
another way, namely via intersections of subgroups. After we get an intuitive grasp of
a concept. it is nice to try to write it up as neatly as possible. We give a set-theoretic
definition and generalize a theorem that was in Exercise 61 of Section 5.

Let {S; |7 € I} be a collection of sets. Here [ may be any set of indices. The intersection
M;<1S; of the sets S; is the set of all elements that are in all the sets S;; that is,

N8 = {x|xes foralliel).
(13

If 1 is finite, I = (1.2,...,n}, we may denote M;;S; by
SiNSnN-.-NS§,. [ |

For any group G and any nonempty collection of subgroups {H; < G |i € I}, the inter-
section of all the subgroups H;, M;c;H;. is also a subgroup of G.

Let us show closure. Let @ € Ny H; and b € M H,;, so that a € H; for all i € [ and
b e H;foralli e I. Then ab € H; for all i € I, since H; is a group. Thus ab € M H;.
Since H; is a subgroup for all i € I. we have ¢ € H; for all i € I, and hence
e € NigrH,.
Finally, fora € Ny H;, we have a € H;foralli € I,s0oa~' € H; foralli € 1, which
implies that ! € Nic ;. L 4

Let G be a group and let a; € G for i € I. There is at least one subgroup of G
containing all the elements a; for i € I, namely G is itself. Theorem 7.5 assures us that
if we take the intersection of all subgroups of G containing all a; fori € I, we will obtain
a subgroup H of (. This subgroup H is the smallest subgroup of G containing all the «;
foriel

Let G be a group and let a; € G fori € I. The smallest subgroup of G containing {a; | i €
1} is the subgroup generated by {«; |i € I}. If this subgroup is all of G, then {a; |/ €
1} generates G and the a; are generators of G. If there is a finite set {a; |7 € I} that
generates G, then G is finitely generated. m

Note that this definition is consistent with our previous definition of a generator for
a cyclic group. Note also that the statement a is a generator of G may mean either that
G = {a) or that a is a member of a subset of G that generates G. The context in which
the statement is made should indicate which is intended. Our next theorem gives the
structural insight into the subgroup of & generated by {«; | i € [} that we discussed for
two generators before Example 7.1.

If Gisagroupand a; € G fori € I # ¢, then the subgroup H of G generated by {a; | €
I} has as elements precisely those elements of G that are finite products of integral
powers of the a;, where powers of a fixed @; may occur several times in the product.

Let K denote the set of all finite products of integral powers of the a;. Then K C H.
We need only observe that K is a subgroup and then. since H is the smallest subgroup
containing a; for i € I, we will be done. Observe that a product of elements in K is
again in K. Since (a,)” = e, we have e € K. For every element k in K, if we form from
the product giving k a new product with the order of the a; reversed and the opposite
sign on all exponents, we have k', which is thus in K. For example,

[ @) @)™ = (@) (@) @),
which is again in K. *
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7.12 Example

Groups and Subgroups

Recall that the dihedral group D), consists of permutations of Z, that map edges to edges
in the regular n-gon P,. In disjoint cycle notation, p =(0,1,2,3,....n— 1) and t =
(lLn—1D2.n—2)--- (% %1) ifnisodd,andpu = (l.n—D(2,n—2)--- (% %)
if n is even. Since u? = ¢ and p" = ¢ any product of integer powers of y and p can be
rewritten to only have powers of 0 or 1 for ¢ and powers of 0,1,2,3,...n—1 for p.
Furthermore, the relation pu = up"~! allows us to move all the powers of 4 to the left
and all the powers of p to the right, being careful to replace p with p"~! each time we

move a £ past a p. So in the case of n = 6,
p*u’ = pPu = pup’ = po’p® = pp*.
Thus the subgroup of 57, generated by p and p is the set

n—1

(o P ", 0%, ")
which is the dihedral group. A

Cayley Digraphs

For each generating set § of a finite group G, there is a directed graph representing the
group in terms of the generators in S. The term directed graph is usually abbreviated as
digraph. These visual representations of groups were devised by Cayley, and are also
referred to as Cayley diagrams in the literature.

Intuitively, a digraph consists of a finite number of points, called vertices of the di-
graph, and some ares (each with a direction denoted by an arrowhead) joining vertices.
In a digraph for a group G using a generating set § we have one vertex, represented by
a dot, for each element of G. Each generator in § is denoted by one type of arc. We
could use different colors for different arc types in pencil and paperwork. Since differ-
ent colors are not available in our text, we use different style arcs, like solid, dashed.
and dotted, to denote different generators. Thus if § = {a, b, ¢} we might denote

aby ———, bby-———»———-, and ¢ by T '

With this notation, an occurrence of x e——»—+ y in a Cayley digraph means that
xa = y. That is, traveling an arc in the direction of the arrow indicates that multiplication
of the group element at the start of the arc on the right by the generator corresponding
to that type of arc yields the group element at the end of the arc. Of course, since
we are in a group, we know immediately that ya—' = x. Thus traveling an arc in the
direction opposite to the arrow corresponds to multiplication on the right by the inverse
of the corresponding generator. If a generator in § is its own inverse, it is customary to
denote this by omitting the arrowhead from the arc, rather than using a double arrow.
For example, if b = ¢, we might denote bby ______ __ .

Both of the digraphs shown in Fig. 7.10 represent the group Zg with generating set
§ = {1}. Neither the length and shape of an arc nor the angle between arcs has any
significance. A

Both of the digraphs shown in Fig. 7.11 represent the group Zg with generating set S =
{2. 3}. Since 3 is its own inverse, there is no arrowhead on the dashed arcs representing 3.
Notice how different these Cayley diagrams look from those in Fig. 7.10 for the same
group. The difference is due to the ditferent choice for the set of generators. A

Every digraph for a group must satisfy these four properties for the reasons
indicated.
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(h)

(a)
7.10 Figure

(a)

7.13 Figure

Property

1. The digraph is connected, that is,
we can get from any vertex g to
any vertex /1 by traveling along
consecutive arcs, starting at g and
ending at h.

2. At most one arc goes from a vertex

gtoavertex h.

3. Each vertex g has exactly one arc
of each type starting at g, and one
of each type ending at g.

4. If two different sequences of arc
types starting from vertex g lead
to the same vertex h, then those

same sequences of arc types starting

from any vertex u will lead to
the same vertex v.

Two digraphs for Zg with § = {1} using ————.
1

Reason

(b)

Every equation gx = / has a solution

in a group.

The solution of gx = h is unique.

For g € G and each generator b we
can compute gb, and (gh~ )b = g.

If gg = h and gr = h, then ug =
Mg_lh = U
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7.14 Example

Groups and Subgroups

It can be shown that. conversely, every digraph satisfying these four properties is a
Cayley digraph for some group. Due to the symmetry of such a digraph, we can choose
labels like a, b, ¢ for the various arc types, name any vertex e to represent the identity,
and name each other vertex by a product of arc labels and their inverses that we can
travel to attain that vertex starting from the one that we named e. Some finite groups
were first constructed (found) using digraphs.

A digraph satisfying the four properties given above is shown in Fig. 7.13 (a). To obtain
Fig. 7.13 (b), we selected the labels

o
named a vertex ¢, and then named the other vertices as shown. We have a group

{e,a,a*, a’, b, ba, ba®, ba®)

of eight elements. From the diagram we could compute any product. For example, to
compute ba’ba® we start at the vertex labeled ba?, follow a dotted edge, and then follow
three solid edges to arrive at «. Note that the way we labeled the vertices is not unique.
For example, the vertex labeled ba® could have been labeled ab simply by going along a
different path starting at e. This says that ab = ba®. We also see that ¢* = ¢ and b* = e.
We hope that this example is starting to look familiar. In fact, Figure 7.13 is a Cayley
digraph of the dihedral group D4. We simply relabel a with p and b with ! A

= EXERCISES 7

Computations

In Exercises | through 8, list the elements of the subgroup generated by the given subset.
1.

3
5
7
9

. The subset {u. pp?) in Dy

The subset {2, 3} of Zj2
The subset {4, 6} in 725
. The subset {12, 42} of Z

2. The subset {4, 6} of Z>

4. The subset {12, 30} of Zag
6. The subset {18, 24, 39} of Z
8. The subset {p®, p'%) in Dy

. Use the Cayley digraph in Figure 7.15 to compute these products. Note that the solid edges represent the
generator a and the dashed lines represent b.

a. (ba*)a®

b. (ba)(ba®) c. b(a*b)
e da
e %
, t
b c
\
h g
// ",
# iy
f d

7.15 Figure
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In Exercises 10 through 12, give the table for the group having the indicated digraph. In each digraph, take e as
identity element. List the identity e first in your table, and list the remaining elements alphabetically, so that your
answers will be easy to check.

10. The digraph in Fig. 7.16(a)

11. The digraph in Fig. 7.16(b)

12. The digraph in Fig. 7.16(c)

e p—————sa
e
] ]
| I
i ]

bhb—oud
(a)

Concepts

13. How can we tell from a Cayley digraph whether or not the corresponding group is commutative?

14. Using the condition found in Exercise 13, show that the group corresponding to the Cayley digraph in Figure
7.13 is not commutative.

15. Is it obvious from a Cayley digraph of a group whether or not the group is cyclic? [Hint: Look at Fig. 7.9(b).]

16. The large outside triangle in Fig. 7.11(b) exhibits the cyclic subgroup {0, 2, 4} of Zg. Does the smaller inside
triangle similarly exhibit a cyclic subgroup of Zg? Why or why not?

17. The generating set S = {1, 2} for Zg contains more generators than necessary, since 1 is a generator for the
group. Nevertheless, we can draw a Cayley digraph for Zg with this generating set S. Draw such a Cayley
digraph.

18. Draw a Cayley digraph for Zg with generating set § = {2,5}.

19. A relation on a set § of generators of a group G is an equation that equates some product of generators and
their inverses to the identity e of G. For example, if § = {a.b} and G is commutative so that ab = ba, then one
relation is aba~'b~1 = e. If. moreover, b is its own inverse, then another relation is % = .

a. Explain how we can find some relations on S from a Cayley digraph of G.
b. Find three relations on the set § = {a. b} of generators for the group described by Fig. 7.13(b).

20. Draw digraphs of the two possible structurally different groups of order 4, taking as small a generating set as
possible in each case. You need not label vertices.

Theory

21. Use Cayley digraphs to show that for n = 3, there exists a nonabelian group with 2n elements that is generated
by two elements of order 2.

22. Prove that there are at least three different abelian groups of order 8. [Hint: Find a Cayley digraph for a group

of order § having one generator ol order 4 and another of order 2. Find a second Cayley digraph for a group ol
order 8 having three generators each with order 2.]
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GROUPS OF PERMUTATIONS

Let ¢ : G — G’ be a function mapping the group G to . Recall that the homomor-
phism property of an isomorphism states that for all a. b € G, ¢(ab) = ¢d(a)¢p(b). When-
ever a function has this property whether or not the function is one-to-one or onto, we
say that ¢ is a group homomorphism. Of course any group isomorphism is a group
homomorphism, but the reverse is not necessarily true.

Let G and G’ be groups with ¢ : G — G'. The map ¢ is a homomorphism if the
homomorphism property
@lab) = ¢la)p(b)
holds for all a,b € G. n
Let ¢ : B — U (the circle group) be defined by the formula
() = cos(2mx) + i sin(2rx) = 277,
Then
¢(a+b) = cos(2m(a + b)) + isin(2m (a + b)) = ™+,

Using either the usual properties of the exponential function or the formulas from
trigonometry involving the sum of two angles, we see that

dla+ by = (cos(2ma) + i sin2ra))(cos(2mh) + isin(2r b)) = >
50
¢la+ b) = dpla)p(h).

which says that ¢ is a group homomorphism. Although ¢ maps onto U, it is not one-to-
one, 80 ¢ is not an isomorphism.
The identity 0 € | maps to 1, the identity in U. Furthermore, for any x € |,

. 1 -
p(—x) = e = - = ($() % A

2mix
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Proof

8.6 Definition

Structure of Groups

Recall that U, = {z € C|z" = 1}. Let ¢ : Usg — U, be given by ¢(z) = z'. To check
that ¢ is well defined, we see that if z € Usg. then 2% = 1. Therefore, (z7)* = 1, which
implies that z’ € U,. We check that ¢ is a homomorphism.

P(z122) = (i) =z]73 = $(2)P(22).

As in the previous example, ¢ maps the identity in Usg, in this case 1, to the identity 1
in /4. Furthermore,

Bl V=27 =) = 0E A

Let ¢ : X — Y and suppose that A € X and B C Y. The set ¢[A] = {¢(a) |a € A} is
called the image of A in Y under the mapping ¢. The set ¢ ~'[B] = {a € A | ¢(a) € B}
is called the inverse image of B under the mapping ¢. |

The four properties of a homomorphism given in the theorem that follows are obvious
in the case of an isomorphism since we think of an isomorphism as simply relabeling
the elements of a group. However, it is not obvious that these properties hold for all
homomorphisms whether or not they are one-to-one or onto maps. Consequently, we
give careful proofs of all four properties.

Let ¢ be a homomorphism of a group G into a group G'.

1. If e is the identity element in G, then ¢(e) is the identity element e’ in G'.
2. Ifae G.then¢p(a™") = ¢la)!.

3. If H is a subgroup of G, then ¢[H] is a subgroup of G'.

4, If K’ is a subgroup of G, then ¢~ '[K'] is a subgroup of G.

Loosely speaking, ¢ preserves the identity element, inverses, and subgroups.

Let ¢ be a homomorphism of G into G'. Then
Ple) = plee) = ple)ple).

Multiplying on the left by ¢(e) ', we see that ¢’ = ¢(e). Thus ¢(e) must be the identity
element ¢’ in G'. The equation

¢ = ¢le) =plaa ") = pla)pa™")

shows that ¢p(a™") = ¢(a) ' forall a € G.

Turning to Statement (3), let H be a subgroup of G, and let ¢(a) and ¢(b) be any
two elements in ¢[H]. Then ¢(a)d(b) = p(ab), so we see that ¢(a)p(b) € ¢p[H]; thus,
@|H] is closed under the operation of G'. The fact that ¢’ = ¢(e) and ¢p(a') = ¢(a)
completes the proof that ¢[H] is a subgroup of G'.

Going the other way for Statement (4), let K’ be a subgroup of G'. Suppose a
and b arc in ¢~ '[K']. Then ¢(a)¢p(b) € K’ since K is a subgroup. The equation ¢(ab) =
¢(a)p(b) shows that b € ¢~ [K']. Thus ¢~'[K'] is closed under the binary operation in
G. Also, K’ must contain the identity element ¢’ = ¢(e).soe € ¢ '[K']. Ifa € ¢ ' [K'].
then ¢p(a) € K, so ¢p(a) ' € K'. But¢p(a) ' = ¢p(a '), sowe musthave s ' € ¢ ' [K'].
Hence ¢—![K'] is a subgroup of G. *

Let ¢ : G — G’ be a homomorphism and let ¢’ be the identity element of G'. Now
{¢'} is a subgroup of G, so ¢~ '[{£'}] is a subgroup H of G by Statement (4) in Theorem
8.5. This subgroup is critical to the study of homomorphisms.

Let ¢:G—> G be a homomorphism of groups. The subgroup ¢~![{e'})] =
{x € G| p(x) = €'} is the kernel of ¢, denoted by Ker(¢). [ |
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We will use the kernel of @ homomorphism when we define the alternating group
later in this section.

Another extreme is to let H = G in Statement (3) of Theorem 8.5. In this case,
the theorem says that ¢[G] is a subgroup of G'. We use this in the proof of Cayley’s
Theorem.

In Example 8.2, the homomorphism ¢ : R — U is defined by ¢(x) = cos(2mx) +
isin(2mx) = ™. The kernel of ¢ is the set of integers since cos(2mx) + isin(2y) = 1
if and only if x is an integer.

Let n be a positive integer. Then (ﬁ) is a subgroup of [& and

o|(3)] = [l m<zl]

= {cos2mm/n +isin(2rm/n)) | m € Z}
— Un_ A

Let ¢ : Z, — D, be given by ¢(k) = p*. We check that ¢ is a homomorphism. Let
abeZ, fa+b<nthena+,b=a+b,so¢dla+,b)=dla+b) = p“'”’ = pp?
=g(a@)pb). If a+b=n, then ¢la+,b)=dla+b—n)=p*" " =piplp " =
p“p" = p(a)p(b). The image P[Z,] is (p). A

Cayley’s Theorem

Each of the groups we have seen so far is isomorphic to a subgroup of permutations on
some set. For example, Z, is isomorphic with the cyclic group ((1,2,3,....n)) < §,.
The dihedral group D, is defined to be the permutations in Sz, with the property that
the line segment between vertices / and j is an edge in P, a regular n-gon, if and only
if the line segment between the images of i and j is also an edge. The infinite group
GL(#n, B) can be thought of as invertible lincar transformations of B". Each element of
GL(n, R) permutes the vectors in R”, which makes GL(n, R) isomorphic with a permu-
tation group on vectors in B". We refer to a subgroup of a permutation group as a group
of permutations. Cayley’s Theorem states that any group is isomorphic with a group
of permutations.

At first Cayley’s Theorem seems like a remarkable result that could be used to
understand all groups. In fact, this is a nice and intriguing classic result. Unfortunately,
approaching group theory by trying to determine all possible permutation groups is not
feasible. On the other hand, Cayley’s theorem does show the strength and generality of
permutation groups and it deserves a special place in group theory for that reason. For
example, if we wish to find a counterexample to a conjecture about groups, provided
that there is one, it will occur in a permutation group.

It may seem a mystery how we could start with an arbitrary group and come up with
a permutation group that is isomorphic with the given group. The key is to think about
the group table. Each row contains each element of the group exactly once. So each row
defines a permutation of the elements of the group by placing the table head as the top
row in the two-row representation of a permutation and placing the row corresponding
to an element ¢ in the group as the bottom row. Table 8.9 is the group table for D5. Note
that the permutation obtained using the row pp is

(1 P p? mooup u-og)
Hp o pps o pt ot p )7
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8.9 Table

Dy | e P u pp pp?

! c e P n e ppt

I - Y R R S P17 )
| e P mwp et

w | ono owmp per o p P
pp | me  wpt  om pr p
wor | me*  w omp  p PP

All that remains to prove Cayley's Theorem, at least when the group is finite, is to
check that the permutations obtained from the group table form a group isomorphism
with the original group. Let A, be the permutation of the elements of G given by the
x row of the table for G. Then for any g € G, A,(g) is the entry in the x row and g
column of the group table. In other words, A.(g) = xg, which is perfectly valid in the
case of an infinite as well as a finite group. We formalize this connection between G and
permutations on G in Definition 8.10.

Let (G be a group. The function ¢ : G — S given by ¢(x) = A, where A,(g) = xg for
all g € G is called the left regular representation of G. u

In order to be sure that A, is a permutation, it should be verified that A, is both one-to-one
and onto. We see that A, is one-to-one since if A (a) = A(h), xa = xb and cancellation
gives @ = b. Also, A, maps onto G because for any b € G, A (x"'h)) = b. We are now
ready to prove Cayley’s Theorem.

(Cayley’s Theorem) Every group is isomorphic to a group of permutations.

Let G be a group. The left regular representation provides a map ¢ : G — S defined
by ¢(x) = A,. We must verify that ¢ is a group homomorphism and that ¢ is one-to-one.
Then ¢[G] is a subgroup of S by Theorem 8.5 and ¢ : G — ¢[(G] is an isomorphism.

We first show that ¢ is one-to-one. Suppose that @, b € G and ¢(a) = ¢(b). Then
the permutations A, and A, are the same, so A,(¢) = Ap(e). Thus ae = be and a = b. So
¢ is one-to-one.

We now need to show that ¢ is a group homomorphism. Let a, b € G. Then ¢(ab) =
igh and @aehp = A ;. We must show that the two permutations A, and A,k are the
same. Let g € G.

A'ah(g) — (ﬂb}g — ﬂ(bg) — J\‘ﬁ(bg) = Arx(lb(g)) - (;‘-akh)(g)»

Thus Ay, = A hs, which implies that ¢(ab) = @(a)@(b). So ¢ is a one-to-one homomor-
phism, which completes the proof. L 4

The proof of Cayley’s Theorem shows that any group G is isomorphic with a subgroup
of 8¢, but this is typically not the smallest symmetric group that has a subgroup isomor-
phic with G. For example, D, is isomorphic with a subgroup of Sz, while the proof of
Cayley’s Theorem gives a subgroup of Sp, and D, has 2n elements while Z,, has only n
elements. On the surface, it may seem that Zg cannot be isomorphic with a subgroup of
S, forn < 6, but (1,2,3)(4,5) € S5 generates a subgroup isomorphic with Zg. A

We defined the left regular representation in Definition 8.10. We now define the right
regular representation. Instead of i, representing the row for x in the group table, we
use a, to represent the column with head x. Instead of using ¢ for the function that sends
xto A, we use 7, which sends x to a,-1.
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m HISTORICAL NOTE

Anhur Cayley (1821-1895) gave an abstract-
sounding definition of a group in a paper of
1854: “A set of symbols, 1, &, 8, -, all of them
different and such that the product of any two of
them (no matter in what order) or the product of
any one of them into itself, belongs to the set.
is said to be a group.” He then proceeded to de-
fine a group table and note that every line and
column of the table “will contain all the symbols
Loa,p,--- .7 Cayley’s symbols, however, always
represented operations on sets; it does not seem
that he was aware of any other kind of group. He
noted, for instance, that the four matrix operations
|, = inversion, = transposition, and y = af},
form, abstractly, the non-cyclic group of four ele-
ments. In any case, his definition went unnoticed
for a quarter of a century.

This paper of 1854 was one of about 300 writ-
ten during the 14 years Cayley was practicing law,

being unable to find a suitable teaching post. In
1863, he finally became a professor at Cambridge.
In 1878, he returned to the theory of groups by
publishing four papers, in one of which he stated
Theorem 8.11 of this text; his “prootf™ was simply
to notice from the group table that multiplication by
any group clement permuted the group eclements.
However, he wrote, “this does not in any wise show
that the best or the easiest mode of treating the gen-
eral problem [of finding all groups of a given order]
is thus to regard it as a problem of [permutations].
It seems clear that the better course is to consider
the general problem in itself.”

The papers of 1878, unlike the earlier one,
found a receptive audience; in fact, they were an
important influence on Walther von Dyck’s 1882
axiomatic definition of an abstract group, the defi-
nition that led to the development of abstract group
theory.

Let G be a group. Themap 7 : G — §¢ given by 7(x) = o1 where g,(g) = gx is called

We could have used the right regular representation to prove Cayley’s Theorem instead
of the left regular representation. Exercise 54 asks for the details of the proof.

..n can be achieved

by repeated interchange of positions of pairs of numbers. We discuss this a bit more

Thus a transposition leaves all elements but two fixed, and maps each of these onto

(ay,as, - ay) = (ay,ay)ay, ay_1) -+ (ay, a3)ay, a).

Therefore any cycle of length n can be written as a product of # — 1 transpositions.
Since any permutation of a finite set can be written as a product of cycles, we have the

Any permutation of a finite set containing at least two elements is a product of
transpositions. ¢

Naively, this theorem just states that any rearrangement of n objects can be achieved

8.13 Detinition
the right regular representation of G.
Even and Odd Permutations
[t seems reasonable that every reordering of the sequence 1,2,..
formally.
8.14 Definition A cycle of length 2 is a transposition.
the other. A computation shows that
following.
8.15 Theorem
by successively interchanging pairs of them.
8.16 Example

Following the remarks prior to the theorem, we see that (1, 6) (2, 5, 3) is the product
(1,6) (2, 3) (2. 5) of transpositions. A
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Structure of Groups

In S, for n = 2, the identity permutation is the product (1, 2) (1, 2) of transpositions.
A

We have seen that every permutation of a finite set with at least two elements is a
product of transpositions. The transpositions may not be disjoint, and a representation
of the permutation in this way is not unique. For example, we can always insert at the
beginning the transposition (1, 2) twice, because (1, 2) (1, 2) is the identity permutation.
What is true is that the number of transpositions used to represent a given permutation
must either always be even or always be odd. This is an important fact. The proof
involves counting orbits and was suggested by David M. Bloom.

Let o € Sy and a € A. We let the orbit of a be the set {o*(a) | k € Z}. In the case
of o € §,. a simple way to think of the orbit of « is to think of the elements in the cycle
containing « in the disjoint cycle representation of .

Leto = (1.2.6)(3,5) € Ss. Then the orbit of 1 is the set {1, 2, 6}, which is also the orbit
of 2 and the orbit of 6. The set {3, 5} is the orbit of 3 and the orbit of 5. What about the
orbit of 4?7 Recall that if we include 1-cyeles. o = (1,2,6)(3, 5)(4), which says the orbit
of 4 is [4}. A

No permutation in S, can be expressed both as a product of an even number of transpo-
sitions and as a product of an odd number of transpositions.

Let o € S, and let T = (i.j) be a transposition in S,,. We claim that the number of orbits
of o and of ro differ by 1.

CaseI Suppose i and j are in different orbits of . Write ¢ as a product of
disjoint cycles, the first of which contains j and the second of which
contains i, symbolized by the two circles in Fig. 8.20. We may write the
product of these two cycles symbolically as

(b J, %, %, x)a, i, X, X)

where the symbols x denote possible other elements in these orbits.

8.20 Figure

Computing the product of the first three cycles in to = (i, j)o, we obtain
(Isj)(b'l'a Xy X, X)(aa I’e sy X) = (a'ja X, X, X.‘ba ia X X)-

The original 2 orbits have been joined to form just one in T as

symbolized in Fig. 8.20. Exercisc 42 asks us to repeat the computation

to show that the same thing happens if either one or both of i and j
should be the only element of their orbit in o.

Case II Suppose i and j are in the same orbit of &. We can then write o as a
product of disjoint cycles with the first cycle of the form

(@, 4,3, %%, B,j, %, %)



i
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shown symbolically by the circle in Fig. 8.20. Computing the product of
the first two cycles in ta = (i,j)o, we obtain
(L )a 0, x, x, x.b.J, x,x) = (a.], x, x)(b, i, x, x, x).
The original single orbit has been split into two as symbolized in
Fig. 8.21.

We have shown that the number of orbits of o differs from the number of
orbits of o by 1. The identity permutation ¢ has n orbits, because each element is
the only member of its orbit. Now the number of orbits of a given permutation
o € §, differs from n by either an even or an odd number, but not both. Thus it is
impossible to write

O =T|TaT3 - Tyl

where the 1 are transpositions in two ways, once with m even and once with m
odd. *

A permutation of a finite set is even or odd according to whether it can be expressed
as a product of an even number of transpositions or the product of an odd number of
transpositions, respectively. |

The identity permutation ¢ in S, is an even permutation since we have ¢ = (1,2)(1,2). If
n =1 so that we cannot form this product, we define ¢ to be even. On the other hand,
the permutation (1, 4, 5, 6) (2, 1, 5) in S¢ can be written as

(1,4,5,6)(2,1,5) = (1,6)(1,5)(1,4)(2,5)(2, 1)

which has five transpositions, so this is an odd permutation. A

The Alternating Groups

We claim that for n = 2, the number of even permutations in §,, is the same as the
number of odd permutations; that is, §, is split equally and both numbers are (n!)/2.
To show this. let A, be the set of even permutations in S, and let B,, be the set of odd
permutations for n > 2. We proceed to define a one-to-one function from A, onto B,,.
This is exactly what is needed to show that A, and B, have the same number of elements.

Let r be any fixed transposition in S,,; it exists since n = 2. We may as well suppose
that T = (1, 2). We define a function

At A, = By
by
holo) =10,

that is, o € A, is mapped into (1,2)o by A.. Observe that since o is even, the per-
mutation (1, 2)o can be expressed as a product of a (1 + even number), or odd num-
ber, of transpositions, so (1,2)o is indeed in B,. If for ¢ and ;¢ in A, it is true that
(o) = A (). then

(1.2)o = (1.2,
and since S, is a group, we have o = g Thus A, is a one-to-one function. Finally,
e=Al;Z}=1"",
so if p € B, then

t'peA,



84

Part 1T

8.24 Theorem

8.25 Definition

Structure of Groups

and
Al o) = T(T_IP) = p.

Thus A, maps onto B,,. Hence the number of elements in A, is the same as the number
in B, since there is a one-to-one correspondence between the elements of the sets.

Note that the product of two even permutations is again even. Also since n = 2, 5,
has the transposition (1, 2) and ¢ = (1, 2)(1, 2) is an even permutation. Finally, note that
if o is expressed as a product of transpositions, the product of the same transpositions
taken in just the opposite order is o~ '. Thus if o is an even permutation, o' must
also be even. Referring to Theorem 5.12, we see that we have proved the following
statement.

If n = 2, then the collection of all even permutations of {1.2,3,..- ,n} forms a sub-
group of order n!/2 of the symmetric group S,,.

‘We can define a function called the sign of a permutation, sgn : S, — {1, —1} by
the formula

SitE)= [ L ill"'a 1.5 even

= —1 if o is odd.

Thinking of {1, —1} as a group under multiplication, it is easy to see that sgn is a ho-
momorphism. Since 1 is the identity in the group {1,—1}, Ker(sgn) = sgn '[{1}] is a
subgroup of S, consisting of all the even permutations. The homomorphism sgn is used
in the standard way of defining the determinant of a square matrix. Exercise 52 asks you
to prove some of the standard facts about determinants using this definition.

The subgroup of S, consisting of the even permutations of n letters is the alternating
group A, on n letters. |

Both S, and A, are very important groups. Cayley’s thcorem shows that every finite
group G is structurally identical to some subgroup of S, for n = |G|. It can be shown
that there are no formulas involving just radicals for solution of polynomial equations
of degree n for n = 5. This fact is actually due to the structure of A, surprising as that
may seem!

m EXERCISES 8

Computations

In Exercises 1 through 10 determine whether the given map is a group homomorphism. [Hint: To verify that a map
is a homomorphism, you must check the homomorphism property. To check that a map is not a homomorphism
you could either find @ and b such that ¢(ab) = ¢(a)¢(b), or else you could determine that any of the properties in

Theorem 8.5 fail.]

1. Let ¢ : 71y — Za be given by ¢(x) = the remainder when v is divided by 2.
2. Let¢p : Zg — Z; be given by ¢(x) = the remainder when x is divided by 2.
3. Let ¢ : (J* — (J* be given by ¢p(x) = |x|.

4. Let¢ : B — R be given by ¢p(x) = 2*.

5. Let ¢ : Dy — Zy be given by ¢(p') = ¢p(up’) = ifor 0 <i < 3.
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6. Let F be the additive group of all functions mapping E to . Let ¢ : F — F be given by ¢(f) = g where
&x) =flx)+x

7. Let F be as in Exercise 6 and ¢ : F — F be defined by ¢(f) = 5f.

8. Let F be the additive group of all continuous functions mapping [ to . Let ¢» : F' — [ be defined by ¢(g) =

1
f 2(x) dx.
0

9. Let M, be the additive group of n x n matrices with real entries. Let ¢» : M,, — [ be given by ¢(A) = det(A).

the determinant of A.

10. Let M,, be as in Exercise 9 and ¢ : M,, — [ be defined by ¢(A) = tr(A) where tr(A) is the trace of A, which is

the sum of the entries on the diagonal.

In Exercises 11 through 16, compute the kernel for the given homomorphism ¢.

11. ¢ : Z — Zg such that ¢(1) = 6.

12. ¢ : Z — Z such that (1) = 12.

13. ¢ : Z x Z. — Z where ¢(1,0) = 3 and ¢(0, 1) = —5.

14. ¢ : Z x Z — Z where ¢(1,0) = 6 and ¢(0, 1) = 9.

15. ¢ : Z x Z — Z x Z where ¢(1,0) = (2,5) and ¢(0, 1) = (-3, 2).

16. Let D be the additive group of all differentiable functions mapping I to I and F the additive group of all
functions from B to &, ¢ : D — F is given by ¢(f) = [, the derivative of f.

In Exercises 17 through 22, find all orbits of the given permutation.

1 2 3 4 5 6 1 2 3 45 6 7 8
17'(513624) 18'(562483]7
19 1 2 3 4 5 6 7 8 20. o : Z — Zwhereo(n)=n+1
*\2 3 51 4 6 8 7
21. 0 : Z — Zwhereo(n)=n+2 22. 0 : Z — Zwherea(n)=n—3

In Exercises 23 through 25, express the permutation of {1, 2, 3, 4, 5, 6, 7, 8} as a product of disjoint cycles, and
then as a product of transpositions.

1 3 1 2345678
23'(8 1) 24'(36418257
1 8
. ! )

26. Figure 8.26 shows a Cayley digraph for the alternating group A4 using the generating set § = {(1.2,3),
(1,2)(3,4)}. Continue labeling the other nine vertices with the elements of A4, expressed as a product of
disjoint cycles.

[FURN ST S ]
[SE RSV = e
~ > =

7
5
7
6

oo B W
= h =1 La

Concepts

In Exercises 27 through 29, correct the definition of the italicized term without reference to the text, if correction

is needed, so that it is in a form acceptable for publication.

27. For a permutation o of a set A, an orbit of o is a nonempty minimal subset of A that is mapped onto itself
by o.

28. The left regular representation of a group G is the map of G into S whose value at g € G is the permutation
of G that carries each x € G into gx.

29. The alternating group is the group of all even permutations.
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(1.2)3.4)

8.26 Figure

30. Before the proof of Cayley’s Theorem, it is shown that A, is one-to-one. In the proof, one-to-one is shown

31

again. Is it necessary to show one-to-one twice? Explain.
Determine whether each of the following is true or false.

a. Every permutation is a cycle.

b. Every cycle is a permutation.

¢. The definition of even and odd permutations could have been given equally well before Theorem 8.19.
d. Every nontrivial subgroup H of S¢ containing some odd permutation contains a transposition.
e. As has 120 elements.

f. S, is not cyclic forany n = 1.

g. A is a commutative group.

h. §7 is isomorphic to the subgroup of all those elements of Sg that leave the number 8 fixed.

i. 87 is isomorphic to the subgroup of all those elements of Sy that leave the number 5 fixed.

Jj- The odd permutations in Sg form a subgroup of Sg.

k. Every group G is isomorphic with a subgroup of Sg.

32. The dihedral group is defined to be permutations with certain properties. Use the usual notation involving p

and p for elements in D,,.

a. Identify which elements in D3 are even. Do the even elements form a cyclic group?
b. Identify which of elements of Dy are even. Do the even elements form a cyclic group?

¢. For which values of n do the even permutations of D,, form a cyclic group?

Proof Synopsis

33. Give a two-sentence synopsis of the proof of Cayley’s Theorem.

34. Give a two-sentence synopsis of the proof of Theorem 8.19.

Theory

35. Suppose that ¢ : G — G is a group homomorphism and a € Ker¢. Show that for any g € G, gag™"' € Kerg.

36. Prove that a homomorphism ¢ : G — G’ is one-to-one if and only if Ker(¢) is the trivial subgroup of G.
37. Let¢ : G — G’ be a group homomorphism. Show that ¢(a) = ¢(b) if and only if a~'b € Kerg.

38. Use Exercise 37 to prove that if ¢ : G — G’ is a group homomorphism mapping onto G and G is a finite

group, then for any b, ¢ € G', |¢~[{b}]] = |¢~'[{c}]]. Conclude that if |G| is a prime number, then either ¢ is
an isomorphism or else G’ is the trivial group.
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Show thatif ¢ : G — G’ and y : G' — G" are group homomorphisms, then y o ¢ : G — G" is also a group
homomorphism.

Let ¢ : G — G’ be a group homomorphism. Show that ¢[G] is abelian if and only if xyx~'y~! & Ker(¢) for
allx.y e G.

Prove the [ollowing about §,, if n = 3.

a. Every permutation in §,, can be written as a product of at most n — 1 transpositions.

b. Every permutation in §,, that is not a cycle can be written as a product of at most n — 2 transpositions.

¢. Every odd permutation in S, can be written as a product of 2r 4+ 3 transpositions, and every even permuta-
tion as a product of 2n + 8 transpositions.

a. Draw a figure like Fig. 8.20 to illustrate that if 7 and j are in different orbits of ¢ and o (i) = i, then the
number of orbits of (i, j)o is one less than the number of orbits of o.

b. Repeat part (a) if o (j) = j also.

Show that for every subgroup H of §, for n = 2, either all the permutations in H are even or exactly half of
them are even.

Let o be a permutation of a set A. We shall say “o moves a € A” if o(a) # «. If A is a finite set, how many
elements are moved by a cycle o € Sy of length n?

Let A be an infinite set. Let A be the set of all & € 5S4 such that the number of elements moved by o (see
Exercise 44) is finite. Show that H is a subgroup of Sj.

Let A be an infinite set. Let K be the set of all o € 54 that move (see Exercise 44) at most 50 elements of A. Is
K a subgroup of 547 Why?

Consider 8, for a fixed n = 2 and let o be a fixed odd permutation. Show that every odd permutation in §,, is
a product of o and some permutation in A;.

Show that if o is a cycle of odd length, then o is a cycle.
Following the line of thought opened by Exercise 48, complete the following with a condition involving n and
r 50 that the resulting statement is a theorem:

If o 1s a cycle of length n, then o” is also a cycle if and only if . . .

Show that §, is generated by {(1,2),(1.2,3,--- ,n)}. [Hint: Show that as r varies, (1,2,3,.-- .n)"(1,2)
(1,2,3,--- ,n)"" gives all the transpositions (1,2).(2.3),(3.4). -+ .(n— 1,n),(n,1). Then show that any
transposition is a product of some of these transpositions and use Theorem 8.15.]

Let o € S, and define a relation on {1,2.3,...,n} by i ~ j if and only if j = o*(i) for some k € Z.

1. Prove that ~ is an equivalence relation.
2. Prove that for any 1 < i < n, the equivalence class of i is the orbit of /.

The usual definition for the determinant of an n x n matrix A = (a;;) is

det(4) = Z Sgn(g)al,a{iJ“Z.{rf'_‘)“S,ﬂ(?&] s llpain)

aes,
where sgn(o) is the sign of o. Using this definition, prove the following properties of determinants.
a. If a row of matrix A has all zero entries, then det(A) = 0.
h. If two ditferent rows of A are switched to obtain B, then det(B) = — det(A).
c. If r imes one row of A is added to another row of A to obtain a matrix B, then det(4) = det(B)
d. If a row of A is multiplied by r to obtain the matrix B, then det(B) = rdet(A).

Prove that any finite group G is isomorphic with a subgroup of GL(n, &) for some n. [Hint: For each o € §,,.
find a matrix in GL(n, t) that sends each basis vector e; to e5(;). Use this to show that 5, is isomorphic with a
subgroup of GL(#, £).]

Prove Cayley's Theorem using the right regular representation rather than the left regular representation.

Let o € S,. An inversion is a pair (i, j) such that i < j and o (i) = o(j). Prove Theorem 8.19 by showing that
multiplying a permutation by a transposition changes the number of inversions by an odd number.
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56. The sixteen puzzle consists of 15 tiles numbered 1 through 15 arranged in a four-by-four grid with one
position left blank. A move is sliding a tile adjacent to the blank position into the blank position. The goal is to
arrange the numbers in order by a sequence of moves. Is it possible to start with the configuration pictured in
Figure 8.27(a) and solve the puzzle as indicated in Figure 8.27(b)? Prove your answer by finding a sequence
of moves to solve the puzzle or by proving that it is impossible to solve.

SECTION 9

9.1 Definition

1 2 3 4 I 2 3
6 7 8 5 6 7
9 10 | 11 12 9 10 | 11 12
13 | 15 14 13 14 | 15
a b.
8.27 Figure

FINITELY GENERATED ABELIAN GROUPS
Direct Products

Let us take a moment to review our present stockpile of groups. Starting with finite
groups, we have the cyclic group Z,,, the symmetric group S,,, and the alternating group
A, for each positive integer n. We also have the dihedral groups D, and the Klein
4-group V. Of course we know that subgroups of these groups exist. Turning to infi-
nite groups, we have groups consisting of sets of numbers under the usual addition or
multiplication, as, for example, Z, R, and C under addition, and their nonzero elements
under multiplication. We have the group U of complex numbers of magnitude 1 under
multiplication, which is isomorphic to each of the groups R, under addition modulo ¢,
where ¢ € R™. We also have the group S, of all permutations of an infinite set A, as well
as various groups formed from matrices such as GL(n, R).

One purpose of this section is to show a way to use known groups as building
blocks to form more groups. The Klein 4-group will be recovered in this way from the
cyclic groups. Employing this procedure with the cyclic groups gives us a large class
of abelian groups that can be shown to include all possible structure types for a finite
abelian group. We start by generalizing Definition 0.4.

The Cartesian product of sets By,B>..-- B, is the set of all ordered n-tuples
(b1.ba, -+ . by,), where b; € B; for i = 1,2,--- ,n. The Cartesian product is denoted
by either

By xByx---xB,
or by

"
[ ]85
i=1 .

We could also define the Cartesian product of an infinite number of sets, but the
definition is considerably more sophisticated and we shall not need it.

Now let Gy, Ga,- -, G, be groups, and let us use multiplicative notation for all
the group operations. Regarding the G; as sets, we can form []_, G;. Let us show that
we can make l_[:'_l (; into a group by means of a binary operation of multiplication by
components. Note again that we are being sloppy when we use the same notation for a
group as for the set of elements of the group.
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Let Gy, Gy, -+« .G, be groups. For (a,aa,-++ ,a,) and (by, b2, - ,b,) in ], G
define (aj.az,- -+ a,Nby,ba, -+ ,b,) to be the element (a;by,azbs, - -+ ,a,b,). Then
[T, G is a group, the direct product of the groups G;, under this binary operation.

Note that since ¢; € G, b; € G;, and G; is a group, we have «;b; € G;. Thus the definition
of the binary operation on [ [, G; given in the statement of the theorem makes sense:
that is, []%_, G; is closed under the binary operation.

The associative law in []_, G; is thrown back onto the associative law in each
component as follows:

(ar.az.- - .an)l(by, by, -+ - L By)(er 02,0 -+ L 0]
= (ar,az,--+ ,an)(bic1,baca, - -+ . bacy)
= (a1(bici), az(baca), - - -, anl(bycy))
= ((a1b1)ey, (azba)ea, - -+ (anby)ey)
= (arby,ashy, -+ L apby)cy 2,00 L)
= [(ay,aa, - ya) by, bay - ) ey, 2,0+ ep).

If ¢; is the identity element in G, then clearly, with multiplication by components,
(er.e2,- -+ ,e,) is an identity in []., G;. Finally, an inverse of (aj.az, - .a,) is

(a;'.a3',--- .a;'); compute the product by components. Hence [, G; is a group.
®

In the event that the operation of each G; is commutative, we sometimes use addi-
tive notation in []7_, G; and refer to []\_, G; as the direct sum of the groups G;. The
notation @, G; is sometimes used in this case in place of [, G;, especially with
abelian groups with operation 4. The direct sum of abelian groups G, G2, - , G, may
be written Gy & G2 & - - - & G,,. We leave to Exercise 46 the proof that a direct product
of abelian groups is again abelian.

It is quickly seen that if B; has r; elements for i = 1,--. .n, then []._, B; has
riry -+ - ry elements, for in an n-tuple, there are ry choices for the first component from
By, and for each of these there are r» choices for the next component from Bs, and so on.

Consider the group 7Z» x Zs, which has 2 - 3 = 6 elements, namely (0, 0), (0, 1), (0, 2),
(1, 0), (1, 1), and (1, 2). We claim that Z, x Z; is cyclic. It is only necessary to find a
generator. Let us try (1, 1). Here the operations in Z, and Z; are written additively, so
we do the same in the direct product Z, x Zj.

(F:1)=.1)

2L, 1) = (L1 +(1,1)=(0.2)
LD=(LD+A D+, D=(0)
41,1) =31, 1)+ (1, 1) = (1,0) + (1, 1) = (0, 1)
51,1y =41, D+ (1, 1) =0, 1) +(1,1) = (1,2)
6(1,1)=5(1, 1)+ (1,1) = (1,2) +(1,1) = (0,0)

Thus (1, 1) generates all of Z, x Zj. Since there is, up to isomorphism, only one cyclic
group structure of a given order, we see that Z» x Z3 is isomorphic to Zg. A

Consider Z3 x Zjs. This is a group of nine elements. We claim that Z; x Zs is not cyclic.
Since the addition is by components, and since in Z5 every element added to itself three
times gives the identity, the same is true in Z3 x Zs. Thus no element can generate the
group, for a generator added to itself successively could only give the identity after nine
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summands. We have found another group structure of order 9. A similar argument shows
that Z, x Z, is not cyclic. Thus Z, x Z, must be isomorphic to the Klein 4-group. A

The preceding examples illustrate the following theorem:

The group Z,, x Z, is cyclic and is isomorphic to Z,, if and only if m and n are rela-
tively prime, that is, the ged of mand n is 1.

Consider the cyclic subgroup of Z,, x Z, generated by (1, 1) as described by Theorem
5.19. As our previous work has shown, the order of this cyclic subgroup is the smallest
power of (1, 1) that gives the identity (0, 0). Here taking a power of (1. 1) in our additive
notation will involve adding (1. 1) to itself repeatedly. Under addition by components,
the first component 1 € Z,, yields 0 only after m summands, 2m summands, and so on,
and the second component 1 € Z, yields 0 only after n summands, 2n summands, and
so on. For them to yield 0 simultaneously. the number of summands must be a multiple
of both m and n. The smallest number that is a multiple of both m and n will be mn
it and only if the ged of m and n is 1: in this case, (1, 1) generates a cyclic subgroup of
order mn, which is the order of the whole group. This shows that Z,, x Z, is cyclic of
order mn, and hence isomorphic to Z,,, if m and n are relatively prime.

For the converse, suppose that the gcd of m and n is d = 1. Then mn/d is divisible
by both m and n. Consequently, for any (r, s) in Z,, x 7,, we have

(r.s) 4+ (r.s) + - -+ (r.8) = (0.0).

mn/d summands

Hence no element (r,s) in 7, x 7, can generate the entire group, so Z,, X Z, is
not cyclic and therefore not isomorphic to Z,,,,. L

This theorem can be extended to a product of more than two factors by similar
arguments. We state this as a corollary without going through the details of the proof.

The group [T%, Z,, is cyclic and isomorphic to Zyy, ..., if and only if the numbers m;
fori = 1..-- ,n are such that the ged of any two of them is 1.

The preceding corollary shows that if 1 is written as a product of powers of distinct
prime numbers, as in

ny

n=(p)"(p2)" - (p)",
then Z, is isomorphic to
Zipiyn X Lipayz X+ -+ X Lp, .

In particular, Z7; is isomorphic to Zg x Zg. A

We remark that changing the order of the factors in a direct product yields a group
isomorphic to the original one. The names of elements have simply been changed via a
permutation of the components in the n-tuples.

Exercise 57 of Section 6 asked you to define the least common multiple of two
positive integers r and § as a generator of a certain cyclic group. It is straightforward to
prove that the subset of Z consisting of all integers that are multiples of both r and s is
a subgroup of Z, and hence is a cyclic group. Likewise, the set of all common muliiples
of n positive integers ry, 2, - - - , ry, is a subgroup of Z, and hence is cyclic.

Let ry. o, - , 1, be positive integers. Their least common multiple (abbreviated lcm)
is the positive generator of the cyclic group of all common multiples of the r;, that is,
the cyclic group of all integers divisible by each r; fori = 1,2, -+ ,n. [ |
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From Definition 9.8 and our work on cyclic groups. we see that the lem of
ry,ra, -+ .y is the smallest positive integer that is a multiple of each r; for i =
1,2,--- ,n, hence the name least common multiple.

Let (ar.a2, -+ .ay) € [[, Gi. If a; is of finite order r; in G;, then the order of
(ar,az,- -+ ,ay) in [[_; Giis equal to the least common multiple of all the ry.

This follows by a repetition of the argument used in the proof of Theorem 9.5. For a
power of (ay,as,--- .a,) to give (ey, ez, -+, €,), the power must simultancously be a
multiple of ry so that this power of the first component a¢; will yield ¢,, a multiple of r.
so that this power of the second component a; will yield e,, and so on. L 4

Find the order of (8, 4, 10) in the group Z 2 x Zgy X Zoy.

Since the ged of 8 and 12 is 4, we see that 8 is of order lf =3 in Z;5. (See
Theorem 6.15.) Similarly, we find that 4 is of order 15 in Zg; and 10 is of order
12 in Zyy. The lem of 3, 15, and 12is 3-5 -4 = 60, so (8, 4, 10) is of order 60 in the
group Zya x Zgy x L. A

The group Z x Z; is generated by the elements (1, 0) and (0, 1). More generally, the
direct product of n cyclic groups, each of which is either Z or Z,, for some positive
integer m, is generated by the n n-tuples

(1,0,0,---,0), (0,1,0,---,0), (0,0,1,---,00, ~---, (0,0,0,---,1).

Such a direct product might also be generated by fewer elements. For example, Z; x
7.4 % Zss is generated by the single element (1, 1, 1). A

Note that if [['_, G; is the direct product of groups G;, then the subset
Gi' — {({-,Isege R -5 B Y 7 P 4 S PR ven) Iai = Gi}y

that is, the set of all n-tuples with the identity elements in all places but the ith, is a
subgroup of [T, G;. It is also clear that this subgroup G; is naturally isomorphic to G;;
just rename

(e1, ez, yei_1, i ey, ,e,) by a;.

The group G; is mirrored in the ith component of the elements of G;, and the ¢; in
the other components just ride along. We consider [, G; to be the internal direct
product of these subgroups G;. The direct product given by Theorem 9.2 is called the
external direct product of the groups G;. The terms internal and external, as applied to a
direct product of groups, just reflect whether or not (respectively) we are regarding the
component groups as subgroups of the product group. We shall usually omit the words
external and internal and just say direct product. Which term we mean will be clear
from the context.

The Structure of Finitely Generated Abelian Groups

Some theorems of abstract algebra are casy to understand and use, although their proofs
may be quite technical and time-consuming to present. This is one section in the text
where we explain the meaning and significance of a theorem but omit its proof. The



92

Part 1T Structure of Groups

m HISTORICAL NOTE

n his Disquisitiones Arithmeticae, Carl Gauss

demonstrated various results in what is today the
theory of abelian groups in the context of num-
ber theory. Not only did he deal extensively with
equivalence classes of quadratic forms, but he also
considered residue classes modulo a given integer.
Although he noted that results in these two areas
were similar, he did not attempt to develop an ab-
stract theory of abelian groups.

In the 1840s, Ernst Kummer in dealing with
ideal complex numbers noted that his results were
in many respects analogous to those of Gauss.
(See the Historical Note in Section 30.) But it
was Kummer's student Leopold Kronecker (see the
Historical Note in Section 39) who finally realized
that an abstract theory could be developed out of

the analogies. As he wrote in 1870, “these princi-
ples [from the work of Gauss and Kummer] be-
long to a more general, abstract realm of ideas.
It is therefore appropriate to free their develop-
ment from all unimportant restrictions, so that one
can spare oneself from the necessity of repeat-
ing the samec argument in different cases. This
advantage already appears in the development it-
self, and the presentation gains in simplicity, if
it is given in the most general admissible man-
ner, since the most important features stand out
with clarity.” Kronecker then proceeded to de-
velop the basic principles of the theory of finite
abelian groups and was able to state and prove
a version of Theorem 9.12 restricted to finite
groups.

meaning of any theorem whose proof we omit is well within our understanding, and
we feel we should be acquainted with it. It would be impossible for us to meet some of
these fascinating facts in a one-semester course il we were to insist on wading through
complete proofs of all theorems. The theorem that we now state gives us complete
structural information about many abelian groups, in particular, about all finite abelian

where the p; are primes, not necessarily distinct., and the r; are positive integers.
The direct product is unique except for possible rearrangement of the factors; that is,
the number (Betti number of G) of factors Z is unique and the prime powers (p;)" are

(Primary Factor Version of the Fundamental Theorem of Finitely Generated
Every finitely generated abelian group G is isomorphic to a direct

X Fipyyn X B X o 5o Xy

Find all abelian groups, up to isomorphism, of order 360. The phrase up to isomorphism
signifies that any abelian group of order 360 should be structurally identical (isomor-

groups.
9.12 Theorem
Abelian Groups)
product of cyclic groups in the form
Zupyyr X Lpayz X o+
unique.
Proof The proof is omitted here.
9.13 Example
phic) to one of the groups of order 360 exhibited.
Solution

We make use of Theorem 9.12. Since our groups are to be of the finite order 360, no

factors Z will appear in the direct product shown in the statement of the theorem.

First we express 360 as a product of prime powers 273?5. Then using Theorem 9.12,

we get as possibilities

1. Z:XZZXZZXZ}XZ}

XZS

2 ZQXZQXZQXZ[)XZS
3. ZgXZ4XZgXZ3XZ§




9.14 Theorem

9.15 Example
9.16 Table
| 814122
Sis Ll
711]11]1
9.17 Definition
9.18 Theorem
Proof
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4, Fox Ty x Ly x Ls
A ZgXZ3XZ;XZ§
6. Zgx Zgx Ls

Thus there are six different abelian groups (up to isomorphism) of order 360. A

There is another version of the Fundamental Theorem of Finitely Generated Abelian
Groups. Each version can be proven from the other, so technically, if one version is
used to prove something, the other version could also be used. However, it is sometimes
more convenient to use one version rather than the other for a particular problem.

(Invariant Factor Version of the Fundamental Theorem of Finitely Generated
Abelian Groups) Every finitely generated abelian group is isomorphic to a direct
product of cyclic groups of the form

Zgy x Lgy X By, % -+ X Ly X EX Lo x Ly

where each of the d; > 2 is an integer and d; divides d;,) for | < i < k — |. Furthermore,

the representation is unique. ¢

The Betti number of a group is the number of factors of Z in both Theorem 9.12
and 9.14. The numbers d; are called the invariant factors or the torsion coefficients.
Theorem 9.12 implies Theorem 9.14 and the other way around. Here we show with an
example how to start with a finite group that is in the form specified in Theorem 9.12
and find its representation in the form of Theorem 9.14,

Let us find the invariant factor form of the abelian group G = Zy x Za x Zy x Zg x
Zy x Ly x Zq, which is in primary factor form. We make a table, one row for each
prime number involved in G: 2, 3, and 7. We list the powers of each prime in the primary
factor form starting with the highest power to the lowest power, filling the ends of the
short rows with 1 = pY. Table 9.16 is the table for G. The group G is the direct product
of cyclic groups of the orders listed in the table. The products of the entries in the
columns give the invariant factors. For G, the invariant factors are dy = 8 - 9 - 7 = 504,
diy=4-3-1=12.d»b=2-1-1=2,andd, =2-1-1=2, The construction of the
table insures that d, divides d», d» divides d3, ds divides dy, and G is isomorphic with
Zdl X ng x Zd_‘ x Zd_‘ = Zg K :’ZZ > Z|3 > Z504. A

Example 9.15 shows how to create a table from a finitely generated abelian group that is
in primary factor form. From the table we can find the invariant form of the group. This
process can easily be reversed by factoring the invariants to find the primary factors.

Applications

Because of Theorems 9.12 and 9.14, there is a plethora of theorems regarding finitely
generated abelian groups that are fairly easily proven. We present a few examples.

A group G is decomposable if it is isomorphic to a direct product of two proper non-
trivial subgroups. Otherwise G is indecomposable. ]

The finite indecomposable abelian groups are exactly the cyclic groups with order a
power of a prime.

Let G be a finite indecomposable abelian group. Then by Theorem 9.12, G is isomorphic
to a direct product of cyclic groups of prime power order. Since G is indecomposable,
this direct product must consist of just one cyclic group whose order is a power of a
prime number.
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Conversely. let p be a prime. Then Z, is indecomposable, for if Z,- were isomor-
phic to Zy x Z,i, where i 4 j = r, then every element would have an order at most
pmaxf:',j] {Pr‘ *

9.19 Theorem I m divides the order of a finite abelian group G, then G has a subgroup of order m.
Proof By Theorem 9.12, we can think of G as being
th;}"' x Z(pg yz Ko X pr.,.]"":

where not all primes p; need be distinct. Since (py )" (p2)™ - - - (p,)™ is the order of G,
then m must be of the form (p;)*'(p2)” - - - (p,)*, where 0 < s; < r;. By Theorem 6.15,
(pi)" " generates a cyclic subgroup of Zy,,s of order equal to the quotient of (p;)" by
the ged of (p;)" and (p;)" . But the ged of (p;)" and (p;)" " is (pi)" . Thus (p;)"™"
generates a cyclic subgroup of Z, - of order
()" 1/[(p)" ] = (p)*".
Recalling that {a) denotes the cyclic subgroup generated by a, we see that
()" ™) X {(P2)7772) x - X ((pa)™ )
is the required subgroup of order m. L 4

9.20 Theorem  If m is a square-free integer, that is, m is not divisible by the square of any integer n > 2
then every abelian group of order m is cyclic.

Proof Let G be a finite abelian group of square-free order m. Then by Theorem 9.14, G is
isomorphic to

Zdl XZL;EX"-XZQIR._

where each ¢; = 2 divides d;.; for | <i<k— 1. Theorderof Gism=d, - d- - - - d,.
Itk = 2, then d% divides m, which is a contradiction. Thus £ = 1 and G is cyclic. L

m EXERCISES 9

Computations
1. List the elements of Z> x Za. Find the order of each of the elements. Is this group cyclic?
2. Repeat Exercise 1 for the group Z3 x Z4.
In Exercises 3 through 7. find the order of the given element of the direct product.
3. (2.6)inZ4 x Z12 4. (3,4)in Zo| x Zy2 5. (40,12)in Zys5 x Z1g
6. (3, 10,9)in Zy x Z12 x L5 7. (3,6,12,16) in Zy x L1z x Lo % Fag
8. What is the largest order among the orders of all the cyclic subgroups of Zg x Zg? of Z12 x Z15?
9
10. Find all proper nontrivial subgroups of Z> x Z» x Zs.

Find all proper nontrivial subgroups of 7> x #».

11. Find all subgroups of Z; x Z4 of order 4.
12. Find all subgroups of Zy x Z, x Z4 that are isomorphic to the Klein 4-group.

13. Disregarding the order of the factors, write direct products of two or more groups of the form 7, so that the

resulting product 18 isomorphic to Zgy in as many ways as possible.
Fill in the blanks.

a. The cyclic subgroup ol Z»4 generated by 18 has order___.

b. Z3 x Zyis of order .

14
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16.
17.
18.
19.
20.
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c. The element (4. 2) of Z;» x Zg has order___.

d. The Klein 4-group is isomorphicto Z___ x Z__.

e. 7o x Z x Z4 has___elements of finite order.

Find the maximum possible order for some element of Z; x Zg.

Are the groups Zs x Zj; and £y x Zg isomorphic? Why or why not?

Find the maximum possible order for some element of Zg x Zag x Zog.

Avre the groups Zg x Zp x Zog and Zy x Zjo x Zap isomorphic? Why or why not?
Find the maximum possible order for some element of Zg x 75 x %15,

Are the groups Zy x Zyg x Zy5 and Z3 x Z3g x Z1 isomorphic? Why or why not?

In Exercises 21 through 25, proceed as in Example 9.13 to find all abelian groups, up to isomorphism, of the
given order. For each group, find the invariant factors and find an isomorphic group of the form indicated in
Theorem 9.14.

2.
24.

26.
27

28.
29.

30.
31.

Order 8 22. Order 16 23. Order 32
Order 720 25. Order 1089
How many abelian groups (up to isomorphism) are there of order 247 of order 257 of order (24)(25)?

Following the idea suggested in Exercise 26, let m and n be relatively prime positive integers. Show that if
there are (up Lo isomorphism) r abelian groups of order m and s of order n, then there are (up to isomorphism)
rs abelian groups of order mn.

Use Exercise 27 to determine the number of abelian groups (up to isomorphism) of order (10)°.

a. Let p be a prime number. Fill in the second row of the table to give the number of abelian groups of order p".
up to isomorphism.

number of groups | | | | | | |

b. Let p. g. and r be distinct prime numbers. Use the table you created to find the number of abelian groups,
up to isomorphism, of the given order.

i pigte ii. (qr) iii. ¢°rlg
Indicate schematically a Cayley digraph for Z,, x Z, for the generating set § = {(1, 0),(0, 1)}.

Consider Cayley digraphs with two arc types, a solid one with an arrow and a dashed one with no arrow, and
consisting of two regular n-gons, for n = 3, with solid arc sides, one inside the other, with dashed arcs joining
the vertices of the outer n-gon to the inner one. Figure 7.11(b) shows such a Cayley digraph with n = 3,
and Figure 7.13(b) shows one with #» = 4. The arrows on the outer n-gon may have the same (clockwise or
counterclockwise) direction as those on the inner n-gon, or they may have the opposite direction. Let G be a
group with such a Cayley digraph.

a. Under what circumstances will G be abelian?

b. If G is abelian, to what familiar group is it isomorphic?

c. If G is abelian, under what circumstances is it cyclic?

d. If G is not abelian, to what group we have discussed is it isomorphic?

Concepts

32.

Determine whether each of the following is true or false.

a. If G| and G3 are any groups, then G| x G> is always isomorphic to G2 x G.

b. Computation in an external direct product of groups is easy if you know how to compute in each component
group.

¢. Groups of finite order must be used Lo form an external direct product.

d. A group of prime order could not be the internal direct product of two proper nontrivial subgroups.
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33.

w
2

37.

38.

39.
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e. 7o x Zy is isomorphic to Zg.

f. Z» x Z4 is isomorphic to Sg.

g. Z3 x Zyg is isomorphic to S4.

h. Every element in Z4 x Zg has order 8.

i. The order of Z17 x 75 is 60.

J+ Zm x Zy has mn elements whether m and n are relatively prime or not.

Give an example illustrating that not every nontrivial abelian group is the internal direct product of two proper
nontrivial subgroups.

. 2. How many subgroups of Zs x Zg are isomorphic to Zs x Zg?

b. How many subgroups of Z x Z are isomorphic to Z x Z?

Give an example of a nontrivial group that is not of prime order and is not the internal direct product of two
nontrivial subgroups.

Determine whether each of the following is true or false.

a. Every abelian group of prime order is cyclic.

b. Every abelian group of prime power order is cyclic.

c. Zg is generated by {4, 6}.

d. 7y is generated by {4, 5, 6}.

. All finite abelian groups are classified up to isomorphism by Theorem 9.12.

f. Any two finitely generated abelian groups with the same Betti number are isomorphic.
g. Every abelian group of order divisible by 5 contains a cyclic subgroup of order 3.

h. Every abelian group of order divisible by 4 contains a cyclic subgroup of order 4.

i. Every abelian group of order divisible by 6 contains a cyclic subgroup of order 6.

Jj- Every finite abelian group has a Betti number of 0.

[l

Let p and g be distinct prime numbers. How does the number (up to isomorphism) of abelian groups of order p"
compare with the number (up to isomorphism) of abelian groups of order ¢"?

Let G be an abelian group of order 72.

a. Can you say how many subgroups of order 8 G has? Why. or why not?
b. Can you say how many subgroups of order 4 G has? Why. or why not?

Let G be an abelian group. Show that the elements of finite order in G form a subgroup. This subgroup is
called the torsion subgroup of G.

Exercises 40 through 43 deal with the concept of the torsion subgroup just defined.

40.
41.
42.
43,

Find the order of the torsion subgroup of #y x 7% x Z3; of Z2 x 7 x 2.
Find the torsion subgroup ol the multiplicative group E* of nonzero real numbers.
Find the torsion subgroup 7" of the multiplicative group C* of nonzero complex numbers.

An abelian group is torsion free if ¢ is the only element of finite order. Use Theorem 9.12 to show that every
finitely generated abelian group is the internal direct product of its torsion subgroup and of a torsion-free
subgroup. (Note that {¢} may be the torsion subgroup, and is also torsion free.)

44. Find the torsion coefficients for each of the following groups.
3.22)(23)(24 C.ZSXZQXZ49XZT
b.ZgXZ;LXZgXZJXZgj d.sz&XngngZ\;xngZ;i
Proof Synopsis

45. Give a two-sentence synopsis of the proof of Theorem 9.5.
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Theory

46.
47.

48.

49,

Prove that a direct product of abelian groups is abelian.
Let G be an abelian group. Let H be the subset of G consisting of the identity e together with all elements of
G of order 2. Show that H is a subgroup of G.

Following up the idea of Exercise 47 determine whether H will always be a subgroup for every abelian group
G if H consists of the identity e together with all elements of G of order 3; of order 4. For what positive
integers n will H always be a subgroup for every abelian group G, if H consists of the identity ¢ together with
all elements of G of order n? Compare with Exercise 54 of Section 3.

Find a counterexample of Exercise 47 with the hypothesis that G is abelian omitted.

Let H and K be subgroups of a group G. Exercises 50 and 51 ask you to establish necessary and sufficient criteria

for

50.

51.

52.

53.

55.

G o appear as the internal direct product of H and K.

Let H and K be groups and let G = H x K. Recall that both H and K appear as subgroups of G in a natural
way. Show that these subgroups H (actually H x {e}) and K (actually {e} x K) have the following properties.
a. Every element of G is of the form /ik for some h € H and k € K.

b. hk = khforallh e Hand k € K. ¢c. HNK = le).

Let H and K be subgroups of a group G satisfying the three properties listed in the preceding exercise. Show
that for each g € G, the expression g = hk for h € H and k € K is unique. Then let each g be renamed (/, k).
Show that, under this renaming, G becomes structurally identical (isomorphic) to H x K.

Show that a finite abelian group is not cyclic if and only if it contains a subgroup isomorphic to Z, x Z, for
some prime p.

Prove that if a finite abelian group has order a power of a prime p. then the order of every element in the group
is a power of p.

. Let G. H, and K be finitely generated abelian groups. Show that if G x K is isomorphic to H x K, then G = H.

Using the notation of Theorem 9.14, prove that for any finite abelian group G, every cyclic subgroup of G has
order no more than dj, the largest invariant factor for G.

SECTION 10 COSETS AND THE THEOREM OF LAGRANGE

You may have noticed that the order of a subgroup H of a finite group G seems always
to be a divisor of the order of G. This is the theorem of Lagrange. We shall prove it by
exhibiting a partition of G into cells, all having the same size as H. Thus if there are r
such cells, we will have

r(order of H) = (order of G)

from which the theorem follows immediately. The cells in the partition will be called
cosels of H, and they are important in their own right. In Section 12, we will see that if
H satisfies a certain property, then each coset can be regarded as an element of a group
in a very natural way. We give some indication of such coser groups in this section to
help you develop a feel for the topic.
Cosets
Let H be a subgroup of a group G, which may be of finite or infinite order. We exhibit a
partition a G by defining an equivalence relation, ~; on G.

10.1 Theorem Let H be a subgroup of G. Let the relation ~; be defined on G by

a~; b ifandonlyif a'beH.

Then ~; is an equivalence relation on G.



98

Part 1T

Proof

10.2 Definition

10.3 Example

Solution

10.4 Example

10.5 Example

Structure of Groups

When reading the proof, notice how we must constantly make use of the fact that H is a
subgroup of G.

Reflexive Leta € G. Thena 'a = e and e € H since H is a subgroup. Thus
a~y d.

Symmetric  Supposea ~ b. Thena 'b € H. Since H is a subgroup, (a~'b)~!
isin Hand (@~ 'b)"! = b~ 'a,sob laisin Hand b ~; a.

Transitive Leta~; band b ~, ¢. Thena'b € Hand b~ '¢ € H. Since H is
a subgroup, (¢~ 'B)(b~¢) = a cisin H,s0a ~ c. *

The equivalence relation ~; in Theorem 10.1 defines a partition of G, as described
in Theorem 0.22. Let’s see what the cells in this partition look like. Suppose a € G. The
cell containing ¢ consists of all x € G such that ¢ ~; x, which means all x € G such
that a—'x € H. Now a~'x € H if and only if a~'x = h for some & € H, or equivalently,
if and only if x = ah for some h € H. Therefore the cell containing a is {ah|h € H},
which we denote by aH.

Let H be a subgroup of a group G. The subset ald = {afi | h € H} of G is the left coset
of H containing a. m
Exhibit the left coset of the subgroup 3Z of Z.
Our notation here is additive, so the left coset of 3Z containing m is m + 3Z. Taking
m = 0. we see that

3Z={--.-9,-6,-3,0,3,6,9,.--}

is itself one of its left cosets, the coset containing (. To find another left coset, we select
an element of Z not in 3Z, say 1, and find the left coset containing it. We have

1432 ={..,—8,-5,-2,1,4,7,10,- .- .

These two left cosets, 3Z and 1 4 3Z, do not yet exhaust Z. For example, 2 is in neither
of them. The left coset containing 2 is

243Z={--,-7,—4,—1,2,5,8,11,---}.

It is clear that these three left cosets we have found do exhaust 7, so they constitute the
partition of Z into left cosets of 3Z. A

We find the partition of Z,, into left cosets of H = (3}. One coset is always the subgroup
itself, so 0+ H = {0,3,6.9}. We next find 1 + H = {1.4.7. 10}. We are still not done
since we have not included every clement of Z»> in the two cosets we listed so far.
Finally, 2 + H = {2,5.8, 11} and we have computed all the left cosets of H in Z15. &

We now list the left cosets of the subgroup H = (i) = {¢, it} of the nonabelian group
Dy = {1, p, %, p°, s i, 07, ).

.y = {t, 1}

el n) = {p.up’)
pu) = {p? not)
P} = (0. up)

We know this is a complete list of the left cosets since every element of D, appears in
exactly one of the listed sets. A



10.6 Theorem

Proof

10.7 Theorem

Proof

10.8 Corollary

Proof

10.9 Theorem

Proof

10.10 Definition

Section 10 Cosets and the Theorem of Lagrange 99

The Theorem of Lagrange

In Example 10.4 each left coset of (3) < Z;; has four elements. In Example 10.5, each
left coset has two elements. From the computation of the left cosets, it is no surprise that
all left cosets of a subgroup have the same number of elements. Theorem 10.6 confirms
this is what happens in general.

Let H be a subgroup of . Then for any a € G, the coset «H has the same cardinality
as H.

Let f : H — aH be defined by the formula f(#) = ah. To show f is one-to-one, we
suppose that b, c € H and f(b) = f(c). Then ab = ac and left cancellation gives b = c.
So f is one-to-one. Now suppose that v € aH. Then there is an & € H such that y = ah
by definition of the left coset aH. Thus y = f(h) and [ is surjective. Since there is a
one-to-one function mapping H onto aH, H and aH have the same cardinality. L 4

In the case of a finite subgroup H, Theorem 10.6 says that H and aH have the same
number of elements for any « in the group G. This is precisely what we were seeking in
order to prove Lagrange’s Theorem.

(Theorem of Lagrange) Let H be a subgroup of a finite group G. Then the order of
H is a divisor of the order of G.

Let n be the order of G, and let H have order m. Theorem 10.6 shows that every coset of
H also has m elements. Let r be the number of cells in the partition of ( into left cosets
of H. Then n = rm, so m is indeed a divisor of n. L

Note that this elegant and important theorem comes from the simple counting of
cosets and the number of elements in each coset. We continue to derive consequences
of Theorem 10.7, which should be regarded as a counting theorem.

Every group of prime order is cyclic.

Let G be of prime order p, and let a be an element of G different from the identity. Then
the cyclic subgroup {a) of G generated by a has at least two elements, a and ¢. But
by Theorem 10.7, the order m = 2 of (a) must divide the prime p. Thus we must have
m = pand {a) = G, so G is cyclic. L 4

Since every cyclic group of order p is isomorphic to Z,, we see that there is only
one group structure, up to isomorphism, of a given prime order p. Now doesn’t this
clegant result follow casily from the theorem of Lagrange, a counting theorem? Never
underestimate a theorem that counts something. Proving the preceding corollary is a
favorite examination question.

The order of an element of a finite group divides the order of the group.

Remembering that the order of an element is the same as the order of the cyclic subgroup
generated by the element, we see that this theorem follows directly from Lagrange’s
Theorem. *

Let H be a subgroup of a group G. The number of left cosets of H in G is the index
(G:H)of Hin G. |

The index (G : H) just defined may be finite or infinite. If (7 is finite, then obviously
(G:H) is finite and (G : H) = |G|/|H|, since every coset of H contains |H| elements.
We state a basic theorem concerning indices of subgroups, and leave the proof to the
exercises (see Exercise 40).
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10.11 Theorem

10.12 Example

10.13 Example

Solution

Structure of Groups

Suppose H and K are subgroups of a group G such that K < H < G, and suppose (H : K)
and (G : H) are both finite. Then (G : K) is finite, and (G : K) = (G: H}H : K).

Lagrange’s Theorem says that for any subgroup H of a finite group G, the order
of H divides the order of G. But if d is a divisor of the order of G, does G necessarily
have a subgroup with exactly d elements? We will show in Section 13 that the answer is
no for some groups. This suggests a new question: Under what conditions does G have
a subgroup of every order d that is a divisor of G7 We saw in Section 9 that for every
divisor of the order of an abelian group, there is a subgroup of that order. The complete
answer to this question is beyond the scope of this book. but we will come back to the
question later.

Cosets Left and Right!

It is possible to do everything we have done in this section using right cosets instead of
left cosets. All it takes is some minor and straightforward modifications to the defini-
tions and proofs. We briefly give the corresponding definitions that lead to right cosets
and point out some of their properties.
Let H be a subgroup of G. To start with, instead of ~; we could have used ~p
defined by
a~pb ifandonlyif ab'eH.

With this definition, ~ is an equivalence relation and the equivalence classes are the
right cosets. The right coset of H containing the element a € G is

Ha = {ha|h e H}.

Just like left cosets, each right coset of a subgroup H has the same cardinality as H. So
left cosets and right cosets have the same cardinality. In abelian groups, the right and
left cosets are the same, but there is no reason to think they would be the same in general
for nonabelian groups. If the right and left cosets are the same. we can drop left or right
and just refer to cosets.

In Example 10.5 we computed the left cosets of the subgroup H = (i) = {1, i} of the
group Dy = {t, p, p°, p°. 1, po, o, 1o’ ). We now compute the right cosets.

{.uh = {e.u}
{.lp = {p.up}
{L.u)p? = (% 1up?)
{Lutp? = {p*, 10’

The right cosets and the left cosets are not the same. For example, pH = {p, jtp’} while
Hp = {p.up}. A

If this were the whole story of left and right cosets, there would be no reason to even
mention right cosets. We could just use left coset, prove Lagrange’s Theorem, and call
it a day. However, as we shall see in Part ITI, a curious thing happens when the left and
right cosets are the same. We illustrate with an example.

The group Zg is abelian. Find the partition of Zg into cosets of the subgroup H = {0.3}.

One coset is {0, 3} itself. The coset containing 1 is | 4 {0.3} = {1,4]. The coset con-
taining 2 is 2 4+ {0,3} = {2,5}. Since {0, 3}, {1, 4}, and {2, 5} exhaust all of Zg, these
are all the cosets. A
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We point out a fascinating thing that we will develop in detail in Section 12. Re-
ferring back to Example 10.13, Table 10.14 gives the binary operation for Zg but with
elements listed in the order they appear in the cosets {0, 3}, {1, 4}, {2, 5}. We shaded the
table according to these cosets.

10.14 Table 10.15 Table
wwlol3]1]a
0 |o|3[1]4 LT | MD | DK
3 |3/of4]1
LT | LT | MD | DK

1 |14 300
| 0f3 MD | MD | DK | LT

3lol4]1

0 | 3 s A DK DK LT | MD

Suppose we denote these cosets by LT(light), MD(medium), and DK(dark) ac-
cording to their shading. Table 10.14 then defines a binary operation on these shadings,
as shown in Table 10.15. Note that if we replace LT by 0, MD by 1. and DK by 2 in
Table 10.15. we obtain the table for Z3. Thus the table of shadings forms a group!

We will see in Section 12 that when left cosets and right cosets are the same. then
the cosets form a group as in Example 10.13. If right and left cosets are different, the
construction fails.

Let H = {1, 41} < Ds. The group table for D5 is given below with the elements arranged
s0 that left cosets are together. The double lines divide the cosets.

| e | &l e |ue’| P |ue

e[l o |uotll p” Jue
wlwl o Juel o lue’] o
p lup’] o* Tupl ¢ [ 1

porl o ||t [[mo|p
po et [pel v ] p up’

mo [uo | p® [wo®] p | 1| ¢

The situation here is much different from the situation in Example 10.13. In Table 10.14
the two-by-two blocks in the table each contain only elements of a left coset. In the
present example, most blocks do not contain elements from only one left coset. Further-
more, even if we tried to use the two-by-two blocks of elements to form a three-by-three
group table, the second row of blocks contains two blocks, both having the same ele-
ments. {p°. p. pt,t}. So the table of blocks would have a row with the same element
listed twice. In this case, there is no natural way of making the left cosets a group. A

If 5 is an abelian group, then the left and right cosets are the same. Theorem 10.17
gives another condition when left and right cosets are the same. Recall thatif ¢ : G —
G’ is a group homomorphism, then Ker(¢) = ¢~'[{e}] < G is the kernel of ¢.

Let ¢ : G — G be a group homomorphism. Then the left and right cosets of Ker(¢)
are identical. Furthermore, a,b € G are in the same coset of Ker(¢) if and only if
@la) = ¢(b).
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We first assume that a and b arc in the same left cosets of Ker(¢) and show they are also
in the same right cosets. Then a'b € Ker(¢). So ¢p(a~'h) = e. the identity element.
Because ¢ is a homomorphism, ¢(a)~'¢(b) = e, which implies that ¢(a) = ¢(b).
Therefore. ¢(ab™') = ¢la)p(b)™" = ¢pla)p(a)™ = e. Thus ab~! € Ker(¢), which says
that a and b are in the same right coset. Note that in the process we showed that if @ and
b are in the same left coset of Ker(¢), then ¢(a) = ¢(b).

Now suppose that ¢(a) = ¢(b). Then (b~ a) = ¢p(b) '¢(a) = e. Thus b~ 'a €
Ker(¢), which implies that @ and b are in the same left coset.

To complete the proof, we need to show that if # and b are in the same right coset,
then they are also in the same left coset. The proof is essentially the same as above, so
we leave this detail to the reader. L 2

Consider the determinant map det : GL(2,R) — R*. In linear algebra you learn that
det(AB) = det(A) det(B). so the determinant is a group homomorphism. The kernel of
det 1s the set of all 2 x 2 matrices with determinant 1. Two matrices A, B € GL(2, )
are in the same left coset of Ker(det) if and only if they are in the same right coset of
Ker(det) if and only if det(A) = det(B). In particular, the two matrices

200 d 32
01|22
each have determinant 2, so they are in the same left (and right) cosets of Ker(det). A

A homomorphism ¢ : G — G’ is one-to-one if and only if Ker(¢) is the trivial subgroup
of G.

We first assume that Ker(¢) = {e}. Every coset of Ker(¢) has only one element. Suppose
that ¢(a) = ¢(b). Then a and b are in the same coset of Ker(¢) by Theorem 10.17. Thus
a=h.

Now suppose that ¢ is one-to-one. Then only the identity e is mapped to the identity
in G'. So Ker(¢p) = {e}.

Corollary 10.19 says that to check if a homomorphism ¢ : G — G’ is one-to-one
one merely needs to check that Ker(¢) is the trivial subgroup. In other words, show
that the only solution to ¢(x) = ¢’ is e. where e and ¢’ are the identities in G and G'.
respectively.

Let ¢ : R — R™ be defined by ¢(x) = 2*. Since ¢ is a homomorphism, we can check
that ¢ is one-to-one by solving ¢(x) = 1. The equation 2* = ¢(x) = | has only the
solution 0 since for x = 0, 2* = 1 and for x < 0, 2* < 1. Thus ¢ is one-to-one. A

@ EXERCISES 10

Computations

1. Find all cosets of the subgroup 4Z of Z.

o - Y R O VO

. Find all cosets of the subgroup 4Z of 27Z.

. Find all cosets of the subgroup (3} in Z;3.
Find all cosets of the subgroup {6) in Z3.
Find all cosets of the subgroup (18) of Z3g.
. Find all left cosets of (pp) in Dy.

. Repeat the preceding exercise, but find the right cosets this time. Are they the same as the left cosets?
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8. Are the left and right cosets the same for the subgroup {t, 4. . et} of Dg? If so, display the cosets. If not,
find a left coset that is not the same as any right coset.

Find all the left cosets of (p2) < Dy.

10. Repeat the previous exercise, but find the right cosets. Are the left and right cosets the same? If so, make the
group table for Dy, ordering the elements so that the cosets are in blocks, see if the blocks form a group with
four elements, and determine what group of order 4 the blocks form.

N
B

11. Find the index of {p?) in the group Dg.

12. Find the index of (3) in the group Z24.

13. Find the index of 12Z in Z.

14. Find the index of 127 in 3Z.

15. Leto = (1.2,5.4)2.3) in Ss. Find the index of {¢) in Ss.
16. Let u = (1,2,4,5)(3,06) in Sg. Find the index of (1} in Ss.

Concepts

In Exercises 17 through 19, correct the definition of the italicized term without reference to the text, if correction
is needed, so that it is in a form acceptable for publication.

17. Let G be a group and let H € G. The lefi coset of H containing a is aH = [ah | h € H}.

18. Let G be a group and let H = G. The index of H in G is the number of right cosets of H in G.

19. Let ¢ : G — G'. Then the kernel of ¢ is Ker(¢) = {g € G| p(g) = e}.

20. Determine whether each of the following is true or false.

a. Every subgroup of every group has left cosets.

b. The number of left cosets of a subgroup of a finite group divides the order of the group.
c. Every group of prime order is abelian.

d. One cannot have left cosets of a finite subgroup of an infinite group.

e. A subgroup of a group is a left coset of itself.

f. Only subgroups of finite groups can have left cosets.

g. Ay isof index 2in §, forn = 1.

h. The theorem of Lagrange is a nice result.

i. Every finite group contains an element of every order that divides the order of the group.
Jj» Every finile cyclic group contains an element of every order that divides the order of the group.
k. The kernel of a homomorphism is a subgroup of the range of the homomorphism.

L Left cosets and right cosets of the kernel of a homomorphism are the same.

In Exercises 21 through 26, give an example of the desired subgroup and group if possible. If impossible, say why
it is impossible.

21. A subgroup H = G with G infinite and / having only a finite number of left cosets in G

22. A subgroup of an abelian group G whose left cosets and right cosets give different partitions of G

23. A subgroup of a group G whose left cosets give a partition of G into just one cell

24. A subgroup of a group of order 6 whose left cosets give a partition of the group into 6 cells

25. A subgroup of a group of order 6 whose left cosets give a partition of the group into 12 cells

26. A subgroup of a group of order 6 whose left cosets give a partition of the group into 4 cells

Proof Synopsis

27. Give a one-sentence synopsis ol the prool ol the Theorem of Lagrange.
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28. Prove that the relation ~p that is used to define right cosets is an equivalence relation.

29. Let H be a subgroup of a group G and let g € G. Define a one-to-one map of H onto Hg. Prove that your map
is one-to-one and is onto Hg.

30. Let H be a subgroup of a group G such that g~ 'hg € H for all g € G and all h € H. Show that every left coset
£H is the same as the right coset Hg.

31. Let H be a subgroup of a group G. Prove that if the partition of G into left cosets ol H is the same as the

partition into right cosets of H, then g~ 'hg € H for all g € G and all i € H. (Note that this is the converse of
Exercise 3().)

Let H be a subgroup of a group & and let a.b € G. In Exercises 32 through 35 prove the statement or give a

counterexample.

32. If aH = bH, then Ha = Hb.

33. If Ha = Hb, then b € Ha.

34. If aH = bH, then Ha™' = Hb™'.

35. If aH = bH, then a’H = b°H.

36. Let G be a group of order pg, where p and ¢ are prime numbers. Show that every proper subgroup of G is
cyclic.

37. Show that there are the same number of left as right cosets of a subgroup H of a group G: that is, exhibit
a one-to-one map of the collection of left cosets onto the collection of right cosets. (Note that this result is
obvious by counting for finite groups. Your prool must hold for any group.)

38. Exercise 29 of Section 2 showed that every finite group of even order 2n contains an element of order 2.
Using the theorem of Lagrange, show that if n is odd, then an abelian group of order 2n contains precisely one
element of order 2.

39. Show that a group with at least two elements but with no proper nontrivial subgroups must be finite and of
prime order.

40. Prove Theorem 10.11 [Hint: Let {a;H |i = 1,--- ,r} be the collection of distinct left cosets of H in G and
{b;K |j=1,--- .5} be the collection of distinct lefl cosets of K in H. Show that

{labpKli=1,--- ,rij=1,--- .5}
is the collection of distinct left cosets of K in G.]

41. Show that if H is a subgroup of index 2 in a finite group G, then every left coset of H is also a right coset of H.

42. Show that if a group G with identity e has finite order n. then " = ¢ foralla € G.

43. Show that every left coset of the subgroup Z of the additive group of real numbers contains exactly one element
xsuchthat 0 =x < L.

44. Show that the function sine assigns the same value to each element of any fixed left coset of the subgroup (27}
of the additive group & of real numbers. (Thus sine induces a well-defined function on the set of cosets; the
value of the function on a cosel is obtained when we choose an element x of the coset and compute sin x.)

45, Let H and K be subgroups of a group G. Define ~ on G by a ~ b if and only if a = hbk for some i € H and
some k € K.

a. Prove that ~ is an equivalence relation on G.
b. Describe the elements in the equivalence class containing ¢ € G. (These equivalence classes are called
double cosets.)

46. Let S, be the group of all permutations of the set A, and let ¢ be one particular element of A.

a. Show that {o € 54 |o(c) = ¢} is a subgroup S, of §4.

b. Letd $ ¢ be another particular element of A. Is 5.4y = {0 € Sa|o(c) = d} a subgroup of 547 Why or why
not?

¢. Characterize the sel S, 4 of part (b) in terms of the subgroup S, . of part (a).
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Show that a finite cyclic group of order n has exactly one subgroup of each order d dividing n, and that these
are all the subgroups it has.

The Euler phi-function is defined for positive integers n by @(n) = s. where s is the number of positive
integers less than or equal to » that are relatively prime to n. Use Exercise 47 to show that

n=>y o).

d|n

the sum being taken over all positive integers d dividing n. [Hint: Note that the number of generators of Z; is

w(d) by Corollary 6.17.]

Let G be a finite group. Show that if for each positive integer m the number of solutions x of the equation
x™ = ¢ in G is at most m, then G is cyclic. [Hint: Use Theorem 10.9 and Exercise 48 to show that G must
contain an element of order n = |G|.]

Show that a finite group cannot be written as the union of two of its proper subgroups. Does the statement
remain true if “two” is replaced by “three”? (This was problem B-2 on the 1969 Putnam Exam.)

secTioN 11 "PLANE ISOMETRIES

Consider the Euclidean plane B2, An isometry of B2 is a permutation ¢ : R? — R2
that preserves distance, so that the distance between points P and Q is the same as
the distance between the points ¢(P) and ¢(Q) for all points P and Q in B2 If 1 is
also an isometry of R?, then the distance between 1 (¢p(P)) and 1 (¢(Q)) must be the
same as the distance between ¢(P) and ¢(Q), which in tumn is the distance between P
and Q. showing that the composition of two isometries is again an isometry. Since the
identity map is an isometry and the inverse of an isometry is an isometry, we see that
the isometries of R? form a subgroup of the group of all permutations of R,

Given any subset S of 2, the isometries of > that carry § onto itself form a
subgroup of the group of isometries. This subgroup is the group of symmetries of S in
[%2. Although we defined the dihedral group D, as one-to-one maps from the vertices
of a regular n-gon onto itself that preserves edges, we can extend each map in D, to an
isometry of the whole plane; u is reflection across the x-axis and p is rotation about the
origin by 3}—’: So we can think of D,, as the group of isometries of a regular n-gon in B>,

Everything we have defined in the two preceding paragraphs could equally well
have been done for n-dimensional Euclidean space R", but we will concern ourselves
chiefly with plane isometries here.

It can be proved that every isometry of the plane is one of just four types (see Artin
[51). We will list the types and show, for each type, a labeled figure that can be carried
into itself by an isometry of that type. In each of Figs. 11.1, 11.3, and 11.4, consider the
line with spikes shown to be extended infinitely to the left and to the right. We also give
an example of each type in terms of coordinates.

translation t: Slide every point the same distance in the same direction. See
Fig. 11.1. (Example: t(x,y) = (x,y) +(2,-3) = (x+2,¥—3).)

rotation p: Rotate the plane about a point P through an angle #. See Fig. 11.2.
(Example: p(x,y) = (—y.x) is a rotation through 90° counterclockwise about the
origin (0, 0).)

reflection p:  Map each point into its mirror image (y for mirror) across a line
L, each point of which is left fixed by p. See Fig. 11.3. The line L is the axis of
reflection. (Example: p(x.y) = (y,x) is a reflection across the line y = x.)

¥ This section is not used in the remainder of the text.
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glide reflection y: The product of a translation and a reflection across a line
mapped into itself by the translation. See Fig. 11.4. (Example: y(x,y) = (x + 4, —y)
is a glide reflection along the x-axis.)

Notice the little curved arrow that is carried into another curved arrow in each of
Figs. 1 1.1 through 11.4. For the translation and rotation, the counterclockwise directions
of the curved arrows remain the same, but for the reflection and glide reflection, the
counterclockwise arrow is mapped into a clockwise arrow. We say that translations and
rotations preserve orientation, while the reflection and glide reflection reverse orien-
tation. We do not classify the identity isometry as any definite one of the four types
listed; it could equally well be considered to be a translation by the zero vector or a
rotation about any point through an angle of (0°. We always consider a glide reflection to
be the product of a reflection and a translation that is different from the identity isometry.

pPHO)

Q)
P T(F) C)

) / R T(R)

lvlc»l

Q)
o 0 (@) o
11.1 Figure Translation . 11.2 Figure Rotation p.
wQ) R

H(P) H(R) ¥y AP) P YHP)
11.3 Figure Reﬂecuon Ji. 11.4 Figure  Glide reflection y.

The theorem that follows describes the possible structures of finite subgroups of
the full isometry group.

Every finite group G of isometries of the plane is isomorphic to either the Klein 4-group,
Zy forn = 1, or D, for some n = 3.

(Outline) First we show that there is a point in the plane that is fixed by every element
of G. We let G = {¢1, ¢2, 3, . . ., ¢} and (x;, ¥;) = ¢;(0,0). Then the point

S— b3 R B o oo i e £ ) B ' B il o i
(x.y) =

5

m m

is the center of mass of the set § = {(x;,y;)| | < < m] where each point is weighted
by the number of ¢; that map (0, 0) to that point. It is easy to see that the isometries in G
permute the points in § since for each i and j, ¢; o ¢; = ¢ for some k. Thus ¢;(x;, yj) =
(xt, ¥¢)- This implies the center of mass of ¢(S) is the same as the center of mass of §.
[t can be shown that given the distances from the center of mass to the points of the set
S, the center of mass is the only point having these distances from the points of S. This
says that (¥, ) is fixed by every isometry in G.
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The orientation preserving isometries of G form a subgroup H of G which is cither
all of G or else of order m/2. You are asked to prove this in Exercise 22. Of course H
consists of the identity and possibly rotations about the point (%,¥). If H has only one
element, then G has one or two elements and is therefore isomorphic with Z, or Z,. If
H has two elements, then G has two or four elements and is therefore isomorphic with
cither the Klein 4-group, Zy, or Z,. So we can assume that /7 has at least three elements.

If we choose a rotation p in H that rotates through the smallest positive angle #
among all the elements of H, p generates H. The proof of this fact is similar to the proof
that a subgroup of a cyclic group is cyclic and you are asked to provide the details of
the proof in Exercise 23. If G = H, then G is isomorphic with Z,,. So we now assume
that G contains a reflection, say u. Then the coset uH contains only isometries of G
that reverse orientation. Each coset H and pH contains half the elements of G, so
G=HUpuH.

Consider now a regular n-gon (recall that we are assuming that n = 3) with center
the point (X.¥) and having a vertex vy on the line fixed by pt. Each element of G per-
mutes the vertices of the n-gon and preserves edges. Furthermore. no two elements of
G permute the vertices in the same way. Thus G is isomorphic with a subgroup of the
dihedral group D,,. Since |G| = |D,|. G is isomorphic with D,,. L 2

In Theorem 11.5 the Klein 4-group, V, seems like an exception. However, V fits
into the family of dihedral groups since V has two elements of order 2, @ and b, with the
property that ab = ha~!. Sometimes V is denoted D> and considered a dihedral group.
The isometries of the plane that map a line segment to itself are isomorphic with V.

The preceding theorem gives the complete story about finite plane isometry groups.
We turn now to some infinite groups of plane isometries that arise naturally in decorating
and art. Among thesc are the discrete frieze groups. A discrete frieze consists of a pattern
of finite width and height that is repeated endlessly in both directions along its baseline
to form a strip of infinite length but finite height; think of it as a decorative border strip
that goes around a room next to the ceiling on wallpaper. We consider those isometries
that carry each basic pattern onto itself or onto another instance of the pattern in the
frieze. The set of all such isometries is called the “frieze group.” All discrete frieze
groups are infinite and have a subgroup isomorphic to Z gencrated by the translation
that slides the frieze lengthwise until the basic pattern is superimposed on the position
of its next neighbor pattern in that direction. As a simple example of a discrete frieze,
consider integral signs spaced equal distances apart and continuing infinitely to the left
and right, indicated schematically like this.

ST T

Let us consider the integral signs to be one unit apart. The symmetry group of this frieze
is generated by a translation t sliding the plane one unit to the right, and by a rotation p
of 180° about a point in the center of some integral sign. There are no horizontal or
vertical reflections, and no glide reflections. This frieze group is nonabelian; we can
check that 7p = pr~!. This relation between 7 and p looks very familiar. The dihedral
group D, is also generated by two elements p and  that satisfy the relation pp = pp ="
If 7 and p in the frieze group are replaced by p and p, respectively, we have the same
relation. In D,, ¢ has order 2, as does p in the frieze group, but the element p in D,
has order n while t has infinite order. Thus it is natural to use the notation Dy, for this
nonabelian frieze group.

As another example, consider the frieze given by an infinite string of D’s.

~--DDDDDDDDDDD:---
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Its group is generated by a translation T one step to the right and by a vertical reflection
4 across a horizontal line cutting through the middle of all the D’s. We can check that
these group generators commute this time, that is, i = ut, so this frieze group is
abelian and is isomorphic to Z x Z,.

It can be shown that if we classify such discrete friezes only by whether or not their
groups contain a

rotation horizontal axis reflection
vertical axis reflection nontrivial glide reflection

then there are a total of seven possibilitics. A nontrivial glide reflection in a symmetry
group is one that is not equal to a product of a translation in that group and a reflection
in that group. The group for the string of D’s above contains glide reflections across
the horizontal line through the centers of the D’s, but the translation component of each
glide reflection is also in the group so they are all considered trivial glide reflections in
that group. The frieze group for

D D D D D -
cow D D D D )

contains a nontrivial glide reflection whose translation component is not an element of
the group. The exercises exhibit the seven possible cases, and ask you to tell, for each
case, which of the four types of isometries displayed above appear in the symmetry
group. We do not obtain seven ditferent group structures. Each of the groups obtained
can be shown to be isomorphic to one of

2 B Z x Zg, or Dy x Zg.

Equally interesting is the study of symmetries when a pattern in the shape of a
square, parallelogram, rhombus, or hexagon is repeated by translations along two non-
parallel vector directions to fill the entire plane, like patterns that appear on wallpaper.
These groups are called the wallpaper groups or the plane crystallographic groups.
While a frieze could not be carried into itself by a rotation through a positive angle less
than 180°, it is possible to have rotations of 60°, 90°, 120°, and 180° for some of these
plane-filling patterns. Figure 11.6 provides an illustration where the pattern consists of
a square. We are interested in the group of plane isometries that carry this square onto
itself or onto another square. Generators for this group are given by two translations
(one sliding a square to the next neighbor to the right and one to the next above), by a
rotation through 90° about the center of a square, and by a reflection in a vertical (or
horizontal) line along the edges of the square. The one reflection is all that is needed to
“turn the plane over”; a diagonal reflection can also be used. After being turned over,
the translations and rotations can be used again. The isometry group for this periodic
pattern in the plane surely contains a subgroup isomorphic to Z x Z generated by the
unit translations to the right and upward, and a subgroup isomorphic to Dy generated by
those isometrics that carry one square (it can be any square) into itself.

If we consider the plane to be filled with parallelograms as in Fig. 11.7, we do not
get all the types of isometries that we did for Fig. 11.6. The symmetry group this time is
generated by the translations indicated by the arrows and a rotation through 180° about
any vertex of a parallelogram.

It can be shown that there are 17 different types of wallpaper patterns when they are
classified according to the types of rotations, reflections, and nontrivial glide reflections
that they admit. We refer you to Gallian [8] for pictures of these 17 possibilities and
a chart to help you identify them. The exercises illustrate a few of them. The situation
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in space is more complicated; it can be shown that there are 230 three-dimensional
crystallographic groups. The final exercise we give involves rotations in space.

M. C. Escher (1898—1973) was an artist whose work included plane-filling patterns.
In the exercises you are asked to analyze two of his works of this type.

m EXERCISES 11

1. This exercise shows that the group of symmetries of a certain type of geometric figure may depend on the
dimension of the space in which we consider the figure to lie.

a. Describe all symmetries of a point in the real line [; that is, describe all isometries of R that leave one point
fixed.

. Describe all symmetries (translations, reflections, etc.) of a point in the plane B2,

. Describe all symmetries of a line segment in .

. Describe all symmetries of a line segment in B2,

e B n o=

. Describe some symmetries of a line segment in [23,

2. Let P stand for an orientation preserving plane isometry and R for an orientation reversing one. Fill in the table
with P or R to denote the orientation preserving or reversing property of a product.
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P
R

3. Fill in the table to give all possible types of plane isometries given by a product of two types as indicated in

Tables 11.1 through 11.4. For example. a product of two rotations may be a rotation, or it may be another type.
Fill in the box corresponding to pp with both letters. Use your answer to Exercise 2 to eliminate some types.
Eliminate the identity from consideration.

. Draw a plane figure that has a one-element group as its group of symmetries in B2,

Draw a plane figure that has a two-element group as its group of symmetries in [22.

Draw a plane figure that has a three-element group as its group of symmetries in B2

. Draw a plane figure that has a four-element group isomorphic to Zy as its group of symmetries in &2,

10.

11.

12

13.

14
15

16

17

18

19

20.

21

22,

Drav;r a plane figure that has a four-element group isomorphic to the Klein 4-group V as its group of symmetries
in R,

For each of the four types of plane isometries (other than the identity), give the possibilities for the order of an
isometry of that type in the group of plane isometries.

A plane isometry ¢ has a fixed point if there exists a point P in the plane such that ¢(P) = P. Which of the four
types of plane isometries (other than the identity) can have a fixed point?

Referring to Exercise 10, which types of plane isometries, if any, have exactly one fixed point?

Referring to Exercise 10, which types of plane isometries, if any, have exactly two fixed points?

Referring to Exercise 10, which types of plane isometries, if any, have an infinite number of fixed points?
Argue geometrically that a plane isometry that leaves three noncolinear points fixed must be the identity map.
Using Exercise 14, show algebraically that if two plane 1sometries ¢ and 1 agree on three noncolinear points,
that is, if ¢(P;) = ¥ (F;) for noncolinear points Py, P>, and P3. then ¢ and y are the same map.

Do the rotations, together with the identity map, form a subgroup of the group of plane isometries? Why or
why not?

Do the translations, together with the identity map, form a subgroup of the group of plane isometries? Why or
why not?

Do the rotations about one particular point P, together with the identity map, form a subgroup of the group of
plane isometries? Why or why not?

Does the reflection across one particular line L, together with the identity map. form a subgroup of the group
of plane isometries? Why or why not?

Do the glide reflections. together with the identity map, form a subgroup of the group of plane isometries?
Why or why not?

Which of the four types of plane isometries can be elements of a finite subgroup of the group of plane isome-
tries?

Completing a detail of the prool of Theorem 11.5, let G be a finite group of plane isometries. Show that

the rotations in G, together with the identity isometry. form a subgroup H of G, and that either H = G or
|G| = 2|H|. [Hint: Use the same method that we used to show that |S,,| = 2|A,|.]
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23. Completing a detail in the proof of Theorem 11.5, let G be a finite group consisting of the identity isometry
and rotations about one point P in the plane. Show that G is cyclic, generated by the rotation in  that turns
the plane counterclockwise about P through the smallest angle 6 > 0. [Hint: Follow the idea of the proof that
a subgroup of a cyclic group is cyclic. |

Exercises 24 through 30 illustrate the seven different types of [riezes when they are classified according to their
symmetries. Imagine the figure shown to be continued infinitely to the right and left. The symmetry group of a
frieze always contains translations. For each of these exercises answer these questions about the symmetry group
of the frieze.

a. Does the group contain a rotation?

b. Does the group contain a reflection across a horizontal line?
¢. Does the group contain a reflection across a vertical line?
d. Does the group contain a nontrivial glide reflection?

e. To which of the possible groups Z, D, Z x Z3, or D4, x Z; do you think the symmetry group of the
frieze is isomorphic?
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Exercises 31 through 37 describe a pattern to be used to fill the plane by translation in the two directions given by
the specified vectors. Answer these questions in each case.

a. Does the symmetry group contain any rotations? If so, through what possible angles # where 0 < 8 <
180°7?

b. Does the symmetry group contain any reflections?

c¢. Does the symmetry group contain any nontrivial glide reflections?
31. A square with horizontal and vertical edges using translation directions given by vectors (1, 0) and (0, 1).
32. A square as in Exercise 31 using translation directions given by vectors (1, 1/2) and (0, 1).

33. A square as in Exercise 31 with the letter L at its center using translation directions given by vectors (1, 0) and
(0, 1).

34. A square as in Exercise 31 with the letter E at its center using translation directions given by vectors (1, () and

(0, 1).

35. A square as in Exercise 31 with the letter H at its center using translation directions given by vectors (1, 0)

and (0. 1).
36. A regular hexagon with a vertex at the top using translation directions given by vectors (1, () and (1, \/3}.

37. A regular hexagon with a vertex at the top containing an equilateral triangle with vertex at the top and centroid
at the center of the hexagon, using translation directions given by vectors (1, 0) and (1, +/3).

Exercises 38 and 39 are concerned with art works of M. C. Escher. Find images of the indicated art by searching on
the internet. Neglect the shading and colors in the figures and assume the markings in each human figure, reptile,



112 PartIT  Structure of Groups

or horseman are the same. even though they may be invisible due to shading. Answer the same questions (a), (b).
and (c) that were asked for Exercises 31 through 36, and also answer this part (d).

d. Assuming horizontal and vertical coordinate axes with equal scales as usual, give vectors in the two
nonparallel directions of vectors that generate the translation subgroup. Do not concern yourself with
the length of these vectors.

38. The Study of Regular Division of the Plane with Horsemen.

39. The Study of Regular Division of the Plane with Reptiles.

40. Let¢ : R — U be given by ¢(f) = cos(#) + isin(f) and § = ¢[7Z].
a. Show that any rotation mapping S to § is a rotation by an angle n € Z where angles are measured in radians.
b. Show that reflection across the x-axis maps 5 to .
¢. What is the group of symmetries ol §?

41. Show that the rotations of a cube in space form a group isomorphic to S4. [Hint: A rotation of the cube permutes
the diagonals through the center of the cube. |
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FACTOR GROUPS

Recall from Section 10 that for some group tables we can arrange the head on top and on
the left so that the elements are grouped into left cosets of a subgroup in such a way that
the coset blocks form a group table. We start this section by looking more closely at why
the cosets of {0,3} < Zg form a group and why the cosets of the subgroup {t, u} < Ds
do not. Table 12.1 is the group table for Zs with the heads at the top and left sorted by
cosets of {0, 3}.

12.1 Table

According to Table 12.1 the coset {1,4} plus the coset {2, 5} is the coset {0, 3}. This
means that if we add either 1 or 4 to either 2 or 5 in Zg, we should get either O or 3. This
is easily checked by adding the four possibilities.

1+62=3
[ 465=0
4442=0
4+465=73

We observe that if we wish to break up a group into its left cosets so the group table
shows an operation on the left cosets, we need to be sure that if @, a, are in the same

113
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12.2 Example

12.3 Definition
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left coset and by. by are in the same left coset, then ay by and a2b, are in the same lett
coset. I this condition is satisfied for a subgroup H < G, we say that the operation on
the left cosets of H is induced by the operation of G or that the operation of G induces
an operation on the left cosets of H. In this case for any a, b € G we write

(aH)(bH) = (ab)H

to mean that the product of any element in ¢ multiplied by any element in bH must be
in the left coset (ab)H.

We show that the operation -+ in the group Z induces an operation on the cosets of
57 = 7. We first list the left cosets.

ST =1{--—10,-5,0,510,...}
1+5Z=1{--—9,—4,1,6.11,...}
2+5Z={(--—8,-3,2,7,12,...}

3452 =1{--—7.-2.3,813,...}
4+52={--—6,—1,4,9,14, ...}

Let ¢; and a; be in the same left coset of 5Z. Then a; = a; + 5r for some r € Z. We
also let by, by be in the same left coset of 5Z. Then by = by + 55 for some s € Z. We
compute as + ba.

ar + by = (ay 4 5r) + (b + 55)
=a;+5r+b+5s
=da;+ by +5r+5s (1)
= (a1 + b1) +5(r + ) (2)
€ (ay + b))+ 5Z

So a; + b, is in the same coset as a; + by, which says that addition in Z induces an
operation on the five left cosets 5Z, 1 4+ 5Z,2 + 52,3 + 5Z,4 + 5Z. Looking back at
the calculations, we see that only properties shared by all groups were used in each step
except in line (1) where we used the fact that Z is abelian. Furthermore. line (2) is not
necessary since 5Z is a subgroup of Z so we know that 5Z is closed under addition.
From this example, it appears that as long as G is an abelian group, the operation of G
induces an operation on the left cosets of any subgroup of G. A

In Equation (1) of Example 12.2 we used the fact that 5r + by = by + 5r. It we were
doing the same computation in multiplicative notation and using any group G and
subgroup H of G, this would correspond to hb; = bih. It the group G is not abelian,
then this computation fails. However, we can weaken the abelian condition slightly and
still get an induced operation on the left cosets. All we really need is that hby = bl
for some i’ € H. This happens when the left coset by H is the same set as the right coset
Hb,.

Let H be a subgroup of G. We say that H is a normal subgroup of G if for all g € G,
gH = Hg. If H is a normal subgroup of G, we write H < G. m

Recall that Theorem 10.17 states that if ¢ : G — G’ is a group homomorphism and
¢’ is the identity element in G, then Ker(¢) = {g € G| ¢(g) = €'} has the property that
left and right cosets of Ker(¢) are the same. So the kernel of any homomorphism is a
normal subgroup,

The subgroup of even permutations A, =< S, is normal since A, is the kernel of the
homomorphism sgn : S, — {l, —1]. A
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It H < G and G is an abelian group. then H is a normal subgroup of G. A

Let H={A € GL(n,I®)| det{A) = 1}. The determinant map satisfies det(AB) =
det(A)det(B). which means that the determinant map is a homomorphism, det :
GL(n,R) — R*. Thus H =Ker(det), which says that H# <1 GL(n,R). This subgroup
H is called the special linear group and it is denoted by SL(n, R). A

Let H be a subgroup of a group G. Then left coset multiplication is well defined by the
equation

(aH)bH) = (ab)H

if and only if H is a normal subgroup of G.

Suppose first that (aH)(bH) = (ab)H does give a well-defined binary operation on left
cosets. Leta € G. We want to show that aH and Ha are the same set. We use the standard
technique of showing that cach is a subset of the other.

Let xe€aH. Choosing representatives x € aH and a'ea 'H, we have
(xH)@a 'H) = (xa ")H. On the other hand, choosing representatives a € aH and
a~! € a7 H, we see that (aH)(a 'H) = eH = H. Using our assumption that left coset
multiplication by representatives is well defined, we must have xa~' = h € H. Then
x=ha, so x € Ha and aH € Ha. We leave the symmetric proof that Ha € aH to
Exercise 26.

We turn now to the converse: If H is a normal subgroup, then left coset multiplica-
tion by representatives is well-defined. Due to our hypothesis, we can simply say cosets,
omitting left and right. Suppose we wish to compute (aH)(bH). Choosing a € aH and
b € bH, we obtain the coset (ab)H. Choosing different representatives ah; € aH and
bh, € bH, we obtain the coset ah; bh-H. We must show that these are the same cosets.
Now h b€ Hb = bH, so h| b = bh; for some hi; € H. Thus

(ahi)(bhy) = alh\b)hy = a(bhz)hy = (ab)(h3ha)
and (ab)(hshs) € (ab)H. Therefore, ahbh> is in (ab)H. L

Theorem 12.7 shows that we have an operation on the left cosets of H < G induced
by the operation on G if and only if H is a normal subgroup of G. We next verify that
this operation makes G/H, the cosets of H in G. a group.

Let H be a normal subgroup of G. Then the cosets of H form a group G/H under the
binary operation (aH)(bH) = (ab)H. A

Computing, (aH)[(bH)(cH)] = (aH)|(bc)H] = [a(bc)]H, and similarly, we have
[(aH)(bH)](cH) = [(ab)c]H, so associativity in G/H follows from associativity in
G. Because (aH)(eH) = (ae)H = aH = (ea)H = (eH)(aH), we see that eH = H is
the identity clement in G/H. Finally, (¢ 'H)aH) = (a 'a)H = eH = (aa " )H =
(aH)(a 'H) shows that a ' H = (aH)™". ¢

The group G/H in the preceding corollary is the factor group (or quotient group) of
G by H. [ |

Since Z is an abelian group, nZ is a normal subgroup. Corollary 12.8 allows us to
construct the factor group Z/nZ. For any integer m, the division algorithm says that
m = ng + rforsome 0 < r < n. Therefore.m € r+nZ.SoZ/nZ = (k +nZ |0 <k <
n}. Thus (1 +nZ) = Z/nZ, which implies that Z/n7Z is cyclic and isomorphic with 7Z,.

A
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Consider the abelian group R under addition, and let ¢ € R*. The cyclic subgroup (c)
of & contains as elements

oo —3¢,—2¢,—¢,0,¢,2¢, 3¢, -4+ .

Every coset of (c) contains just one element x such that 0 < x < ¢. If we choose these
elements as representatives of the cosets when computing in R/ (¢}, we find that we are
computing their sum modulo ¢ as discussed for the computation in R, in Section 3.
For example, if ¢ = 5.37, then the sum of the cosets 4.65 + (5.37) and 3.42 + (5.37)
is the coset 8.07 + (5.37), which contains 8.07 — 5.37 = 2.7, which is 4.65 537 3.42.
Working with these coset elements x where 0 < x < ¢, we thus see that the group [,
of Section 3 is isomorphic to £/ {c} under an isomorphism 1 where (x) = x + (¢} for
all x € R,.. Of course, R/ (c) is then also isomorphic to the circle group U of complex
numbers of magnitude 1 under multiplication. A

We have seen that the group Z/(n} is isomorphic to the group Z,, and as a set,
Zy =1{0,1,3.4,--. ,n — 1}, the set of nonnegative integers less than n. Example 12.11
shows that the group R/ (¢} is isomorphic to the group E,.. In Section 3, we choose the
notation R, rather than the conventional [0, ¢) for the half-open interval of nonnegative
real numbers less than ¢. We did that to bring out now the comparison of these factor
groups of Z with these factor groups of .

Homomorphisms and Factor Groups

We learned that the kernel of any homomorphism ¢ : G — G’ is a normal subgroup of
G. Do all normal subgroups arise in this way? That is, for any normal subgroup H < G,
is there a group homomorphism ¢ : G — G’ for some group G’ such that H is the kernel
of G? The answer to the question is yes as we see in Theorem 12.12.

Let H be a normal subgroup of G. Then y : G — G/H given by y(x) =xH is a
homomorphism with kernel H.
Let x,v € G. Then

y () = (xy)H = (xH)(yH) = y (x)y (y).

so y is a homomorphism. Since xH = H if and only if x € H, we see that the kernel of
y is indeed H. L 4

Since the kernel of any homomorphism ¢ : G — G’ is a normal subgroup, it is
natural to ask how the factor group G/Ker(¢) is related to G'. Theorem 12.12 and the
next example illustrate that there is a very strong connection,

(Reduction Modulo n) Let ¢ : Z — Z, be defined by letting ¢p(m) be the remainder
when m is divided by n. We check that ¢ is a group homomorphism. Let my,m2 € Z
and suppose that the division algorithm gives us

my = ng; +ry and
mz2 = nga + ra2.
Then my +my =nlq) +q2) +r +r2. If rp + 12 < n, then
@(my +my) = 1y + r2 = ¢my) +, ¢lmy).

On the other hand, if r; 4+ r» = n, then my +my = nlg; +g> + 1) 4 (r; + r» — n) and
0 < ry +r —n < n, which implies

@lmy + my) = ry +r2 — n = ¢(my) +, ¢(mz).
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The kernel of ¢ is the set of all the multiples of n, nZ. So Z/Ker(¢) = Z/nZ, which
is isomorphic to Z,,. A

The previous example is a special case of the Fundamental Homomorphism
Theorem.

(The Fundamental Homomorphism Theorem) Let ¢: G — G’ be a group ho-
momorphism with kernel H. Then ¢[G] is a group, and pu : G/H — ¢[G] given by
w(gH) = ¢(g) is an isomorphism. If y : G — G/H is the homomorphism given by
y(g) = gH, then ¢p(g) = poy(g) foreach g € G.

Theorem 8.5 says that ¢[G] is a subgroup of G'. Theorem 10.17 shows that the map
i G/H — ¢|G] is well defined. We show pz 1s a homomorphism. Let aH.bH € G/H.
Then p((aH)(BH)) = pn((ab)H) = dlab) = ¢pla)p(b) = plaH)(bH). Since ¢ maps G
onto ¢[G], ; maps G/H onto ¢[G]. To show that ju is one-to-one, we compute the
kernel of u. Since p(aH) = ¢(a), the kernel of w is {aH | ¢(a) = ¢'}. But ¢(a) = €' if
and only if a € Ker(¢) = H. So Ker(yt) = {H]} which is the trivial subgroup of G/H. By
Corollary 10.19 y is one-to-one, which completes the proof that ¢ is an isomorphism.
We next turn to the final statement of the theorem. Let g € . Then

P(g) = pu(gH) = u(y(g)) = poy(g).
&

The Fundamental Homomorphism Theorem is sometimes called the First Isomor-
phism Theorem. As the name suggests, there are other related theorems. In fact we
will prove two others, the Second Isomorphism Theorem and the Third Isomorphism
Theorem, in Section 16.

Theorem 12.14 states that ¢(g) = poy(g). This can be visualized in Figure 12.15.
If we start with an element ¢ € G, and map it to ¢(g), we get the same result as first
mapping g to y(g) and then mapping y(g) to poy(g). When we have a situation like
this, we say that the map ¢ can be factored as ¢ = poy.

The isomorphism g in Theorem 12.14 is referred to as a natural or canonical iso-
morphism, and the same adjectives are used to describe the homomorphism y. There
may be other isomorphisms and homomorphisms for these same groups, but the maps
4 and y have a special status with ¢ and are uniquely determined by Theorem 12.14.

In summary, every homomorphism with domain G gives rise to a factor group G/H,
and every factor group G/H gives rise to a homomorphism mapping G into G/H. Ho-
momorphisms and factor groups are closely related. We give an example indicating how
useful this relationship can be.

G > $G]

12.15 Figure
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Classity the group (Zy x Z3)/({0} x Z,) according to the fundamental theorem of
finitely generated abelian groups (Theorem 9.12).

The projection map 7y : Zy x Zy — Z4 given by m1(x,y) = x is a homomorphism of
2y x 7o onto Zy with kernel {0} x Z,. By Theorem 12.14, we know that the given
factor group is isomorphic to Zs. A

Normal Subgroups and Inner Automorphisms

We derive some alternative characterizations of normal subgroups, which often provide
us with an easier way to check normality than finding both the left and the right coset
decompositions.

Suppose that H is a subgroup of G such that ghg ™' € H forall g € Gandall h € H.
Then gHg ' = (ghg™" |h € H}) C H for all g € G. We claim that actually gHg ™' = H.
We must show that H € gHg™! forall g € G. Let h € H. Replacing g by ¢~! in the re-
lation ghg ' € H, we obtain g 'h(g~ ")~ = g~'hg = hy where h; € H. Consequently,
h=ghig™! € gHg™!, and we are done.

Suppose that gH = Hg for all g € G. Then gh= Mg, so ghg™' e Hforall g€ G
and all h € H. By the preceding paragraph, this means that gHg ' = H for all g € G.
Conversely, if gHg™! = H for all g € G, then ghg™' = h so gh= hjg € Hg, and
gH C Hg. But also, g7'Hg = H giving g 'hg = hy, so that hg = gh, and Hg €
gH.

The comments after Definition 12.3 show that the kernel of any homomorphism is
a normal subgroup of the domain. Also, Theorem 12.12 says that any normal subgroup
is the kernel of some homomorphism.

‘We summarize our work as a theorem.

The tfollowing are four equivalent conditions for a subgroup H of a group G to be a
normal subgroup of G.

. ghg' eHforallge Gandh € H.

gHe ' = Hforallg € G.

. There is a group homomorphism ¢ : G — G’ such that Ker(¢) = H.

4. gH =Hgforallg e G.

W=

Condition (2) of Theorem 12.17 is often taken as the definition of a normal subgroup
H of a group G. L 4

Every subgroup H of an abelian group G is normal. We need only note that gh = hg for
allh € Handall g € G, so, of course, ghg™! =h e Hforallg € Gandallhe H. A

If G is a group and g € G, then the map i, : G — G defined by i,(x) = gxg™' is

a group homomorphism since i (xy) = gryg™! = gxg~leve™ =i, (x)i,(x). We see that
gag ' = gbg ' ifand only if a = b, s0 i, is one-lo-one. Since g(g 'vg)g ' =y, we see
that i, is onto G, so it is an isomorphism of G with itself.

An isomorphism ¢ : G — G of a group G with itself is an automorphism of G. The
automorphism i, : G — G, where i,(x) = gxg~! for all x € G, is the inner automor-
phism of G by g. Performing i, on x is called conjugation of x by g. |

The equivalence of conditions (1) and (2) in Theorem 12.17 shows that gH = Hg
forall g € Gifand only if i,[H] = H for all g € G, that is, if and only if H is invariant
under all inner automorphisms of G. It is important to realize that i [H] = H is an
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equation in sefs; we need not have i,(h) = h for all # € H. That is i, may perform a
nontrivial permutation of the set H. We see that the normal subgroups of a group G are
precisely those that are invariant under all inner automorphisms. A subgroup K of G is
a conjugate subgroup of H it K = i,[H] = gH g~ ! for some g € G.

m EXERCISES 12

Computations

In Exercises 1 through 8. find the order of the given factor group.

1. Zo/(3) 2. (Za % Z12)/((2) X (2))

3. (Za x I/, 1) 4. (Z3 x Zs)/({0} x Zs)

5. (73 x Zg)/((1, 1)) 6. (Zsg x Z75)/{(15,15))

7. (Za26 x Z15)/((1,1)) 8. (Zg x 53)/((2,(1.2,3)))
In Exercises 9 through 15, give the order of the element in the factor group.

9. 54 (4)inZy2/(4) 10. 26+ {12} in Zep/(12)
11. (2,1) 4 {(1. 1)} in (Z3 x Zg)/{(1, 1)) 12. (3.1) + {(1, 1)) in (Z4 x Z4)/{(1,1))
13. (2,3) 4 {(0,3)) in (Z1g x Z4)/{(0,3)} 14, (2,5)+ ((1,2)) in (Z3 x Ze)/{(1.2))

15. (2.0) + ((4.4)) in (Zs x Z3)/((4,4))
16. Compute i,,[H] for the subgroup H = {¢, j1} of the dihedral group Dj.

Concepts

In Exercises 17 through 19, correct the definition of the italicized term without reference to the text, if correction
is needed, so that it is in a form acceptable for publication.

17. A normal subgroup H of G is one satisfying hG = Gh forall h € H.

18. A normal subgroup H of G is one satisfying g~ 'hg € Hforallh € Hand all g € G.
19. An automorphism of a group G is a homomorphism mapping G into G.

20. What is the importance of a nermal subgroup of a group G?

Students often write nonsense when first proving theorems about factor groups. The next two exercises are designed
to call attention to one basic type of error.

21. A student is asked to show that if /7 is a normal subgroup of an abelian group G. then G/H is abelian. The
student’s proof starts as follows:
We must show that G/H is abelian. Let @ and b be two elements of G/H.
a. Why does the instructor reading this proof expect to find nonsense from here on in the student’s paper?
b. What should the student have written?
¢. Complete the proof.

22. A torsion group is a group all of whose elements have finite order. A group is torsion free if the identity is
the only element of finite order. A student 1s asked (o prove that if G 1s a torsion group, then so 18 G/H for
every normal subgroup H of G. The student writes

We must show that each element of G/H is of finite order. Let x € G/H.

Answer the same questions as in Exercise 21.

23. Determine whether each of the following is true or false.

a. It makes sense to speak of the factor group G/N if and only if N is a normal subgroup of the
group G.

b. Every subgroup of an abelian group G is a normal subgroup of G.

¢. The only automorphism of an abelian group is the identity map.
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d. Every factor group of a finite group is again of finite order.

e. Every factor group of a torsion group is a torsion group. (See Exercise 22.)
f. Every factor group of a torsion-free group is torsion free. (See Exercise 22.)
g. Every factor group of an abelian group is abelian.

h. Every factor group of a nonabelian group is nonabelian.

i. Z/n# is cyclic of order n.

J- B/nl is cyclic of order n, where nR = {nr|r € &} and [ is under addition.

Theory

24.

25.

26.

27.

28.

29,

30.
31.

32.
33.

g

35.

36.
37,

38.

Let G and G, be groups and my : G x G2 — G| be the function defined by my(a.b) = a. Prove that 7y is a
homomorphism, find Ker(sr; ), and prove (G x G2)/Ker(m;) is isomorphic to Gj.

Let Gy and G; be groups and ¢ : Gy x G2 — G| x G3 be the function defined by ¢(a, b) = (a. e2) where e is
the identity in G2. Prove that ¢b is a homomorphism, find Ker(¢), and prove (G| x G2)/Ker(¢) is isomorphic
to G.

Complete the proof of Theorem 12.7 by showing that if H is a subgroup of a group G and if left coset
multiplication (aH)(bH) = (ab)H is well defined, then Ha C aH.

Prove that the torsion subgroup 1" of an abelian group G is a normal subgroup of G, and that G/T is torsion
free. (See Exercise 22.)

A subgroup H is conjugate to a subgroup K of a group G if there exists an inner automorphism i; of & such
that i,[H] = K. Show that conjugacy is an equivalence relation on the collection of subgroups of G.
Characterize the normal subgroups of a group G in terms of the cells where they appear in the partition given
by the conjugacy relation in the preceding exercise.

Find all subgroups of D5 thal are conjugate to H = {¢. pt}. (See Exercise 28.)

(Evaluation Homomorphism) Let F be the set of all functions mapping the real numbers to the real num-
bers and let ¢ € . The sum of two functions f + g is the function defined by (f + g)(x) = f(x) + g(x). Func-
tion addition makes F a group. Let ¢ : F — B be defined by ¢.(f) = f(c).

a. Show that ¢, is a group homomorphism.
b. Find Ker(¢,).
c. Identify the coset of Ker(¢,) that contains the constant function f(x) = 1.

d. Find a well-known group that is isomorphic with F/Ker(¢,). Use the Fundamental Homomorphism Theo-
rem to prove your answer.

Let H be a normal subgroup of a group G, and let ;n = (G : H). Show that a™ € H forevery a € G.

Show that an intersection of normal subgroups of a group G is again a normal subgroup of G.

Given any subset § of a group G, show that it makes sense to speak of the smallest normal subgroup that
contains S. [Hint: Use Exercise 33.]

Let G be a group. An element of G that can be expressed in the form aba'b~"! for some a,b € G is a
commutator in G. The preceding exercise shows that there is a smallest normal subgroup C of a group G

containing all commutators in G the subgroup C is the commutator subgroup of G. Show that G/C is an
abelian group.

Show that if a finite group G has exactly one subgroup H of a given order, then H is a normal subgroup of G.

Show that if H and N are subgroups of a group G, and N is normal in G. then H N N is normal in H. Show by
an example that H M N need not be normal in G.

Let G be a group containing at least one subgroup of a fixed finite order s. Show that the intersection of all
subgroups of G of order s is a normal subgroup of G. [Hini: Use the fact that if / has order s, then so does
x 'Hxforallx € G.]
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a. Show that all automorphisms of a group G form a group under function composition.

b. Show that the inner automorphisms of a group G form a normal subgroup of the group of all automorphisms
of & under function composition. [Warning: Be sure to show that the inner automorphisms do form a
subgroup. |

Show that the set of all g € G such that i; : G — G is the identity inner automorphism i, is a normal subgroup

of a group G.

Let G and G’ be groups, and let H and H' be normal subgroups of G and G', respectively. Let ¢ be a homo-

morphism of G into G'. Show that ¢ induces a natural homomorphism ¢, : (G/H) — (G'/H") if p[H] € H'.

(This fact is used constantly in algebraic topology. )

Use the properties det(AB) = det(A) - det(B) and det(/,;) = 1 for n x n matrices to show the n x n matrices

with determinant 41 form a normal subgroup of GL(n, [£).

Let G be a group, and let .#” (G) be the set of all subsets of G. For any A, B € .27 (G), let us define the product

subset AB = [ab|a € A,b € B}.

a. Show that this multiplication of subsets is associative and has an identity element, but that - (G) is not a
group under this operation.

b. Show that if N is a normal subgroup of G, then the set of cosets of N is closed under the above operation
on . (G), and that this operation agrees with the multiplication given by the formula in Corollary 12.8.

¢. Show (without using Corollary 12.8) that the cosets of N in G form a group under the above operation. Is
its identity element the same as the identity element of - (G)?

SECTION 13 FACTOR-GROUP COMPUTATIONS AND SIMPLE GROUPS

Factor groups can be a tough topic for students to grasp. There is nothing like a bit
of computation to strengthen understanding in mathematics. We start by attempting to
improve our intuition concerning factor groups. Since we will be dealing with normal
subgroups throughout this section, we often denote a subgroup of a group G by N rather
than by H.

Let N be a normal subgroup of G. In the factor group G/N, the subgroup N acts
as identity element. We may regard N as being collapsed to a single element, either to
0 in additive notation or to e in multiplicative notation. This collapsing of N together
with the algebraic structure of G require that other subsets of G, namely, the cosets of
N, also each collapse into a single element in the factor group. A visualization of this
collapsing is provided by Fig. 13.1. Recall from Theorem 12.12 that y : G — G/N
defined by y(a) = aN for a € G is a homomorphism of G onto G/N. We can view
the “line” G/N at the bottom of Figure 13.1 as obtained by collapsing to a point each
coset of N in a copy of G. Each point of G/N thus corresponds to a whole vertical line

e
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segment in the shaded portion, representing a coset of N in G. It is crucial to remember
that multiplication of cosets in G/N can be computed by multiplying in G, using any
representative elements of the cosets as shown in the figure.

Additively, two elements of G will collapse into the same element of G/N if they
differ by an element of N. Multiplicatively, @ and b collapse together if ab™" is in N.
The degree of collapsing can vary from nonexistent to catastrophic. We illustrate the
two extreme cases by examples.

The trivial subgroup N = {0} of Z is, of course, a normal subgroup. Compute Z/{0}.

Since N = {0} has only one element, every coset of N has only one element. That is, the
cosets are of the form {m} for m € Z. There is no collapsing at all, and consequently,
Z/{0} = Z. Each m € Z is simply renamed {m]} in Z/{0}. A

Let n be a positive integer. The set nlR = {nr | r € R} is a subgroup of I under addition,
and it is normal since [ is abelian. Compute & /.

A bit of thought shows that actually n[R = R, because each x € R is of the form n(x/n)
and x/n € K. Thus /nR has only one element, the subgroup n. The factor group is a
trivial group consisting only of the identity clement. A

As illustrated in Examples 13.2 and 13.3 for any group G, we have G/{e} = G
and G/G == {e}, where {e] is the trivial group consisting only of the identity element e.
These two extremes of factor groups are of little importance. We would like knowledge
of a factor group G/N to give some information about the structure of G. If N = {e},
the factor group has the same structure as G and we might as well have tried to study
G directly. If N = G, the factor group has no significant structure to supply information
about G. If G is a finite group and N # {e} is a normal subgroup of G, then G/N is a
smaller group than G, and consequently may have a more simple structure than . The
multiplication of cosets in G/N reflects the multiplication in G, since products of cosets
can be computed by multiplying in G representative elements of the cosets.

We give two examples showing that even when G/N has order 2, we may be able
to deduce some useful results. It G is a finite group and G/N has just two elements, then
we must have |G| = 2|N|. Note that every subgroup H containing just half the elements
of a finite group G must be a normal subgroup, since for each element @ in G bui not in
H, both the left coset ¢l and the right coset Ha must consist of all elements in & that are
not in H. Thus the left and right cosets of H coincide and H is a normal subgroup of G.

Because |S,| = 2|A,|, we see that A, is a normal subgroup of §,, and S, /A, has order
2. Let o be an odd permutation in S, so that S, /A, = {A,,0A, ). Renaming the element
A, “even” and the element oA, “odd,” the multiplication in S, /A, shown in Table 13.5
becomes

(even)(even) = even (odd)(even) = odd
(even)(odd) = odd (odd)(odd) = even.

Thus the factor group reflects these multiplicative properties for all the permutations in
S"- ‘

Example 13.4 illustrates that while knowing the product of two cosets in G/N does
not tell us what the product of two elements of G is, it may tell us that the product in G
of two rypes of elements is itself of a certain type.



13.6 Example

13.7 Example

13.8 Theorem

Proof

Section 13 Factor-Group Computations and Simple Groups 123

(The Converse of the Theorem of Lagrange is False) Recall that the Theorem of
Lagrange states that the order of a subgroup of a finite group & must divide the order of
G. We are now in a position to demonstrate that although the group A4 has 12 elements
and 6 divides 12, A4 has no subgroup of order 6.

Suppose that H were a subgroup of A4 having order 6. As observed before in Ex-
ample 13.4, it would follow that H would be a normal subgroup of Ay. Then Ay/H
would have only two elements, H and o H for some o € A, not in H. Since in a group
of order 2, the square of each element is the identity, we would have HH = H and
(cH)oH)= H. Now computation in a factor group can be achieved by computing
with representatives in the original group. Thus, computing in A4, we find that for each
a € H we must have o®> € H and for each g € o H we must have 8> € H. That is, the
square of every element in A; must be in H. But in A4, we have

(1.2,3)=(1,3,2> and (1,3,2)=(1,2.3)°

so (1,2, 3)and (1, 3, 2) are in H. A similar computation shows that (1, 2, 4). (1, 4. 2),
(1,3, 4), (1,4, 3), (2, 3. 4), and (2, 4, 3) are all in H. This shows that there must be at
least 8 elements in H, contradicting the fact that H was supposed to have order 6. A

We now turn to several examples that compute factor groups. If the group we start
with is finitely generated and abelian, then its factor group will be also. Computing such
a factor group means classifying it according to the fundamental theorem (Theorem 9.12
or Theorem 9.14),

Let us compute the factor group (Zy x Zg)/((0.1)). Here ((0, 1)) is the cyclic subgroup
H of Zy x Zg generated by (0, 1). Thus

H =1{(0,0),(0,1),(0,2),(0,3),(0,4),(0,5)}.

Since Zy x Zg has 24 elements and H has 6 elements, all cosets of H must have
6 elements, and (Zy x Zg)/H must have order 4. Since Zy x Zg is abelian, so is
(Zy x Zg)/H (remember, we compute in a factor group by means of representatives
from the original group). In additive notation, the cosets are

H=(0,00+H, (1.0)+H, (2.00+H, (3.0) +H.

Since we can compute by choosing the representatives (0, 0), (1. 0), (2, 0), and (3, 0), it
is clear that (Zy x 7Zg)/H is isomorphic to Z4. Note that this is what we would expect,
since in a factor group modulo H, everything in / becomes the identity element; that is,
we are essentially setting everything in H equal to zero. Thus the whole second factor
Zg of Zy x Zg is collapsed, leaving just the first factor Zj. A

Example 13.7 is a special case of a general theorem that we now state and prove.
We should acquire an intuitive feeling for this theorem in terms of collapsing one of the

Sactors to the identity element.

Let G = H x K be the direct product of groups H and K. Then H = {(h.e)| h € H)
is a normal subgroup of G. Also G/H is isomorphic to K in a natural way. Similarly,
G/K == H in a natural way.

Consider the homomorphism > : H x K — K, where m2(h, k) = k. Because Ker(m;) =
H., we sce that H is a normal subgroup of H x K. Because > is onto K, Theorem 12.14
tells us that (H x K)/H = K. %

‘We continue with additional computations of abelian factor groups. To illustrate
how easy it is to compute in a factor group if we can compute in the whole group, we
prove the following theorem.
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If G is a cyclic group and N is a subgroup of G, then G/N is cyclic.

Let G be a cyclic group, so {a) = G for some a € G. Let N be any subgroup of G. Since
( is abelian, N is a normal subgroup of G. We compute the cyclic subgroup of G/N
generated by aN.

(aN) = {(aN)" |n € Z} = {d"N | n € 7}
Since {¢" |n € Z} = G,
{a"N|neZ}=(gN|ge G}

So {aN) contains every coset of G and we see that G/N is cyclic with generator (alV).
L

Let us compute the factor group (Zs x Zg)/{(0,2)). Now (0, 2) generates the subgroup
H = {(0,0).(0.2).(0.4)}

of Zy x Zg of order 3. Here the first factor Z4 of Z; x Zg is left alone. The Zg factor,
on the other hand, is essentially collapsed by a subgroup of order 3, giving a factor group
in the second factor of order 2 that must be isomorphic to Z;. Thus (Z4 x Zg)/((0,2))
is isomorphic to Zy x Z,.

We can verify that (Zy x Zg)/{(0,2)) is isomorphic to Zy x Z; by using Theo-
rem 12.14. We need a homomorphism ¢ : 7y x Zg — 74 x 75 that is onto, with kernel
((0,2)). Defining ¢ by ¢(a, b) = (0, r) where r is the remainder when b is divided by 2
does the trick. A

Let us compute the factor group (Zy x Zg)/{(2,3)). Be careful! There is a great temp-
tation to say that we are setting the 2 of Zy and the 3 of Zs both equal to zero. so that
Z4 is collapsed to a factor group isomorphic to Z; and Zg to one isomorphic to Zs,
giving a total factor group isomorphic to Z» x Zs. This is wrong! Note that

H ={(2,3)) = {(0,0),(2,3)}

is of order 2, so (Z4 x Zg)/{(2,3)) has order 12, not 6. Setting (2, 3) equal to zero does
not make (2, 0) and (0, 3) equal to zero individually, so the factors do not collapse
separately.

The possible abelian groups of order 12 are 74 x Zy and Za x Z» x Zs, and we
must decide to which one our factor group is isomorphic. These two groups are most
easily distinguished in that Zy x Z has an element of order 4, and Z, x Z» x Zy does
not. We claim that the coset (1,0) + H is of order 4 in the factor group (Z4 x Zg)/H.
To find the smallest power of a coset giving the identity in a factor group modulo H, we
must, by choosing representatives, find the smallest power of a representative that is in
the subgroup H. Now,

4(1.0) = (1.0) + (1,0) + (1.0) + (1,0) = (0,0)

is the first time that (1, 0) added to itself gives an element of H. Thus (Zy x Zg)/{(2.3))
has an element of order 4 and is isomorphic to Zy x Zsz or Z».

We can use Theorem 12.14 to verity that (Zy x Zg)/{(2,3)} is isomorphic to Z;,,
although it is a little challenging to see what the homomorphism ¢ : Zy x Zg — Zy2
should be. We define ¢ : Zy x Zg — Zy2 by setting ¢(a, b) = 3a 412 (12 — 2b). Here
we interpret 3a and 2b as integer multiplication, so 0 < 3¢ < 12 and 0 < 2b < 12.
The map ¢ is a homomorphism, but this takes some checking, which we leave to
the reader. Also, Ker(¢) = {(a.b) € Zy x Zg | 3a = 2b) = {(0,0),(2,3)} = {(2,3)). We
also see that ¢(1,1) = 1, which implies that ¢ maps onto Z>. By the Fundamental
Homomorphism Theorem, (Z4 x Zg)/{(2,3)) is isomorphic to Z». A



13.12 Example

13.14 Example

Section 13 Factor-Group Computations and Simple Groups 125

Let us compute (that is, classify as in Theorem 9.12) the group (Z x Z)/((1, 1)). We may
visualize Z x Z as the points in the plane with both coordinates integers, as indicated
by the dots in Fig. 13.13. The subgroup {(1, 1)) consists of those points that lie on the
45° line through the origin, indicated in the figure. The coset (1,0) 4+ ((1, 1)} consists of
those dots on the 45° line through the point (1, 0), also shown in the figure. Continuing,
we sce that each coset consists of those dots lying on one of the 45° lines in the figure.
‘We may choose the representatives

<o (3,00, (=2,0),(—1,0), (0,0), (1,0),(2,0), (3,0), - - -

of these cosets to compute in the factor group. Since these representatives correspond
precisely to the points of Z on the x-axis, we see that the factor group (Z x Z)/((1, 1))
is isomorphic to Z.

Apgain, we can use the Fundamental Homomorphism Theorem as another method
of computing this group. We let ¢ : Z x Z — 7 be defined by ¢(n,m) =n —m.
It is casy to verify that ¢ is a homomorphism, ¢ maps onto Z, and Ker(¢) =
{(n,m)e Z x Z|n=m}={(1,1)}. So by the Fundamental Homomorphism Theo-
rem, (Z x Z)/{(1,1)}) is isomorphic to Z. Furthermore, an isomorphism is given by
p((n,m) + ((1,1)}) = n—m. This is the same isomorphism that we saw above. A

/ 5

13.13 Figure

We now compute (Z x Z)/{(2,4)}. This is similar to Example 13.12, but there is a little
twist to this one. In this example, we know that the factor group has an element with or-
der 2, since (1,2) € ((2.4)), but (1.2) + (1,2) € ((2,4)). Furthermore, (Z x Z)/{(2.4))
has an element (1,0) + ((2.4)) with infinite order since (n.0) & ((2,4)) foranyn € Z7.
Figure 13.15 illustrates the situation. Along the line y = 2x only every other lattice point
isin ((2,4)). These points are filled dots in the figure. Each line with slope two contains
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two cosets, one indicated with solid dots and one with hollow dots. Adding (1, 2) moves
the solid dot cosets to the hollow dot cosets and the hollow dot cosets to the solid dot
cosets while staying on the same line. Adding (0, 1) moves a coset from one line to the
next. We may choose coset representatives

cena (0,=3),(0, =2),(0, = 1),(0,0),(0, 1), (0,2).(0,3),...
for the solid dot cosets and
cens (1L, =301, =2), (1, =1),(1,0), (1, 1), (1,2),(L.3),...

for the hollow dot cosets. So it seems that we have two copies of the integers, one with
a zero in the first coordinate and one with a one in the first coordinate. This leads us to
guess that (Z x Z)/{(2,4)) is isomorphic with Z, x Z.

To verify that our guess is correct, we seck a homomorphism ¢ : Z x Z — Za x Z
that maps onto Z» x Z and whose kernel is {(2,4)). We let ¢(a., b) = (r, 2a — b) where
ris the remainder when a is divided by 2. It is easy to check that ¢ is a homomorphism.
Furthermore, ¢(0, —1) = (0, 1) and ¢(1,2) = (1,0), which implies that ¢ maps onto
7 % . It remains to compute Ker(¢).

Ker(¢) = {(a,b) | b = 2a and a is even) = {(2n,4n) |n € Z} = {(2,4)).

Thus (Z x Z)/{(2,4)) is isomorphic to Z x Z; by the Fundamental Homomorphism
Theorem. Furthermore, an isomorphism u : (7 x 7)/{(2,4)) — 7Z» x 7Z is defined by
the formula ge((a. b) + ((2.4))) = (r, 2a — b) where r is the remainder when a is divided
by 2. A

13.15 Figure

Simple Groups

As we mentioned in the preceding section, one feature of a factor group is that it gives
crude information about the structure of the whole group. Of course, sometimes there
may be no nontrivial proper normal subgroup. For example, Lagrange’s Theorem shows
that a group of prime order can have no nontrivial proper subgroup of any sort.
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A group is simple if it is nontrivial and has no proper nontrivial normal subgroup. B
The alternating group A, is simple for n = 5.
See Exercise 41. L

There are many simple groups other than those given above. For example, As is of
order 60 and Ag is of order 360, and there is a simple group of nonprime order, namely
168, between these orders.

The complete determination and classification of all finite simple groups is one
of the mathematical triumphs of the twentieth century. Hundreds of mathematicians
worked on this task from 1950 to 1980. It can be shown that a finite group has a sort of
factorization into simple groups, where the factors are unique up to order. The situation
is similar to the factorization of positive integers into primes. The knowledge of all
finite simple groups can be used to solve some problems of finite group theory and
combinatorics.

We have seen in this text that a finite simple abelian group is isomorphic to Z,
for some prime p. In 1963, Thompson and Feit [21] published their proof of a long-
standing conjecture of Burnside, showing that every finite nonabelian simple group is
of even order. Further great strides toward the complete classification were made by
Aschbacher in the 1970s. Early in 1980, Griess announced that he had constructed a
predicted “monster” simple group of order

808,017,424,794,512,875,886,459,904,961, 710, 757, 005, 754, 368,
000. 000, 000.

Aschbacher added the final details of the classification in August 1980. The research
papers contributing to the entire classification fill roughly 5000 journal pages.

We turn to the characterization of those normal subgroups N of a group G for which
G/N is a simple group. First we state an addendum to Theorem 8.5 on properties of a
group homomorphism. The proof is left to Exercises 37 and 38.

Let ¢ : G — G’ be a group homomorphism. If N is a normal subgroup of G, then ¢[N]
is a normal subgroup of ¢[G]. Also, if N’ is a normal subgroup of ¢[G], then ¢~ '[N'] is
a normal subgroup of G. L 4

Theorem 13.18 should be viewed as saying that a homomorphism ¢ : G — G’ pre-
serves normal subgroups between G and ¢[G]. It is important to note that ¢[N] may
not be normal in (', even though N is normal in G. For example, ¢ : Z; — 53, where
@(0) = ¢ and ¢(1) = (1,2) is a homomorphism, and Z, is a normal subgroup of itself,
but {¢, (1.2)} is not a normal subgroup of S5.

We can now characterize when G/N is a simple group.

A maximal normal subgroup of a group G is a normal subgroup M not equal to G
such that there is no proper normal subgroup N of G properly containing M. |

M is a maximal normal subgroup of G if and only if G/M is simple.

Let M be a maximal normal subgroup of G. Consider the canonical homomorphism
y : G — G/M given by Theorem 12.12. Now y ! of any nontrivial proper normal sub-
group of G/M is a proper normal subgroup of G properly containing M. But M is max-
imal, so this cannot happen. Thus G/M is simple.

Conversely, Theorem 13.18 shows that if N is a normal subgroup of G properly
containing M, then ¥ [N] is normal in G/M. If also N # G, then

yINI#G/M  and  y[N] # (M),
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Thus, if G/M is simple so that no such ¥ [N] can exist, no such N can exist, and M is
maximal. 4

The Center and Commutator Subgroups

Every nonabelian group G has two important normal subgroups, the center Z(G) of
G and the commutator subgroup C of G. (The letter Z comes from the German word
zentrum, meaning center.) The center Z(G) is defined by

2(G)={ze G|zg =gzforall g € G}

Exercise 59 of Scction 5 shows that Z(G) is an abelian subgroup of G. Since foreach g €
G and 7 € Z(G) we have gzg~! = zgg~! = ze = z, we see at once that Z(G) is a normal
subgroup of G. If G is abelian, then Z(G) = G: in this case, the center is not useful.

The center of a group G always contains the identity element e. It may be that Z(G) =
{e}. in which case we say that the center of G is trivial. For example, examination of
Table 4.15 for the group S5 shows us that Z(S3) = {¢]. so the center of S is trivial. (This
is a special case of Exercise 40, which shows that the center of every nonabelian group
of order pg for primes p and ¢ is trivial.) Consequently, the center of S3 x Zs must be
{t} x Zs, which is isomorphic to Zs. A

Turning to the commutator subgroup, recall that in forming a factor group of G
modulo a normal subgroup N, we are essentially putting every clement in G that is in
N equal to e, for N forms our new identity in the factor group. This indicates another
use for factor groups. Suppose, for example, that we are studying the structure of a non-
abelian group G. Since Theorem 9.12 gives complete information about the structure
of all finitely generated abelian groups, it might be of interest to try to form an abelian
group as much like G as possible, an abelianized version of G, by starting with G and
then requiring that ab = ba for all @ and b in our new group structure. To require that
ab = ba is to say that aba—'b~! = ¢ in our new group. An element aba='5~" in a group
is a commutator of the group. Thus we wish to attempt to form an abelianized ver-
sion of G by replacing every commutator of G by e. By the first observation of this
paragraph, we should then attempt to form the factor group of G modulo the smallest
normal subgroup we can find that contains all commutators of G.

Let G be a group. The set of all commutators aba~'h~! for a,b € G generates a sub-
group C (the commutator subgroup) of G. This subgroup C is a normal subgroup of G.
Furthermore, if N is a normal subgroup of G. then G/N is abelian if and only if C = N.

The commutators certainly generate a subgroup C: we must show that it is normal in
G. Note that the inverse (aba~'6~")~! of a commutator is again a commutator, namely.
bab™'a=!. Also e = eee~'e™! is a commutator. Theorem 7.7 then shows that C consists
precisely of all finite products of commutators. For x € C, we must show that g 'xg € C
for all g € G, or that if x is a product of commutators, so is g~'xg for all g € G. By
inserting e = gg~' between each product of commutators occurring in x, we see that it

is sufficient to show for cach commutator cde™'d~! that g~'(cde™'d~")g is in C. But

g ede™ d™ g = (g7 ede™ Ne)d )
= (g ede™ Y gd  dg)d )
=g 'o)d(g o) 'd " 1[dg'd g,

which is in C. Thus C is normal in G.
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The rest of the thcorem is obvious if we have acquired the proper feeling for factor
groups. One doesn’t visualize in this way, but writing out that G/C is abelian follows
from

(aC)(bC) = abC = ab(b™'a 'ba)C
= (abb™'a~YYbaC = baC = (bC)(aC).
Furthermore, if N is a normal subgroup of G and G/N is abelian, then (@~ 'N)(b™'N) =
(b~ 'NYa 'N); that is, aba~'b~'N = N, so aba~'b~' € N, and C < N. Finally, if C <
N, then
(aN)(bN) = abN = ab(b™'a~'ba)N
= (abb~'a "YbaN = baN = (bN)(aN).

13.23 Example  Using cycle notation in the symmetric group S, one commutator is
(1,2,3)(2,3)(1,2,3) 712,37 = (1,2.3)(2,3)(1,3,2)(2,3) = (1,3,2).

So the commutator subgroup C contains ((1,3,2)) = Aj, the alternating group. Since
S3/A3 is abelian (isomorphic with 7Z;), Theorem 13.22 says that C < A;. Therefore, A,
is the commutator subgroup. A

i EXERCISES 13

Computations

In Exercises | through 14, classify the given group according to the fundamental theorem of finitely generated
abelian groups.

1. (Za x Za)/{(0. 1)) 2. (Za x Z4)/{(0,2))
3. (Za x Za)/{(1,2)) 4. (Za x Zg)/{(1,2))
5. (Za x Ly x Zg)/{(1,2,4)) 6. (Z x Z)/((0, 1)
7. (£ x Z)/{(0,2)) 8. (ZxZ xZ)/M(1,1,1))
9. (Z x Z x Zy)/{(3,0,00) 10. (£ x 7 x Tg)/{(0,4,0))
11. (7 x 2)/{(2.2)) 12. (Z x % x )/{(3,3,3))
13. (Z x Z)/{(2.6)) 14, (Z x Z x Za)/{(1,1, 1))

15. Find both the center and the commutator subgroup of .
16. Find both the center and the commutator subgroup of Z4 x Sj3.
17. Find both the center and the commutator subgroup of S5 x Djy.

18. Describe all subgroups of order < 4 of Zy x Z4., and in each case classify the factor group of Zy x Zy modulo
the subgroup by Theorem 9.12, That is. describe the subgroup and say that the factor group of Z4 x Z4 modulo
the subgroup is isomorphic to Za x Z4, or whatever the case may be. [Hint: Z4 x Z4 has six different cyclic
subgroups of order 4. Describe them by giving a generator, such as the subgroup ((1.0)}. There is one subgroup
of order 4 that is isomorphic to the Klein 4-group. There are three subgroups of order 2.]

Concepts

In Exercises 19 and 20, correct the definition of the italicized term without reterence to the text, if correction is
needed, so that it is in a form acceptable for publication.

19. The center of a group G contains all elements of G that commute with every element of G.

20. The commutator subgroup of a group G is {a~'b~'ab|a.b € G}.
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21. Determine whether each of following is true or false.
a. Every factor group of a cyclic group is cyclic.
b. A factor group of a noncyclic group is again noncyclic.
¢. B/Z under addition has no element of order 3.
d. R/ under addition has no element of order 2.
e. /Z under addition has an infinite number of elements of order 4.
f. If the commutator subgroup C of a group G is {e}, then G is abelian.
g. If G/H is abelian, then the commutator subgroup C of G contains H.
h. The commutator subgroup of a simple group G must be G itself.
i. The commutator subgroup of a nonabelian simple group G must be G itself.
J- All nontrivial finite simple groups have prime order.

In Exercises 22 through 25, let F be the additive group of all functions mapping R into R, and let F* be the
multiplicative group of all elements of £ that do not assume the value 0 at any point of E.

22. Let K be the subgroup of F consisting of the constant functions. Find a subgroup of F' to which F/K is
isomorphic.

23. Let K* be the subgroup of F* consisting of the nonzero constant functions. Find a subgroup of F* to which
F*/K* is isomorphic.

24, Let K be the subgroup of continuous functions in F. Can you find an element of F/K having order 27 Why or
why not?

25. Let K* be the subgroup of F™ consisting of the continuous functions in #*. Can you find an element of £* /K~
having order 27 Why or why not?

In Exercises 26 through 28, let U be the multiplicative group {z € T | lz] = 1}.

26. Let zy € U. Show that zyU = {zpz | z € U} is a subgroup of U, and compute U /zoU.

27. To what group we have mentioned in the text is U/(—1} isomorphic?

28. Lel ¢, = cos(2w/n) + i sin(27 /n) where n € Z7. To what group we have mentioned is U/ (Z,) isomorphic?

29. To what group mentioned in the text is the additive group 8/Z isomorphic?

30. Give an example of a group G having no elements of finite order greater than | and a normal subgroup H <1 G,
H # G, so that in G/H every element has finite order.

31

Let H and K be normal subgroups of a group G. Give an example showing that we may have H/ == K while
G /H is not isomorphic 1o G/K.

w

Describe the center of every simple

a. abelian group

b. nonabelian group.

33. Describe the commutator subgroup of every simple
a. abelian group
b. nonabelian group.

Proof Synopsis
34. Give a one-sentence synopsis of the proof of Theorem 13.9.

35. Give at most a two-sentence synopsis of the proof of Theorem 13.20.

Theory
36. Show that if a finite group G contains a nontrivial subgroup of index 2 in G, then G is not simple.

37. Let¢ : G — G’ be a group homomorphism, and let N be a normal subgroup of G. Show that ¢[N] is a normal
subgroup of ¢[G].



38.

3

40.
41
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Let ¢ : G — G’ be a group homomorphism, and let N” be a normal subgroup of G'. Show that ¢—'[N'] is a
normal subgroup of G.

Show that if G is nonabelian, then the factor group G/Z(G) is not cyclic. [Hint: Show the equivalent contra-
positive, namely, that if G/Z(G) is cyclic then G is abelian (and hence Z(G) = G).]
Using Exercise 39, show that a nonabelian group G of order pg where p and ¢ are primes has a trivial center.

Prove that A, is simple for n = 3, following the steps and hints given.

a. Show A, contains every 3-cycle if n = 3.

b. Show A, is generated by the 3-cycles for n = 3. [Hint: Note that (a, b)(¢c,d) = (a.c,b)(a.c.d) and
(a.c)a, b) = (a.b,c).]

c. Let r and s be fixed elements of {1,2,--- . n} for n = 3. Show that A, is generated by the n “special” 3-
cycles of the form (r.s,7) for 1 < i < n [Hint: Show every 3-cycle is the product of “special” 3-cycles by
computing

s, (s s D, (s s i,
and
(5.0 (r, 8. K) (8, )2 (r 5. D).

Observe that these products give all possible types of 3-cycles.]

d. Let N be a normal subgroup of A, for n = 3. Show that if N contains a 3-cycle, then N = A,,. [Hint: Show
that (r, s, i) € N implies that (r, 5, /) € N forj = 1.2, -+ .n by computing

((ra ) ))ry 5,1 ((r, )G )]

e. Let N be a nontrivial normal subgroup of A, for n = 5. Show that one of the following cases must hold,
and conclude in each case that N = A,,.

Casel N contains a 3-cycle.

Case Il N contains a product of disjoint cycles, at least one of which has length greater than 3. [Hint: Sup-
pose N contains the disjoint product o = p(ay, az. - - - ,ar). Show J_I(m Laz,ay)olay, az. a:,)_L is
in N, and compute it.]

Case III N contains a disjoint product of the form & = p(ay., as.ag)ay.az.as). [Hint: Show o ~Hay. a2, ay)
olay,an, a4}‘] is in N, and compute it.]

Case IV N contains a disjoint product of the form ¢ = p(ay. a2, az) where p is a product of disjoint 2-
cycles. [Hint: Show o> € N and compute it.]

Case VN contains a disjoint product ¢ of the form o = p(as, a4)(a1.az). where i is a product of an even
number of disjoint 2-cycles. [Hint: Show that o ~!(a), a2, a3)a (a) car.az)"'isin N, and compute
it to deduce that ¢ = (a2, a4)(ay,az) is in N. Using n = 5 for the {irst ime, find i = ay. 4. a3, a4 1n
{1.2.---,n}. Let 8 = (a).as.i). Show that ~'afe € N, and compute it.]

Let N be a normal subgroup of G and let H be any subgroup of G. Let HN = {hn | h € H,n € N}. Show that
HN is a subgroup of G, and is the smallest subgroup containing both N and H.

With reference to the preceding exercise, let M also be a normal subgroup of G. Show that NM is again a
normal subgroup of .

Show that if // and K are normal subgroups of a group G such that /1 N K = {e}, then hk = kh for all h € H
and k € K. [Hint: Consider the commutator hkh™ 'k~ = (hkh~ ")k~ = h(kh— 'k~ ").]

With reference to the three preceding exercises, let // and K be normal subgroups of a group G such that
HK = G and H M K = {e}. Prove that G is isomorphic with H x G.
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TGROUP ACTION ON A SET

We have seen examples of how groups may act on things, like the group of symmetries
of a triangle or of a square, the group of rotations of a cube, the general linear group
acting on ", and so on. In this section we give the general notion of group action and
apply it to learn more about finite groups. The next section will give applications to
counting.

The Notion of a Group Action

Definition 1.1 defines a binary operation * on a set § to be a function mapping § x § into
S. The function * gives us a rule for “multiplying” an element s in § and an element s
in § to yield an element s * 5, in §.

More generally, for any sets A, B, and C, we can view a map % : A x B — C as
defining a “multiplication,” where any element a of A times any element b of B has as
value some clement ¢ of C. Of course. we write a % b = ¢, or simply ab = c. In this
section, we will be concerned with the case where X is a set, G is a group. and we have
amap * : G x X — X. We shall write (g, x) as g *x or gx.

Let G = GL(n,R) and X the set of all column vectors in [R”. Then for any matrix A € G
and vector v € X, Av is 4 vector in X. So multiplying is an operation # : G x X — X.
From linear algebra, we know that if B is also a matrix in G, then (AB)v = A(Bv). Fur-
thermore, for the identity matrix I, Iv = v. A

Let G be the dihedral group D,. Then elements of D, permute the set Z, =
{0.1.2,3,...,n — 1}. For example, p(k) =k +, 1. Thus we have an operation s :
D, x @, — 7Z,. Furthermore, if @,y € D, and k € Z,, then (ay)(k) = a(y(k)) and
k)= k. A

The two previous examples share the same properties, which we formalize in
Definition 14.3.

Let X be a set and G a group. An action of G on X isamap * : G x X — X such that

1. ex=xforallx € X,
2, (gg2)x) =g (gox) forall x € X and all gy, g2 € G.

Under these conditions, X is a G-set. [ |

Let X be any set. and let H be a subgroup of the group Sy of all permutations of X.
Then X is an H-set, where the action of o € H on X is its action as an element of
Syx. so that ox = o(x) for all x € X. Condition 2 is a consequence of the definition of
permutation multiplication as function composition, and Condition 1 is immediate from
the definition of the identity permutation as the identity function. Note that, in particular,
{1,2,3,--- ,n} is an §,-set. A

Our next theorem will show that for every G-set X and each g € G, the map
a, : X — X defined by o,(x) = gx is a permutation of X, and that there is a homo-
morphism ¢ : G — Sy such that the action of G on X is essentially the Example 14.4
action of the image subgroup H = ¢[G] of Sy on X. So actions of subgroups of Sy
on X describe all possible group actions on X. When studying the set X, actions using
subgroups of Sy suffice. However, sometimes a set X is used to study G via a group
action of G on X. Thus we need the more general concept given by Definition 14.3.

¥ This section is a prerequisite only for Sections 15 and 17.
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Let X be a G-set. For each g € G. the function o, : X — X defined by o,(x) = gx for
x € X is a permutation of X. Also, the map ¢ : G — Sy defined by ¢(g) = o, is a ho-
momorphism with the property that ¢(g)(x) = gx.

To show that o, is a permutation of X, we must show that o, is a one-to-one map
of X onto itself. Suppose that o,(x;) = o,(xz) for x;.x; € X. Then gx; = gx,. Con-
sequently, g '(gx;) = g '(gx»). Using Condition 2 in Definition 14.3, we see that
(g7 'g)x; = (g7 g)x2, 50 ex; = exy. Condition 1 of the definition then yields x; = x5,
$0 @, is one-to-one. The two conditions of the definition show that for x € X, we have
ag(g‘lxj =glg ' w=(gg x=ex=ux s0 o, maps X onto X. Thus o, is indeed a
permutation.

To show that ¢ : G — Sy defined by ¢(g) = o, is a homomorphism, we must
show that ¢(g1g2) = ¢(g1)d(gr) forall g. g2 € G. We show the equality of these two
permutations in Sy by showing they both carry an x € X into the same element. Using
the two conditions in Definition 14.3 and the rule for function composition, we obtain

D(g182)x) = 0g,0,(X) = (g182)x = g1(g2%) = £164,(x) = 7, (0, (X))
= (Gglo O—gl)(x) = (O—m ﬁg;)(x) = (41"(},’1)@(53’2)}(4?)

Thus ¢ is a homomorphism. The stated property of ¢ follows at once since by our
definitions, we have ¢(g)(x) = o,(x) = gx. P

It follows from the preceding theorem and Theorem 12.17 that if X is a (7-set, then
the subset of G leaving every element of X fixed is a normal subgroup N of G, and we
can regard X as a G/N-set where the action of a coset g on X is given by (gN)x = gx
foreach x € X. If N = {e}, then the identity element of G is the only element that leaves
every x € X fixed; we then say that G acts faithfully on X. A group G is transitive on
a G-set X if for each x|, x; € X, there exists g € G such that gy = x7.

We continue with more examples of G-sets.

Every group G is itself a G-set, where the action on g; € G by g; € G is given by left
multiplication. That is, #(g), g2) = g1g2. If H is a subgroup of G, we can also regard G
as an H-set, where x(h, g) = hg. A

Let H be a subgroup of G. Then G is an H-set under conjugation where *(h, g) = hgh™!
for g € Gand h € H. Condition 1 is obvious, and for Condition 2 note that

#(hiha, ) = (hiha)g(hyha) ™" = hi(haghy YR = #(hy, %(ha. g)).

We always write this action of H on G by conjugation as hgh~'. The abbreviation hg
described before the definition would cause terrible confusion with the group operation
of G. A

Let H be a subgroup of G, and let Ly be the set of all left cosets of H. Then Ly is
a G-set, where the action of g € G on the left coset xH is given by g(xH) = (gx)H.
Observe that this action is well defined: if yH = xH, then y = xh for some h € H, and
g(yH) = (gv)H = (gxh)H = (gx)(hH) = (gx)H = g(xH). A series of exercises shows
that every G-set is isomorphic to one that may be formed using these left coset G-sets
as building blocks. (See Exercises 22 through 25.) A

Let us look closer at the the dihedral group D4, which permutes the vertices of the square
as labeled in Figure 14.10. As indicated in the figure, we label the vertices 0,1.2,3
as usual; the sides sg, 51, $2, 53; the midpoints of the sides Py, Py, P2, P5; the diagonals
dy, dy: the lines joining opposite side midpoints my, m,; and we label the intersection of
the lines d,, dz, m ;. n> with C.
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14.12 Example

We can think of the se

t

Fi o Fy
i ]
Py Fy
3
14.10 Figure

X= {U. 1,2, 3,50,5‘1,52. S3,M11,??!2.d1.d3, C.P{},Pl.Pz,Pji

as a Dy-set in a natural way. Table 14.11 shows the action of D4 on X. Recall that ¢ is the
identity, p* is rotation by km/2, and u is reflection across the line d». We can see from
the table that pp is reflection across the line m;, up? is reflection across the line ;. and
wp* is reflection across the line m;. It is worthwhile to spend a little time to understand

how Table 14.11 was constructed before continuing.

14.11 Table

0 1 2 3 59 59 52 s3 m mm dy do C Py Py P» Py
t 0 1 2 3 s9 51 50 s3 m m dy do C Py P Py Py
P 1 2 3 0 s s s3 s my m d» dy C P Py Py Py
f):’ 2 3.0 1 §2 83 §p 8 m s ﬂ’| d2 (B PZ P3 PU P|
2 |3 0 1 2 sy sg 51 s maom dnodf C Py Py Py Py
H o 3 2 1 e T i S § | s Mmoo d[ dz C Py P P Py
up 32 1 0 s 51 sg 83 m mm do dy C P» P Py P3
Iupz 2 1 0 3 5 sp s3 s m m d d C P Py Py P>
lup3 1 0 3 2 s s3 s 851 m m d» dy C Py Pz Py Py

Isotropy Subgroups

Let X be a G-set. Let x € X and g € G. It will be important to know when gx = x. We

let

X, ={xeX|gx=ux}

and

For the Ds-set X in Example 14.9, we have

X, =X,

Also, using the same Dy action on X,

Gs, = {t, no},

Gy = {t. 1}

We leave the computations of the other sets of the form X, and G, to Exercises |

and 2.

Note that the subsets G, given in the preceding example were, in each case, sub-
groups of G. This is true in general.

.

G, ={geGlgx=x}].

Xﬂ = {C}a

X, = {0,2,dy,ds, C).

Gy, = {t, p% 1, 1p*).
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Let X be a G-set. Then G, is a subgroup of G for each x € X.

Let x € X and let g,g2 € G,. Then gyx = x and g,x = x. Consequently, (g g2)x =
21(g2x) = g1x = x, s0 g1g2 € G,, and G, is closed under the induced operation of G.
Of course,ex =x,s0e € G,. If g€ G thengx = x,sox =ex = (g ' ghr = g7 (gx) =

g 'x, and consequently g~' € G,. Thus G, is a subgroup of G. L 4
Let X be a G-set and let x € X. The subgroup G, is the isotropy subgroup of x. [ |
Orbits

For the Dy-set X of Example 14.9 with action table in Table 14.11, the elements in the
subset {0, 1, 2, 3} are carried into elements of this same subset under action by Dy.
Furthermore. each of the elements 0, 1, 2, and 3 is carried into all the other elements of
the subset by the various elements of Dy. We proceed to show that every G-set X can be
partitioned into subsets of this type.

Let X be a G-set. For xj,x € X, let x; ~ x> if and only if there exists g € G such that
gx; = x3. Then ~ is an equivalence relation on X.

For each x € X, we have ex = x, so x ~ x and ~ is reflexive.
Suppose x| ~x2, s0 gx; =xp for some ge G. Then g~
(g 'g)x = ex; = x1. 80 x2 ~ X, and ~ is symmetric.
Finally, if x| ~ x; and x; ~ x3, then g,x; = x; and gox; = x3 for some g,. 2> € G.
Then (g2g1)x1 = g2(g1x1) = g2x2 = X3, 50 X1 ~ x3 and ~ is transitive. *

bo=ggr)=

Let X be a G-set. Each cell in the partition of the equivalence relation described in
Theorem 14.15 is an orbit in X under G. IT x € X, the cell containing x is the orbit
of x. We let this cell be Gx. [ |

The relationship between the orbits in X and the group structure of G lies at the
heart of many applications. The following theorem gives this relationship. Recall that
for a set X, we use |X| for the number of elements in X, and (G : H) is the index of a
subgroup H in a group G.

Let X be a G-set and let x € X. Then |Gx| = (G : G,). If |G| is finite, then |Gx| 18 a
divisor of |G|.

We define a one-to-one map v from Gx onto the collection of left cosets of G, in G.
Let x; € Gx. Then there exists g; € G such that g,x = x;. We define ¥/ (x) to be the left
coset g1Gy of G,. We must show that this map ¥ is well defined, independent of the
choice of g; € G such that g;x = x;. Suppose also that g;'x = x;. Then, gix = g,'x, so
gf'(g..r) = gl_l(g1"x). from which we deduce x = (gl_lgf)x. Therefore gl_'gl" € G,.s0
21’ € g1G,, and g,G, = g,'G,. Thus the map 1 is well defined.

To show the map 1 is one-to-one, suppose x;,x; € Gx, and Vr(x;) = ¥(x2). Then
there exist g1, g2 € G such that x; = gyx, x> = gox, and g2 € 2/G,. Then g, = g, ¢ for
some g € Gy, S0 X2 = gax = g1(gx) = g1x = x;. Thus 1 is one-to-one.

Finally, we show that each left coset of G, in G is of the form ¥ (x;) for some
x; € Gx. Let g,G, be a left coset. Then if g,x = x;. we have g,G, = ¥(x;). Thus ¢
maps Gx one-to-one onto the collection of left cosets so |Gx| = (G : G,).

If |G| is finite, then the equation |G| = |G, |(G : G,) shows that |Gx| = (G : G,) is
a divisor of |G|. *
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Let X be the Dy-set in Example 14.9, with action table given by Table 14.11. With
G = Dy, we have Gy = [t, ). Since |G| = 8, we have |GO| = (G : Gy) = 4. From Table
14.11. we see that GO = {0, 1, 2, 3}, which indeed has four elements. A

We should remember not only the cardinality equation in Theorem 14.17 but also
that the elements of G carrying x into gx are precisely the elements of the left coset
21G,. Namely, if g € G, then (g, g)x = g1 (gx) = gix. On the other hand, if gox = g,
then g, '(gng =xs0(g ]-gg)_x: = x. Thus g, 'gg G, s0g: € 21G,.

Applications of G-Sets to Finite Groups

Theorem 14.17 is a very useful theorem in the study of finite groups. Suppose that X is
a G-set for a finite group G and we pick out one element from each orbit of X to make
the set § = {xy,x0,..., x.} where we indexed the elements of X so that if / < j, then
|Gx;j| = |Gx;|. That is, we arrange by orbit size, largest first and smallest last. Every
element in X is in precisely one orbit, so

X| =) IGxil. (1)
i=l

We let Xg = {x € X |gx = xforall ¢ € G}. That is, X is the set of all elements of X
whose orbit size is 1. So by equation (1),

&

IX| = |Xg] + ) 1Gxi @)

i=1
where we simply place all the orbits with one element into X and we are left with s
orbits each containing at least two elements. Although Equation (2) is simply saying
that if you add up the sizes of all the orbits you account for all the elements of X, when
coupled with Theorem 14.17. it gives some very interesting results. We give a few in
the remainder of this section. In Section 17 we will use Equation 2 extensively to prove
the Sylow Theorems.

For the remainder of this section, we assume that p is a prime number.

Let G be a group with p" elements. It X is a G-set, then |[X| = |Xg| mod p.
Using Equation 2,

X = X6l + ) |Gxil.
=l

Since for each i < 5. |Gx;| = 2 and |Gx;| = (G : G,,) is a divisor of |G| = p", by Theo-

rem 14.17 p divides each term in the sum Z |Gxjl. Thus |X| = |Xg| mod p. L 2
i=1

Knowing that k divides the order of a group is not sufficient information to assume that
the group has a subgroup of order k. For example, we saw that A4 has no subgroup of
order 6 and that in general, A, has no subgroup of index 2 if n = 4. On the positive side,
in Exercise 29 in Section 2, you were asked to show that if a group has an even number
of elements, then it has an element of order two. Theorem 14.20 generalizes this result
to show that if a prime number p divides the order of a group, then the group has an
clement of order p. The proof of this theorem relies on Theorem 14.19.

(Cauchy’s Theorem) Let G be a group such that p divides the order of G. Then G has
an element of order p and therefore a subgroup of order p.
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X ={(go,81.82..- .- &-1) | £0: 81+ ... 8p—1 €EGand gog 12> ... 8,1 = €}.

That is, X is the set of all p-tuples with entries in G so that when the entries are mul-
tiplied together (in order) their product is the identity e. Since the product is ¢, gy =
(g182...8p-1)" " and given any g1, g>.....g,—1 € G, by picking go = (2182 ... gp-1)"
we have an element in X. Thus |X| = |G|P~! and in particular, p divides the order of X
since p divides the order of G.

Suppose that (go, 1,82 - -. 8&—1) € X. Since gg = (g182...8p—1) . it follows that
(g1.82....82p—1.20) 1s in X. Repeating this process, noting that g; = (g2g3 . .. gp_lg(})""
we conclude that (g2, g3, 84.- - . &p-1. 80, g1) € X. Continuing in this manner we have
that for any k € 7,

(8> 8ktp1s Bhtp2s - -+ + Bhtpip—1)) € X.

We check that this gives a group action of Z, on X. Letk € Z, and (go, g1, 82... .. &p—1) €
X. Then

k(20+81:825+ - +»8p—1) = (8k» 8kt 15 Bty 20+ - =5 Bt ytp—1) € X.

Since

0(g0.£1. 82+ - - -+ 8p—1) = (20, £1. 82+ - . . . §p—1) and

k(l(go. 81.82. -+ -+ 8p—1)) = k(&1 814,1- 814,24+ - -+ Qi (p—1)
= (8 pls Bt pls -+ o s ety pp—1))
= (k+p D(go. 81,82+ - . &p—1)

this is indeed a group action.

By Theorem 14.19, 0 = |X| = |Xz,| mod p. The p-tuple (¢, ¢,e,...,¢) is in Xz,
because rearranging the entries does not change the p-tuple. Since X7 contains at least
one clement and p divides |Xz,|, Xz, must contain at least one clement other than

(e.e.e,....e). That element must have the form (a,a, a, ..., a) with a # e and o = e.
So a has order p and the subgroup it generates is a subgroup of G with order p. A 4

A p-group is a group such that each element in the group has order a power of p. A
p-subgroup of a group is a subgroup that is a p-group. |

The group D¢ is a 2-group since the order of any element of D4 divides |Dys| = 32.
A

Using the Fundamental Theorem of Finitely Generated Abelian Groups, a finite abelian
group is a p-group it and only if it is isomorphic to

Zpr] X qu X Zpr_\ Miws G me k

This is because if there were a factor of the form Z, where g # p is a prime number
and s = |, then there would be an element in G with order ¢* which is not a power of p.
In Exercise 30, you are asked to show that for G a finite group, G is a p-group if
and only if the order of G is a power of p.
The next theorem assures us that any finite p-group has a nontrivial normal sub-
group, namely the center of the group. A

Let G be a finite p-group. Then the center of G, Z(G), is not the trivial group.

We let X = G and we make X into a G-set using conjugation. That is, #(g,a) = gag™".

uation 2 states that 0 = |X| = |X;| mod p. For all g € G, ges™! = ¢. So X;; has at
P g geg
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least one clement, namely e. Since the number of elements in X; must be at least p.
there is an element @ € X such that ¢ # ¢ and gag™' = a for all g € G. Thus ga = ag
for all g € G, which says that a € Z(G). So Z(G) is not the trivial subgroup. *

When studying p-groups, the fact that the center is nontrivial is often very helpful. We
conclude this section with a theorem that illustrates the utility of Theorem 14.24.

Every group of order p? is abelian.

Let G be a group of order p? with center Z(G). By Theorem 14.24, Z(G) is not the
trivial group so it is either all of G or else it has order p. We wish to show that Z(G) = G
using proof by contradiction. So we assume that Z(G) has p elements. Since Z(G) is a
normal subgroup of G, we can form G/Z(G). The group G/Z(G) also has p elements
and so both Z(G) and G/Z(G) are cyclic. Let (a} = Z(G) and (bZ(G)) = G/Z(G). Let
x,v € G. Then x = b'a! and y = b’a* for some integers i, j, r, s since the cosets of Z(G)
partition G. Then

xy = bla'b'a* = b'b'a’a’
since {a) is the center of G. So
xy=b"a" = bba'a = ba'ba =yx
Since every element in G commutes with every other element, Z(G) = G, which con-

tradicts our assumption that the center has only p elements. So the center of G must be
G, which means that G is abelian. L 2

Since every group of order p? is abelian, the Fundamental Homomorphism Theorem
says that every group with p* elements is isomorphic to either Z,» or Z, x Z,. The two
groups of order 4 arc Z, and the Klein 4-group. The two groups of order 9 are Zy and
Z:; X Z_‘;. A

m EXERCISES 14

Computations

In Exercises | through 3, let

X = {O. 1,2, 3,."{h-§'|.Sz,.(:;,ml.ﬂlg,dhdg, C‘ P(),P|.P2,P3|

be the Dy-set of Example 14.9. Find the following, where G = Dj.
1. The fixed sets X, for each o € Dy.

The isotropy subgroups G, for each x € X, that is, Go, Gy, --- , Gp,, Gp,.

. Theorem 14.24 states that every p-group has nontrivial center. Find the center of Dsg.

2
3. The orbits in X under Dy.
4
5

. Find the center of D+.

6. Let G = X = S3 and make X a G-set using conjugation. That is, (o, 1) = oro .. Find all the orbits of X
using this action. (Write permutations in disjoint cycle notation.)

e

Let G = Dy and X be the set of all subgroups of Dy with order two. The set X is a G-set using conjugation,

#(0, H) = o Ho . Find all the orbits of this group action.

8. Let G = U = {z € C| |z]| = 1] be the circle group. Then X = T, the set of complex numbers, is a G-set with
group action given by complex number multiplication. That is, if z € U and w € C, *(z. w) = zw. Find all the
orbits of this action. Also, find X¢;.
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9. Let G be a group of order 3 and suppose that |X| = 6. For each possible action of G on X, give a list of the
orbit sizes. List the orbit sizes from largest to smallest. (Recall that the orbits partition the set X.}

10. Let G be a group of order 9 and suppose that |X| = 10. For each possible action of G on X. give a list of the
orbit sizes. List the orbit sizes from largest to smallest.

11. Let G be a group of order 8 and suppose that [X| = 10. For each possible way to make X a G-set the orbits
partition X. For each possible action of G on X, give a list of the orbit sizes. List the orbit sizes from largest to
smallest.

Concepts

In Exercises 12 and 13, correct the definition of the italicized term without reference to the text, if correction is

needed, so that it is in a form acceptable for publication.

12. A group G acts faithfully on X if and only if gx = x implies that g = e.

13. A group G is transitive on a G-sel X i and only if, for some g € G, gx can be every other x.

14. Let X be a G-set and let § € X. If Gs < § for all s € §, then § is a sub-G-set. Characterize a sub-G-set of a
G-set X in terms of orbits in X under G.

15. Characterize a transitive G-set in terms of its orbits.

16. Determine whether each of the following is true or false.

a. Every G-set is also a group.

b. Each element of a G-set is fixed by the identity of G.

c. If every element of a G-set is fixed by the same element g of G, then g must be the identity e.
d. Let X be a G-set with x;, x> € X and g € G. If gy = gxa, then x) = xa.

e. LetXbeaG-setwithre Xandg|.go € G. If gjx = gox. then g) = g2.

f. Each orbit of a G-sel X is a transitive sub-G-set. (See Exercise 14.)

g. Let X be a G-setand let H < G. Then X can be regarded in a natural way as an H-set.

h. With reference to (g), the orbits in X under H are the same as the orbits in X under G.

i. If X is a G-set, then each element of G acts as a permutation of X.

j- Let X be a G-set and let x € X. If G is finite, then |G| = |Gx| - |G,/

17. Let X and ¥ be G-sets with the same group G. An isomorphism between G-sets X and Yisamap¢ : X — V
that is one-to-one, onto Y, and satisfies g¢p(x) = ¢p(gx) for all x € X and g € G. Two G-sets are isomorphic if
such an isomorphism between them exists. Let X be the Ds-set of Example 14.9.

a. Find two distinct orbits of X that are isomorphic sub-Dy-sets. (See Exercise 14.)

b. Show that the orbits {0, 1. 2, 3} and [sg. 51. 52,53} are not isomorphic sub-Dy-sets. [Hint: Find an element
of G that acts in an essentially different fashion on the two orbits.]

c. Are the orbits you gave for your answer to part (a) the only two different isomorphic sub-Dy-sets of X?

18. Let X be the Dy-set in Example 14.9.

a. Does Dy act faithfully on X?
b. Find all orbits in X on which Dy acts faithfully as a sub-Dy-set. (See Exercise 14.)

Theory

19. Let X be a G-set. Show that G acts faithfully on X if and only if no two distinet elements of G have the same
action on each element of X.

20. LetXbeaG-setandlet Y € X. Let Gy = {g € G| gy = yforall y € Y}. Show Gy is a subgroup of G, gener-
alizing Theorem 14.13.

21. Let G be the additive group of real numbers. Let the action of § € G on the real plane > be given by rotating
the plane counterclockwise about the origin through # radians. Let P be a point other than the origin in the
plane.

a. Show R? is a G-set.
b. Describe geometrically the orbit containing P.
¢. Find the group Gp.
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Exercises 22 through 25 show how all possible G-sets. up to isomorphism (see Exercise 17). can be formed from
the group G.

22. Let {X;|i € 1} be a disjoint collection of sets, so X; N X; = @ for i # j. Let each X; be a G-set for the same

23.

group G.
a. Show that | J;_,X; can be viewed in a natural way as a G-set. the union of the G-sets X;.
b. Show that every G-set X is the union of its orbits.

Let X be a transitive G-set, and let xg € X. Show that X is isomorphic (see Exercise 17) to the G-set L of all
left cosets of G, described in Example 14.8. [Hint: For x € X, suppose x = gxg, and define ¢ : X — L by
¢(x) = gGy,. Be sure to show ¢ is well defined!]

. Let X; for i € I be G-sets for the same group G, and suppose the sets X; are not necessarily disjoint. Let

25.

26.

27,
28.

29,

30.

31

X, = {(x.i)| x € X;} for each i € /. Then the sets X} are disjoint, and each can still be regarded as a G-set in

an obvious way. (The elements of X; have simply been lagged by 7 to distinguish them from the elements of

X; for i #j.) The G-set | J; ;X! is the disjoint union of the G-sets X;. Using Exercises 22 and 23, show that

every G-set is isomorphic to a disjoint union of left coset G-sets, as described in Example 14.12.

The preceding exercises show that every G-set X is isomorphic to a disjoint union of left coset G-sets. The

question then arises whether left coset G-sets of distinet subgroups H and K of G can themselves be isomor-

phic. Note that the map defined in the hint of Exercise 23 depends on the choice of xj as “base point.” If xy is

replaced by goxp and if Gy, # Gy, then the collections Ly of left cosets of H = Gy, and Lg of left cosets of

K = Gy, form distinct G-sets that must be isomorphic, since both Ly and L are isomorphic to X,

a. Let X be a transitive G-set and let xg € X and go € G. I H = G, describe K = G, in terms of H
and gq.

b. Based on part (a), conjecture conditions on subgroups H and K of G such that the left coset G-sets of H
and K are isomorphic.

¢. Prove your conjecture in part (b).

Up to isomorphism, how many transitive Zs-sets X are there? (Use the preceding exercises.) Give an example

of each isomorphism Lype, listing an action table of each as in Table 14.11. Take lowercase names a, b, ¢, and

so on for the elements in the set X.

Repeat Exercise 26 for the group Zg.

Repeat Exercise 26 for the group Ss. List the elements of 83 in the order ¢, (1. 2, 3), (1, 3. 2). (2, 3), (1, 3).

(14:2):

Prove that if G is a group of order p?, where p is a prime number, then |Z(G)| is either p or p*. Give an example

where |Z(G)| = p and an example where [Z(G)| = p3.

Let p be a prime number. Prove that a finite group G is a p-group if and only if |G| = p" for some integer

n=0.

Let G be a group that acts on X = (H | H < G} by conjugation. That is, g« H = gHg!. State and prove an

equivalent condition for a subgroup H < G to be a normal subgroup of G in terms of

a. Gy, the isotropy subgroup of H.

b. GH, the orbit of H.

SECTION 15 "APPLICATIONS OF G-SETS TO COUNTING

This section presents an application of our work with (G-sets to counting. Suppose, for
example, we wish to count how many distinguishable ways the six faces of a cube can
be marked with from one to six dots to form a die. The standard die is marked so that
when placed on a table with the 1 on the bottom and the 2 toward the front, the 6 is on
top, the 3 on the left, the 4 on the right, and the 5 on the back. Of course, other ways of
marking the cube to give a distinguishably different die are possible.

T This section is not used in the remainder of the text.
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Let us distinguish between the faces of the cube for the moment and call them the
bottom, top, left, right, front, and back. Then the bottom can have any one of six marks
from one dot to six dots, the top any one of the five remaining marks. and so on. There
are 6! = 720 ways the cube faces can be marked in all. Some markings yield the same
die as others, in the sense that one marking can be carried into another by a rotation
of the marked cube. For example, if the standard die described above is rotated 90°
counterclockwise as we look down on it, then 3 will be on the front face rather than 2,
but it is the same die.

There are 24 possible positions of a cube on a table, for any one of six faces can be
placed down, and then any one of four to the front, giving 6 - 4 = 24 possible positions.
Any position can be achieved from any other by a rotation of the die. These rotations
form a group G, which is isomorphic to a subgroup of Sz. We let X be the 720 possible
ways of marking the cube and let G act on X by rotation of the cube. We consider
two markings to give the same die if one can be carried into the other under action by
an element of G, that is. by rotating the cube. In other words, we consider each orbit
in X under G to correspond to a single die, and different orbits to give different dice.
The determination of the number of distinguishable dice thus leads to the question of
determining the number of orbits under G in a G-set X.

The following theorem gives a tool for determining the number of orbits in a G-set
X under G. Recall that for each g € G we let X, be the set of elements of X fixed by g, so
that X, = {x € X | gx = x}. Recall also that for each x e X, we let G, = (g € G| gx =
x}, and Gx is the orbit of x under G.

(Burnside’s Formula) Let G be a finite group and X a finite G-set. If 7 is the number
of orbits in X under G,

relGl=)_ 1X,. (1)

geG

We consider all pairs (g, x) where gx = x, and let N be the number of such pairs. For
each g € G there are |X,| pairs having g as first member. Thus,

N = Z IX,|. 2
ge=G

On the other hand, for each x € X there are |G| pairs having x as second member. Thus
we also have
N =Y |G
veX

By Theorem 14.17 we have |Gx| = (G : G,). But we know that (G : G,) = |G|/|G,]. so
we obtain |G,| = |G|/|Gx|. Then

|Gl ( I )
N= — = |G — . 3
2 e~ N & o @

Now 1/|Gx| has the same value for all x in the same orbit, and if we let O be any orbit,

then
E L — Z L -1 @)
xe@ |G.Y| xeC IO'

Substituting (4) in (3), we obtain
N = |G| (number of orbits in X under G) = |G| - r. (5)
Comparison of Eq. 2 and Eq. 5 gives Eq. 1. L 2
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If G is a finite group and X is a finite G-set, then

1
(number of orbits in X under G) = — - Z |Xe|.
Gl =

The proof of this corollary follows immediately from the preceding theorem. L 4

Let us continue our computation of the number of distinguishable dice as our first
example.

We let X be the set of 720 different markings of faces of a cube using from one to six
dots. Let G be the group of 24 rotations of the cube as discussed above. We saw that
the number of distinguishable dice is the number of orbits in X under G. Now |G| = 24.
For g € G where g # ¢, we have |X,| = 0, because any rotation other than the identity
element changes any one of the 720 markings into a different one. However, |X,| = 720
since the identity element leaves all 720 markings fixed. Then by Corollary 15.2,

1
(number of orbits) = Y - 720 = 30,

so there are 30 distinguishable dice. A

Of course, the number of distinguishable dice could be counted without using the
machinery of the preceding corollary, but by using elementary combinatorics as often
taught in a freshman finite math course. In marking a cube to make a die, we can,
by rotation if necessary, assume the face marked 1 is down. There are five choices
for the top (opposite) face. By rotating the die as we look down on it. any one of the
remaining four faces could be brought to the front position, so there are no different
choices involved for the front face. But with respect to the number on the front face.
there are 3 - 2 - 1 possibilities for the remaining three side faces. Thus there are 5-3 -
2 - 1 = 30 possibilities in all.

The next two examples appear in some finite math texts and are easy to solve by
elementary means. We use Corollary 15.2 so that we have more practice thinking in
terms of orbits.

How many distinguishable ways can seven people be seated at a round table, where
there is no distinguishable “head™ to the table? Of course there are 7! ways to assign
people to the different chairs. We take X to be the 7! possible assignments. A rotation of
people achieved by asking each person to move one place to the right results in the same
arrangement. Such a rotation generates a cyclic group G of order 7, which we consider
to act on X in the obvious way. Again, only the identity ¢ leaves any arrangement fixed,
and it leaves all 7! arrangements fixed. By Corollary 15.2

|
(number of orbits) = 7 N = 6! =T720. A

How many distinguishable necklaces (with no clasp) can be made using seven different-
colored beads of the same size? Unlike the table in Example 15.4, the necklace can be
turned over as well as rotated. Thus we consider the full dihedral group D7 of order
2.7 = 14 as acting on the set X of 7! possibilities. Then the number of distinguishable
necklaces is

1
(number of orbits) = 7 7! = 360. A

In using Corollary 15.2, we have to compute |G| and |X,| for each g € G. In the
examples and the exercises, |G| will pose no real problem. Let us give an example
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where |X,| is not as trivial to compute as in the preceding examples. We will continue
to assume knowledge of very elementary combinatorics.

Let us find the number of distinguishable ways the edges of an equilateral triangle can
be painted if four different colors of paint are available, assuming only one color is used
on cach edge, and the same color may be used on different edges.

Of course there are 4° = 64 ways of painting the edges in all, since each of the three
edges may be any one of four colors. We consider X to be the set of these 64 possible
painted triangles. The group G acting on X is the group of symmetries of the triangle,
which is isomorphic to §5 and which we consider to be 53. We need to compute |X,| for
cach of the six elements g in S;.

|1X,| = 64 Every painted triangle is fixed by i.

X123 =4 To be invariant under (1,2,3) all edges must be the
same color, and there are 4 possible colors.

X132y = 4 Same reason as for (1.2,3).

1Xn2 =16 The edges that are interchanged must be the same

color (4 possibilities) and the other edge may
also be any of the colors (times 4 possibilities).

Xl = Xua = 16 Same reason as for (1,2).

Then

D Xl =64+4+4+16+ 16+ 16 = 120.

2€5;
Thus

1
(number of orbits) = 6 120 = 20,

and there are 20 distinguishable painted triangles. A

We repeat Example 15.6 with the assumption that a different color is used on each edge.
The number of possible ways of painting the edges is then4 - 3 - 2 = 24, and we let X be
the set of 24 possible painted triangles. Again, the group acting on X can be considered
to be §5. Since all edges are a different color, we see |X,| = 24 while |X,| = 0 for g # .
Thus

1
(number of orbits) = z 24 =4,

so there are four distinguishable triangles. A

We will use group actions in Section 17 to develop the Sylow Theorems, which
give a tremendous amount of information about finite groups. In this section. we barely
scratch the surface of how to count using Burnside's Formula. To explore this fascinat-
ing topic turther, search the Internet using key words such as “cycle index” and “Polya’s
Enumeration Theorem.” Given a group action on a set. the cycle index is a polynomial
that can be computed by hand for small groups and by computer for larger groups.
Polya’s Enumeration Theorem then says that the number of different ways to color an
object can be computed by simply substituting certain values into the polynomial. It is
remarkable that counting the number of different colorings of geometric objects can be
elegantly reduced to algebra!
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In each of the following exercises use Corollary 15.2. even though the answer might be obtained by more elemen-
tary methods.

1.
2.
3.

Find the number of orbits in {1, 2, 3,4, 5, 6, 7, 8} under the cyclic subgroup ((1, 3. 5,6)) of Sg.
Find the number of orbits in {1, 2, 3, 4, 5, 6, 7. 8} under the subgroup of Sy generated by (1,3) and (2,4.7).

Find the number of distinguishable tetrahedral dice that can be made using one, two, three, and four dots on the
faces ol a regular tetrahedron, rather than a cube.

. Wooden cubes of the same size are to be painted a different color on each face to make children’s blocks. How

many distinguishable blocks can be made if eight colors of paint are available?

. Answer Exercise 4 if colors may be repeated on different faces at will. [Hint: The 24 rotations of a cube consist

of the identity, 9 that leave a pair of opposite faces invariant, 8 that leave a pair of opposite vertices invariant,
and 6 leaving a pair of opposite edges invariant.|

. Each of the eight corners of a cube is to be tipped with one of four colors, each of which may be used on from

one to all eight corners. Find the number of distinguishable markings possible. (See the hint in Exercise 5.)

. Find the number of distinguishable ways the edges of a square of cardboard can be painted if six colors of paint

are available and

a. no color is used more than once.
b. the same color can be used on any number of edges.

. Consider six straight wires of equal lengths with ends soldered together to form edges of a regular tetrahedron.

Either a 50-ohm or 100-ohm resistor is to be inserted in the middle of each wire. Assume there are at least six
of each type of resistor available. How many essentially different wirings are possible?

. A rectangular prism 2 ft long with 1-ft square ends is to have each of its six faces painted with one of six

possible colors. How many distinguishable painted prisms are possible if
a. no color is to be repeated on different faces,
b. each color may be used on any number of faces?
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RINGS AND FIELDS

All our work thus far has been concerned with sets on which a single binary operation
has been defined. Our years of work with the integers and real numbers show that a study
of sets on which two binary operations have been defined should be of great importance.
Algebraic structures of this type are introduced in this section. In one sense, this section
seems more intuitive than those that precede it, for the structures studied are closely
related to those we have worked with for many years. However, we will be continuing
with our axiomatic approach. So, from another viewpoint this study is more complicated
than group theory, for we now have two binary operations and more axioms to deal with.

Definitions and Basic Properties
The most general algebraic structure with two binary operations that we shall study is

called a ring. As Example 22.2 following Definition 22.1 indicates, we have all worked
with rings since elementary school.

A ring (R, +,-) is a set R together with two binary operations + and -, which we call
addition and multiplication, defined on R such that the following axioms are satisfied:

2. (R,+) is an abelian group.
-#2>. Multiplication is associative.

#23. Forall a, b, ¢ € R, the left distributive law, a - (b +c¢) = (a - b) + (a - ¢) and
the right distributive law (¢ + ) - ¢ = (a - ¢) + (b - ¢) hold. [ ]

We are well aware that axioms .#2;,.%2,, and .2, for a ring hold in any subset of the
complex numbers that is a group under addition and that is closed under multiplication.
For example, (Z, +, -). (@, +.-), (B, 4+, -}, and {C, 4+, -) are rings. A

185
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m HISTORICAL NOTE

he theory of rings grew out of the study of two

particular classes of rings, polynomial rings in
n variables over the real or complex numbers (Sec-
tion 27) and the “integers” of an algebraic number
field. Tt was David Hilbert (1862-1943) who first
introduced the term ring, in connection with the
latter example, but it was not until the second
decade of the twentieth century that a fully ab-
stract definition appeared. The theory of commu-
tative rings was given a firm axiomatic foundation
by Emmy Noether (1882-1935) in her monumen-
tal paper “Ideal Theory in Rings,” which appeared
in 1921. A major concept of this paper is the as-
cending chain condition for ideals. Noether proved
that in any ring in which every ascending chain
of ideals has a maximal element, every ideal is

Emmy Noether received her doctorate from
the University of Erlangen, Germany, in 1907.
Hilbert invited her to Gottingen in 1915, but his ef-
forts to secure her a paid position were blocked be-
cause of her sex. Hilbert complained, I do not see
that the sex of the candidate is an argument against
her admission [to the faculty]. After all, we are a
university, not a bathing establishment.” Noether
was, however, able to lecture under Hilbert’s name.
Ultimately, after the political changes accompa-
nying the end of the First World War reached
Gottingen, she was given in 1923 a paid position
at the University. For the next decade, she was very
influential in the development of the basic concepts
of modern algebra. Along with other Jewish fac-
ulty members, however, she was forced to leave

finitely generated.

Gottingen in 1933. She spent the final two years of
her life at Bryn Mawr College near Philadelphia.

22.3 Example

22.4 Example

It is customary to denote multiplication in a ring by juxtaposition, using ab in place
of a-b. We shall also observe the usual convention that multiplication is performed
before addition in the absence of parentheses, so the left distributive law, for example,
becomes

alb+ ¢) = ab + ac,

without the parentheses on the right side of the equation. Also, as a convenience analo-
gous to our notation in group theory, we shall somewhat incorrectly refer to a ring R in
place of a ring (R, +. -}, provided that no confusion will result. In particular, from now
on Z will always be (Z,+, ), and @, R, and C will also be the rings in Example 22.2.
We may on occasion refer to (R, +) as the additive group of the ring R.

Let R be any ring and let M,(R) be the collection of all n x n matrices having ele-
ments of R as entries. The operations of addition and multiplication in R allow us to add
and multiply matrices in the usual fashion, explained in the appendix. We can quickly
check that (M, (R),+) is an abelian group. The associativity of matrix multiplication
and the two distributive laws in M, (R) are more tedious to demonstrate, but straight-
forward calculations indicate that they follow from the same properties in R. We will
assume from now on that we know that M,,(R) is a ring. In particular, we have the rings
M (Z2), M, (Q), M, (&), and M,,(C). Note that multiplication is not a commutative opera-
tion in any of these rings forn = 2. A

Let F be the set of all functions [ : & — K. We know that (F, 4} is an abelian group
under the usual function addition,

(f + &) = f(x) + g(x).

We define multiplication on F by
(fe)x) = fx)gx).

That is, fg is the function whose value at x is f(x)g(x). It is readily checked that F
is a ring; we leave the demonstration to Exercise 36. We have used this juxtaposition



22.5 Example

22.6 Example

22.7 Example

22.8 Theorem

Section 22  Rings and Fields 187

notation o u for the composite function o (p(x)) when discussing permutation multipli-
cation. If we were to use both function multiplication and function composition in F, we
would use the notation f o g for the composite function. However, we will use compo-
sition of functions almost exclusively with homomorphisms, which we will denote by
Greek letters, and the usual product defined in this example chiefly when multiplying
polynomial function’s f(x)g(x), so no confusion should result. A

Recall that in group theory, nZ is the cyclic subgroup of Z under addition consisting of
all integer multiples of the integer n. Since (nr)(ns) = n(nrs), we see that nZ is closed
under multiplication. The associative and distributive laws that hold in Z then assure us
that (nZ, +, -} is aring. From now on in the text, we will consider nZ to be thisring. A

Consider the cyclic group (Z,,+). If we define for a.b € Z, the product ab as the
remainder of the usual product of integers when divided by n, it can be shown that
(Zy,+, ) 1s a ring. We shall feel free to use this fact. For example, in Z;; we have
(3)(7) = 1. This operation on Z, is multiplication modulo n. We do not check the ring
axioms here, for they will follow in Section 30 from some of the theory we develop
there. From now on, Z, will always be the ring (Z,, +, -). A

If Ry,Ry.--- R, are rings, we can form the set R} x R; x -+ x R, of all ordered
n-tuples (ry.ra, - -+ ,ry), where r; € R;. Defining addition and multiplication of n-tuples
by components (just as for groups). we se¢ at once from the ring axioms in cach com-
ponent that the set of all these n-tuples forms a ring under addition and multiplication
by components. The ring Ry x Ry x -+« x R, is the direct product of the rings R;. A

Continuing matters of notation, we shall always let 0 be the additive identity of a
ring. The additive inverse of an element @ of a ring is —a. We shall frequently have
occasion to refer to a sum

ata+--+a

having n summands. We shall let this sum be n - a, always using the dot. However, 1 - a
is not to be interpreted as a multiplication of n and a in the ring, for the integer n may
not be in the ring at all. If n < 0, we let

n-a=(—a)+(—a)+---+(—a

for |n| summands. Finally, we define
O-a=0

for 0 € Z on the left side of the equations and 0 € R on the right side. Actually, the
equation Oa = 0 holds also for 0 € R on both sides. The following theorem proves this
and various other elementary but important facts. Note the strong use of the distributive
laws in the proof of this theorem. Axiom .2, for a ring concerns only addition, and
axiom .2, concerns only multiplication. This shows that in order to prove anything that
gives a relationship between these two operations, we are going to have to use axiom
.#25. For example, the first thing that we will show in Theorem 22.8 is that Oa = 0 for
any element a in a ring R. Now this relation involves both addition and multiplication.
The multiplication Og stares us in the face, and 0 is an additive concept. Thus we will
have to come up with an argument that uses a distributive law to prove this.

If R is a ring with additive identity 0, then for any a.b € R we have
1. Oa=a0=0,

2. al—b) = (—a)b = —(ab),
3. (—a)—bh)=ab.



188

Part V

Proof

22.9 Definition

Rings and Fields

For Property 1, note that by axioms .#2, and .#2,,
a0 + a0 = a(0 4 0) = a0 = 0+ a0.

Then by the cancellation law for the additive group (R, +), we have a0 = (. Likewise,
0a +0a = (04 0)a = 0a = 04 Oa

implies that Oa = 0. This proves Property 1.

In order to understand the proof of Property 2, we must remember that, by
definition, —(ab) is the element that when added to ab gives 0. Thus to show that
a(—b) = —(ab), we must show precisely that a(—b) + ab = 0. By the left distributive
law,

a(—b)+ab=a(—b+ b) = al =0,
since al) = 0 by Property 1. Likewise,
(—a)b +ab=(—a+a)b=0b=1.
For Property 3, note that
(—a)(—b) = —(a(—b))
by Property 2. Again by Property 2,
—(a(=b)) = —(—(ab)),

and —(—(ab)) is the element that when added to —(ab) gives 0. This is ab by definition
of —(ab) and by the uniqueness of an inverse in a group. Thus, (—a)(—b) = ab. L 4

Based on high school algebra it seems natural to begin a proof of Property 2 in
Theorem 22.8 by writing (—a)b = ((—1)a)b. In Exercise 30 you will be asked to find
an error in a “proof” of this sort.

It is important that you understand the preceding proot. The theorem allows us to
use our usual rules for signs.

Homomorphisms and Isomorphisms

From our work in group theory, it is quite clear how a structure-relating map of a ring R
into a ring R’ should be defined.

For rings R and R', a map ¢ : R — R’ is a homomorphism if the following two condi-
tions are satisfied for all a,b € R:

L ¢(a+b) = da) + ),
2. ¢lab) = p(a)p(b). ®

In the preceding definition, Condition 1 is the statement that ¢ is a group homo-
morphism mapping the abelian group (R, +) into (R'. +). Condition 2 requires that ¢
relate the multiplicative structures of the rings R and R’ in the same way. Since ¢ is also
a group homomorphism, all the results concerning group homomorphisms are valid for
the additive structure of the rings. In particular, ¢ is one-to-one if and only if its kernel
Ker(¢) = {a € R| ¢p(a) = '} is just the subset {0) of R. The homomorphism ¢ of the
group (R, +) gives rise to a factor group. We expect that a ring homomorphism will give
rise to a factor ring. This is indeed the case. We delay discussion of this to Section 30,
where the treatment will parallel our treatment of factor groups in Section 12.
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Let F be the ring of all functions mapping I into IR defined in Example 22.4. For each
a € R, we have the evaluation homomorphism ¢, : F — R, where ¢,(f) = f(a) for
f e F. We will work a great deal with this homomorphism in the rest of this text, for
finding a real solution of a polynomial equation p(x) = 0 amounts precisely to finding
a € R such that ¢,(p) = 0. Much of the remainder of this text deals with solving poly-
nomial equations. We leave the demonstration of the homomorphism properties for ¢,
to Exercise 37. A

The map ¢ : Z — Z, where ¢(a) is the remainder of ¢ modulo » is a ring homomor-
phism for each positive integer n. We know ¢(a + b) = ¢(a) + ¢(b) by group theory.
To show the multiplicative property, write ¢ = ¢ n -+ r; and b = gan -+ r; according
to the division algorithm. Then ab = n(q,g>n + r1g> + gyr2) + ryra. Thus ¢lab) is the
remainder of » 7> when divided by n. Since ¢(a) = r; and ¢(b) = r;. Example 22.6
indicates that ¢(a)¢(b) is also this same remainder, so ¢(ab) = ¢(a)@p(b). From group
theory, we anticipate that the ring Z, might be isomorphic to a factor ring Z/nZ. This
is indeed the case; factor rings will be discussed in Section 30. A

We realize that in the study of any sort of mathematical structure, an idea of basic
importance is the concept of two systems being structurally identical, that is, one being
just like the other except for names. In algebra this concept is always called isomor-
phism. The concept of two things being just alike except for names of elements leads
us, just as it did for groups, to the following definition.

An isomorphism ¢ : R — R’ from a ring R to a ring R’ is a homomorphism that is
one-to-one and onto R'. The rings R and R' arc then isomorphic. [ |

From our work in group theory, we expect that isomorphism gives an equivalence
relation on any collection of rings. We need to check that the multiplicative property of
an isomorphism is satisfied for the inverse map ¢ ' : R — R (to complete the symme-
try argument). Similarly, we check that if i : R" — R” is also a ring isomorphism, then
the multiplicative requirement holds for the composite map p¢p : R — R” (to complete
the transitivity argument). We ask you to do this in Exercise 38.

As abelian groups, (Z.4) and (27,4} are isomorphic under the map ¢ : Z — 2Z,
with ¢(x) = 2x for x € Z. Here ¢ is not a ring isomorphism, for ¢(xy) = 2xy, while
G)P(y) = 2x2y = 4xy. A

Multiplicative Questions: Fields

Many of the rings we have mentioned, such as Z, 0, and I, have a multiplicative identity
element 1. However, 27 does not have an identity element for multiplication. Note also
that multiplication is not commutative in the matrix rings described in Example 22.3.

It is evident that {0}. with 04 0 = 0 and (0)(0) = 0, gives a ring. the zero ring.
Here 0 acts as multiplicative as well as additive identity element. By Theorem 22.8,
this is the only case in which 0 could act as a multiplicative identity element, for from
0a = 0, we can then deduce that « = (). Theorem 1.15 shows that if a ring has a multi-
plicative identity element, it is unique. We denote a multiplicative identity element in a
ring by 1.

A ring in which the multiplication is commutative is a commutative ring. A ring with a
multiplicative identity element is a ring with unity; the multiplicative identity element
1 is called “unity.” |
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In a ring with unity 1 the distributive laws show that

(L1 feve DTN v Ty (T 1 4nssp 1),
n summands m summands nm summands

thatis, (n - 1)(m - 1) = (nm) - 1. The next example gives an application of this observation.

We claim that for integers r and s where ged(r, s) = 1, the rings Z,, and 7, x 7, are
isomorphic. Additively, they are both cyclic abelian groups of order rs with generators
1 and (1, 1) respectively. Thus ¢ : Z,; — Z, x Z, defined by ¢p(n- 1) = n - (1,1) is an
additive group isomorphism. To check the multiplicative Condition 2 of Definition 22.9,
we use the observation preceding this example for the unity (1, 1) in the ring Z, x Z;,
and compute.

p(nm) = (nm) - (1, 1) = [n- (L, D][m - (L. )] = d(n)p(m). A

Note that a direct product R = R| x Ry x --- x R, of rings is commutative if and
and only if each ring R; is commutative. Furthermore, R has a unity if and only if each
R; has a unity.

The set R* of nonzero real numbers forms a group under multiplication. However,
the nonzero integers do not form a group under multiplication since only the integers 1
and — 1 have multiplicative inverses in Z. In general, a multiplicative inverse of an cle-
ment a in a ring R with unity 1 # 0 is an element ¢! € R such that aa™' = o~
Precisely as for groups, a multiplicative inverse for an element @ in R is unique, if it
exists at all (see Exercise 45). Theorem 22.8 shows that it would be hopeless to have
a multiplicative inverse for 0 except for the ring {0}, where 0 40 = 0 and (0)(0) = 0,
with 0 as both additive and multiplicative identity element. We arc thus led to discuss
the existence of multiplicative inverses for nonzero elements in a ring with nonzero
unity. There is unavoidably a lot of terminology to be defined in this introductory
section on rings. We are almost done.

a-=L

Let R be aring with unity 1 £ 0. An element 1 in R is a unit of R if it has a multiplicative
inverse in K. If every nonzero element of R is a unit, then R is a division ring (or skew
field). A field is a commutative division ring. A noncommutative division ring is called
a “strictly skew field.” [ |

Let us find the units in Z,4. Of course, 1 and —1 = 13 are units. Since (3)(5) = 1 we
see that 3 and 5 are units; therefore —3 = 11 and —5 = 9 are also units. None of the
remaining elements of Z4 can be units, since no multiple of 2, 4, 6, 7, 8, or 10 can be
one more than a multiple of 14; they all have a common factor, either 2 or 7, with
14. Section 24 will show that the units in Z, are precisely those m € Z,, such that
ged (m,n) = 1. A

Z is not a field, because 2, for example, has no multiplicative inverse, so 2 is not a unit
in 7Z. The only units in Z are 1 and —1. However, (J and IR are fields. An example of a
strictly skew field is given in Section 32. A

‘We have the natural concepts of a subring of a ring and a subfield of a field. A
subring of a ring is a subset of the ring that is a ring under induced operations from the
whole ring; a subfield is defined similarly for a subset of a field. In fact, let us say here
once and for all that it we have a set. together with a certain specified type of algebraic
structure (group, ring, field, integral domain, vector space, and so on), then any subset
of this set, together with a natural induced algebraic structure that yields an algebraic
structure of the same type, is a substructure. If K and L are both structures, we shall let
K = L denote that K is a substructure of L and K < L denote that K < L but K # L.
Exercise 50 gives criteria for a subset § of a ring R to form a subring of R.
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m HISTORICAL NOTE

Ithough fields were implict in the carly work

on the solvability of equations by Abel
and Galois, it was Leopold Kronecker (1823-
1891) who in connection with his own work
on this subject first published in 1881 a defi-
nition of what he called a “domain of rational-
ity”™: “The domain of rationality (R',R".R".---)
contains every one of those quantities
which are rational functions of the quanti-
ties R.R',R",.-- with integral coefficients.”
Kronecker, however, who insisted that any math-
ematical subject must be constructible in finitely
many steps, did not view the domain of ratio-
nality as a complete entity, but merely as a re-
gion in which took place various operations on its
elements.

Richard Dedekind (1831-1916). the inventor
of the Dedekind cut definition of a real number,

considered a field as a completed entity, In 1871,
he published the following definition in his sup-
plement to the second edition of Dirichlet’s text on
number theory: “By a field we mean any system of
infinitely many real or complex numbers, which in
itself is so closed and complete, that the addition,
subtraction, multiplication, and division of any two
numbers always produces a number of the same
system.” Both Kronecker and Dedekind had, how-
ever, dealt with their varying ideas of this notion as
early as the 1850s in their university lectures.

A more abstract definition of a field. similar to
the one in the text, was given by Heinrich Weber
(1842-1913) in a paper of 1893. Weber's defini-
tion, unlike that of Dedekind, specifically included
fields with finitely many elements as well as other
ficlds, such as function fields, which were not sub-
fields of the field of complex numbers.

Finally, be careful not to confuse our use of the words unit and unity. Unity is
the multiplicative identity element, while a unit is any element having a multiplicative
inverse. Thus the multiplicative identity element or unity is a unit, but not every unit is
unity. For example, —1 is a unit in Z, but —1 is not unity, that is, —1 # L.

m EXERCISES 22

Computations

In Exercises 1 through 6, compute the product in the given ring.

1. (12)(16) in Zoy4
3. (11M(—4)in Zy5
5. (2,3)(3,5) in #s x #g

2. (16)(3) in Z32
4. (20)(—8)in Zag
6. (—3,5)(2,—4)in Zg x Z1)

In Exercises 7 through 13, decide whether the indicated operations of addition and multiplication are defined
(closed) on the set, and give a ring structure. If a ring is not formed, tell why this is the case. If a ring is formed,
state whether the ring is commutative, whether it has unity, and whether it is a field.

7. n# with the usual addition and multiplication

8. Z™ with the usual addition and multiplication

9. Z x Z with addition and multiplication by components
10. 27Z x Z with addition and multiplication by components
11. {a + b/2|a, b € 7} with the usual addition and multiplication
12. {a + b/2|a.b € @} with the usual addition and multiplication

13. The set of all pure imaginary complex numbers ri for r € R with the usual addition and multiplication
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In Exercises 14 through 19, describe all units in the given ring

14.
17.

20,

21

22

24,
25,
26.
27.

28.

29,

Z 15. Z x Z 16. Zs
Q 18. Zx Qx Z 19. Z4

Consider the matrix ring M2(Z5).

a. Find the order of the ring, that is, the number of elements in it.

b. List all units in the ring.

If possible, give an example of a homomorphism ¢ : R — R’ where R and R’ are rings with unity 1 = 0 and
1" £ 0/, and where ¢(1) # 0" and ¢(1) # 1",

(Linear algebra) Consider the map det of M,(IR) into R where det(A) is the determinant of the matrix A for
A € M,(IR). Is det a ring homomorphism? Why or why not?

. Describe all ring homomorphisms of Z into Z.

Describe all ring homomorphisms of Z into Z x Z.
Describe all ring homomorphisms of Z x Z into Z.
How many homomorphisms are there of Z x Z x Z into Z7

Consider this solution of the equation X* = /3 in the ring M3(R).

X’ =1 implies X? — I3 = 0, the zero matrix, so factoring, we have (X — L)X +13) =0

whence either X = I5 or X = —1I5.

Is this reasoning correct? If not, point out the error, and if possible, give a counterexample to the conclusion.
Find all solutions of the equation x> 4 x — 6 = 0 in the ring Z4 by factoring the quadratic polynomial. Com-
pare with Exercise 27.

Find all solutions to the equations x> + x — 6 = 0 in the ring Z3 by factoring the quadratic polynomial. Why
are there not the same number of solutions in Exercise 287

. What is wrong with the following attempt at a proof of Property 2 in Theorem 22.87

(—a)b = ((—a)b = (—1)(ab) = —(ab).

Concepts

In Exercises 31 and 32, correct the definition of the italicized term without reference to the text, if correction is
needed, so that it is in a form acceptable for publication.

31.
32.
33.
34.

35.

A field F is aring with nonzero unity such that the set of nonzero elements of F is a group under multiplication.
A unit in a ring 1s an element of magnitude 1.

Give an example of a ring having two elements a and b such that ab = 0 but neither a nor b is zero.

Give an example of a ring with unity 1 s 0 that has a subring with nonzero unity 1’ # 1. [Hint: Consider a
direct product, or a subring of Zg.]

Determine whether each of the following is true or false.

a. Every field is also a ring.

b. Every ring has a multiplicative identity.

c¢. Every ring with unity has at least two units.

d. Every ring with unity has at most two units.

e. It is possible for a subset of some field to be a ring but not a subfield, under the induced operations.
f. The distributive laws for a ring are not very important.

g. Multiplication in a field is commutative.

h. The nonzero elements of a field form a group under the multiplication in the field.

i. Addition in every ring is commutative.

J- Every element in a ring has an additive inverse.
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36.

37.
38.

39.

40.
41.
42,
43.

44,

45,
46.

47.

48.

49.
50.

51.

52.
53.

54.

55.

56.

Show that the multiplication defined on the set F of functions in Example 22.4 satisfies axioms .42, and . /23
for a ring.

Show that the evaluation map ¢, of Example 22.10 is a ring homomorphism.

Complete the argument outlined after Definitions 22.12 to show that isomorphism gives an equivalence relation
on a collection of rings.

Show that if U is the collection of all units in a ring (R, +. ) with unity, then (U, ) is a group. [Warning: Be
sure to show that U is closed under multiplication.]

Show that a* — b* = (a + b)(a — b) for all @ and b in a ring R if and only if R is commutative.
Let (R.+) be an abelian group. Show that (R, +, -) is a ring if we define ab = O forall . b € R.
Show that the rings 2Z and 37 are not isomorphic. Show that the fields R and C are not isomorphic.

(Freshman exponentiation) Let p be a prime. Show that in the ring Z, we have (a + by’ = a” + b” for all
a,b € Zy. [Hint: Observe that the usual binomial expansion for (a + b)" is valid in a commutafive ring. |

Show that the unity element in a subfield of a field must be the unity of the whole field. in contrast to Exer-
cise 34 for rings.

Show that the multiplicative inverse of a unit in a ring with unity is unique.

An element a of a ring R is idempotent if «* = a.

a. Show that the set of all idempotent elements of a commutative ring is closed under multiplication.

b. Find all idempotents in the ring Zg x Z ;2.

(Linear algebra) Recall that for an m x n matrix A, the transpose AT of A is the matrix whose jth column
is the jth row of A. Show that if A is an m x n matrix such that A”A is invertible, then the projection matrix
P = A(ATA)~'AT is an idempotent in the ring of n x n matrices.

An element a of a ring R is nilpotent if &" = 0 for some nn € Z*. Show that if a and b are nilpotent elements
of a commutative ring, then a 4 b is also nilpotent.

Show that a ring R has no nonzero nilpotent element if and only if 0 is the only solution of x> = 0 in R.
Show that a subset § of a ring R gives a subring of R if and only if the following hold:
0Des;
(a—b)eStoralla, b e S;
ab e Sforalla,b € §.
a. Show that an intersection of subrings of a ring R is again a subring of R.
b. Show that an intersection of subfields of a field F is again a subfield of F.
Let R be aring, and let a be a fixed element of R. Let [, = {x € R|ax = 0}. Show that /, is a subring of R.

Let R be a ring, and let @ be a fixed element of R. Let R, be the subring of R that is the intersection of all
subrings of R containing « (see Exercise 51). The ring R, is the subring of R generated by «. Show that the
abelian group (R,,+) is generated (in the sense of Section 7) by {a" |n € Z7}.

(Chinese Remainder Theorem for two congruences) Let r and s be positive integers such that ged(r.s) = 1.
Use the isomorphism in Example 22.15 to show that for m,n € 7, there exists an integer x such that x = m
(mod r) and x = n (mod §).

a. State and prove the generalization of Example 22.15 for a direct product with n factors.

b. Prove the Chinese Remainder Theorem: Let ¢j, by € Z7" fori = 1,2,-++ ,nand let ged(b;, by) = 1 for i # j.
Then there exists x € Z™ such that x = @; (mod b;) fori = 1,2,-++ ,n.

Consider (8. 4+, -). where S is a set and + and - are binary operations on § such that
(S, +) is a group,
(8%, ) is a group where S* consists of all elements of § except the additive identity element,
alb + ¢) = (ab) + (ac) and (a + b)e = (ac) + (be) for all a, b, ¢ € §.
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Show that (S, 4. -) is a division ring. [Hint: Apply the distributive laws to (1 + 1)(a + b) to prove the commu-
tativity of addition.]

A ring R is a Boolean ring if > = a for all a € R, so that every element is idempotent. Show that every
Boolean ring is commutative.

(For students having some knowledge of the laws of set theory) For a set S, let . (§) be the collection of all
subsets of 8. Let binary operations + and - on = () be defined by

A+B=(AUB)—(ANB)={x|x€Aorx e Bbhulx ¢ (AN B)}
and
A-B=ANBEB
forA,B € 4" (S).

a. Give the tables for + and - for =/ (). where § = [a, b}. [Hint: = (5) has four elements.]
b. Show that for any set S, (= (S),+, -} is a Boolean ring (see Exercise 57).

SECTION 23 INTEGRAL DOMAINS
While a careful treatment of polynomials is not given until Section 27, for purposes of
motivation we shall make intuitive use of them in this section.
Divisors of Zero and Cancellation

One of the most important algebraic properties of our usual number system is that a
product of two numbers can be 0 only if at least one of the factors is 0. We have used
this fact many times in solving equations, perhaps without realizing that we were using
it. Suppose, for example, we are asked to solve the equation

X —5x+6=0.
The first thing we do is factor the left side:
X —=5x+6=(x—2x—3).

Then we conclude that the only possible values for x are 2 and 3. Why? The reason is
that if x is replaced by any number a, the product (a — 2)(a — 3) of the resulting numbers
is 0 if and only if eithera —2 =0o0ra—3 =0.

23.1 Example Solve the equation x> — 5x + 6 = 0 in Z,.

Solution  The factorization x> — 5x 4+ 6 = (x — 2)(x — 3) is still valid if we think of x as standing
for any number in 7. But in Z 2, not only is Oa = a0 = 0 for all a € 7,, but also

(2)(6) = (6)(2) = 3)(4) = (4)(3) = (3)(8) = (8)(3)
= (4)(6) = (6)(4) = (4)(9) = (9)(4) = (6)(6) = (6)(8)
= (8)(6) = (6)(10) = (10)(6) = (8B)(9) = (9)(8) = 0.

We find, in fact, that our equation has not only 2 and 3 as solutions, but also 6 and 11,
for (6 —2)(6 —3) = (4)(3) =0and (11 —2)(11 —3) = (9)(8) = 0 in Z)». A

These ideas are of such importance that we formalize them in a definition.

23.2 Definition If ¢ and b are two nonzero elements of a ring R such that ab = 0, then ¢ and b are
divisors of 0 (or 0 divisors). ]
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Example 23.1 shows that in Z;, the elements 2, 3, 4. 6, 8, 9. and 10 are divisors of
0. Note that these are exactly the numbers in Z, that are not relatively prime to 12, that
is, whose ged with 12 is not 1.

If R is a ring with unity and « is a unit in R, then « is not a divisor of 0. To see this,
note that if ab = 0, then a'ab = 0, so b = 0. Similarly, if ba = 0, then baa~' = 0, so
b = 0. Theorem 23.3 shows that in the ring Z,, every element is cither 0, a unit, or a 0
divisor.

Let m € Z,. Either m = 0, m is relatively prime to n, in which case m is a unit in Z,,, or
m is not relatively prime to n, in which case m is a 0 divisor in Z,,.

We first suppose that m # 0 and ged(m, n) = d # 1. Then, using integer multiplication

(=
myi—Jl=\|—)n
d d

is a multiple of n, so in Z,,

m (5) =0€Z,.

Neither m nor n/d is 0 in Z,. Thus m is a divisor of 0.

Now suppose that ged(m,n) = 1. Then there are integers a and b such that
an 4+ bm = 1. By the division algorithm, there are integers g and r such that 0 <
r <n—1and b = ng -+ r. We can write

rm = (b —ng)m = bm —ngm = (1 —an) —ngm = 1 — n(a + gm).
Soin Zy, rm = mr = | and m is a unit. L 4

Classify each nonzero element of Z5 as a unit or a 0 divisor.

The greatest common divisor of m and 20 is 1 ifm = 1,3,7,9,.11, 13,17, 19, so these
are all units. Form = 2,4.5.6.8. 10, 12, 14, 15, 16, 18, gcd(m. 20) = 1. so these are all
0 divisors. We see that

1-1=3-7=9-9=11-11=13-17=19-19=1€ Zx
which verifies that each is a unit. We also see that
2:10=4-5=6-10=8-15=12-5=14-10=16-5=18-10=0¢€ Zx
which verifies that each of these is a 0 divisor in Z». A

If p is a prime number. then every nonzero element of Z, is a unit. which means that Z,
is a field and it has no divisors of 0.

Forany 0 <m = p — I, ged(m.p) = 1. So m is a unit in Z, by Theorem 23.3. L 4

The preceding corollary shows that when we consider the ring M,,(Z,), we are talk-
ing about a ring of matrices over a field. In the typical undergraduate linear algebra
course, only the field properties of the real or complex numbers are used in much of the
work. Such notions as matrix reduction to solve linear systems, determinants, Cramer’s
rule, eigenvalues and eigenvectors, and similarity transformations to try to diagonalize a
matrix are valid using matrices over any field; they depend only on the arithmetic prop-
erties of a field. Considerations of linear algebra involving notions of magnitude, such
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as least-squares approximate solutions or orthonormal bases, make sense only when
using fields where we have an idea of magnitude. The relation

p:l=1+14---41=0
p summands

indicates that there can be no very natural notion of magnitude in the field Z,,.

Another indication of the importance of the concept of 0 divisors is shown in the
following theorem. Let R be a ring, and let a, b, ¢ € R. The cancellation laws hold in
R if ab = ac with a #£ 0 implies b = ¢, and ba = ca with a # 0 implies b = ¢. These
are multiplicative cancellation laws. Of course, the additive cancellation laws hold in R,
since (R, +) is a group.

The cancellation laws hold in a ring R if and only if R has no divisors of 0.

Let R be a ring in which the cancellation laws hold, and suppose ab = 0 for some
a,b € R. We must show that either a or bis 0. If a #£ 0, then ab = a0} implies that b = ()
by cancellation laws. Therefore, eithera = 0 or b = (.

Conversely, suppose that R has no divisors of 0, and suppose that ab = ac with

a # 0. Then
ab—ac=alb—c)=0.

Since a # 0, and since R has no divisors of 0, we must have b —¢ =0, s0 b = ¢.
A similar argument shows that ba = ca with a # 0 implies b = c. L 4

Suppose that R is a ring with no divisors of 0. Then an equation ax = b, witha # 0,
in R can have at most one solution x in R, for if ax; = b and ax> = b, then ax; = ax,,
and by Theorem 23.6 x; = x, since R has no divisors of (). If R has unity 1 # 0 and a is
a unit in R with multiplicative inverse a ', then the solution x of ax = bis a 'b. In the
case that R is commutative, in particular if R is a field, it is customary to denote a~'b
and ba~! (they are equal by commutativity) by the formal quotient b/a. This quotient
notation must not be used in the event that R is not commutative, for then we do not
know whether b/a denotes ¢~'b or ba~'. In particular, the multiplicative inverse & of
a nonzero element g of a field may be written 1/a.

Integral Domains

The integers are really our most familiar number system. In terms of the algebraic prop-
erties we are discussing, Z is a commutative ring with unity and no divisors of 0. Surely
this is responsible for the name that the next definition gives to such a structure.

An integral domain D is a commutative ring with unity | # 0 that contains no divisors
of 0. |

Thus, if the coefficients of a polynomial are from an integral domain, one can solve
a polynomial equation in which the polynomial can be factored into linear factors in
the usual fashion by setting each factor equal to 0.

In our hierarchy of algebraic structures, an integral domain belongs between a com-
mutative ring with unity and a field, as we shall show. Theorem 23.6 shows that the
cancellation laws for multiplication hold in an integral domain.

We have seen that 7Z and 7, for any prime p are integral domains, but 7, is not an
integral domain if n is not prime. A moment of thought shows that the direct product
R x § of two nonzero rings R and § is not an integral domain. Just observe that for r € R
and s € § both nonzero, we have (r, 0)(0,5) = (0, 0). A



23.9 Example

Solution

23.11 Theorem
Proof

Section 23  Integral Domains 197

Show that although Z, is an integral domain, the matrix ring M>(Z,) has divisors of
Z€ero.

We need only observe that
(z 0) (0 n) " (0 0)
0 0/\1l 0 0 0 A

In a field, every nonzero element is a unit. We saw that units cannot be divisors of
0, so in a field there are no divisors of 0. Since multiplication in a field is commutative,
every field is an integral domain.

Figure 23.10 gives a Venn diagram view of containment for the algebraic structures
having two binary operations with which we will be chiefly concerned. In Exercise 26
we ask you to redraw this figure to include strictly skew fields as well.

We have seen that (, R, C, and Z, for p a prime number are all fields. Theorem
23.3 implies that if Z, is an integral domain, then Z,, is a field. In fact, the next theorem
says that any finite integral domain is a field. The proof of this theorem is a personal

favorite of both authors. It is done by counting, one of the most powerful techniques in
mathematics.

Domains

23.10 Figure A collection of rings.

Every finite integral domain is a field.

Let R be a finite integral domain and @ a nonzero element of R. We wish to show there
is an element b € R such that ab = 1. To this end, we define a functionf : R — R by

flx) = ax.
We first show that f is a one-to-one function. Suppose that f(x;) = f(x2). then
ax, = ax;
X =x

since a # (0 and cancellation holds in an integral domain. Thus f is one-to-one. Since
R is finite and / : R — R is one-to-one, /' must also map onto R. Therefore, there is a
b € R such that

1 =f(a)=ab=ba

which verifies that a is a unit. &
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The finite condition in Theorem 23.11 is necessary since Z is an infinite integral
domain, which is not a field. The counting argument fails in the case where the integral
domain is infinite since there are one-to-one functions from an infinite set to itself that
are not onto. For example, multiplication by 2 is a one-to-one function mapping Z to Z,
but 1 is not in the range of the function.

In Section 39 we will see that other than Z, there are many finite integral domains
and therefore fields.

The Characteristic of a Ring

Let R be any ring. We might ask whether there is a positive integer n such thatn - a = 0
for all @ € R. where n - @ means a + a + - - - + a for n summands, as explained in Sec-
tion 22. For example, the integer m has this property for the ring Z,,.

It for a ring R a positive integer n exists such that n - ¢ = 0 for all @ € R, then the least
such positive integer is the characteristic of the ring R. If no such positive integer
exists, then R is of characteristic 0. [ |

We shall use the concept of a characteristic chiefly for fields. Exercise 35 asks us
to show that the characteristic of an integral domain is either 0 or a prime p.
The ring Z, is of characteristic n, while Z, (), R, and T all have characteristic 0. A

At first glance, determination of the characteristic of a ring seems to be a tough job,
unless the ring is obviously of characteristic 0. Do we have to examine every element a
of the ring in accordance with Definition 23.127 Our final theorem of this section shows
that if the ring has unity. it suffices to examine only a = 1.

Let R be a ring with unity. It n- 1 # 0 for all # € Z7, then R has characteristic 0. If
n-1=0forsomen € Z*, then the smallest such integer n is the characteristic of R.

Ifn-170forall n € ZT, then surely we cannot have n - a = 0 for all a € R for some
positive integer i, so by Definition 23.12, R has characteristic 0.
Suppose that n is a positive integer such that n - 1 = 0. Then for any @ € R, we have

nra=a+4a+---+a=all+1+4+---+1)=an-1)=ald=0.

Our theorem follows directly. *

® EXERCISES 23

Computations

1. Find all solutions of the equation ¥ =22~ 3x=0inZ2.
2. Solve the equation 3x = 2 in the field Z7: in the field Z»3.
3. Find all solutions of the equation x> + 2x + 2 = 0 in Zg.

4, Find all solutions of x> + 2x +4 = 0 in Z.

In Exercises 5 through 10, find the characteristic of the given ring.

5. 2Z
8. Zg, b Z'},

6. ZxZ 7. Z3 x 32
9. Zg, x 24 10. ZG x le
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In Exercises 11 through 16, classify each nonzero element of the ring as a unit, a divisor of 0, or neither.

11. Zg 12. Zg 13. Zys
14. Z 15. Z3 x Z3 16. Z4 x Zs5

17. Let R be a commutative ring with unity of characteristic 4. Compute and simplify (a + b)* for a,b € R.
18. Let R be a commutative ring with unity of characteristic 3. Compute and simplify (a + b)” for a. b € R.

19. Let R be a commutative ring with unity of characteristic 3. Compute and simplify (a + b)° for a.b € R.

20. Show that the matrix B ijl is a divisor of zero in M2(%).

Concepts

In Exercises 21 and 22, correct the definition of the italicized term without reference to the text, if correction is
needed, so that it is in a form acceptable for publication.

21. If ab = 0. then a and b are divisors of zero.

22. It n-a = 0for all elements a in a ring R, then n is the characteristic of R.

23. Determine whether each of the following is true or false.

a. nZ has zero divisors if n is not prime.
b. Every field is an integral domain.
¢. The characteristic of nZ is n.

d. As aring, Z is isomorphic to nZ for all n = 1.

t

The cancellation law holds in any ring that is isomorphic to an integral domain.
f. Every integral domain of characteristic ) is infinite.
g. The direct product of two integral domains is again an integral domain.
h. A divisor of zero in a commutative ring with unity can have no multiplicative inverse.
i. nZ is a subdomain of Z.
j. Z is a subfield of {J.
24. Each of the six numbered regions in Fig. 23.10 corresponds to a certain type of a ring. Give an example of a

ring in each of the six cells. For example, a ring in the region numbered 3 must be commutative (it is inside
the commutative circle). have unity, but not be an integral domain.

25. (For students who have had a semester of linear algebra) Let F be a field. Give five different characterizations
of the elements A of M,,(F) that are divisors of 0.

26. Redraw Fig. 23.10 to include a subset corresponding to strictly skew fields.

Proof Synopsis
27. Give a one-sentence synopsis of the proof of the “if” part of Theorem 23.6.

28. Give a two-sentence synopsis of the proof of Theorem 23.11.

Theory

29. An element @ of a ring R is idempotent if ¢ = a. Show that a division ring contains exactly two idempotent
elements.

30. Show that an intersection of subdomains of an integral domain D is again a subdomain of D.
31. Show that a finite ring R with unity | # 0 and no divisors of 0 is a division ring. (It 1s actually a field,
although commutativity is not easy to prove. See Theorem 32.10.) [Note: In your proof, to show that a # 0

is a unit, you must show that a “left multiplicative inverse™ of a % 0 in R is also a “right multiplicative
inverse.”]
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32.

36.

Part V. Rings and Fields

Let R be a ring that contains at least two elements. Suppose for each nonzero a € R. there exists a unique
b € R such that aba = a.

a. Show that R has no divisors of 0,

b. Show that bab = b.

c. Show that R has unity.

d. Show that R is a division ring.

. Show that the characteristic of a subdomain of an integral domain D is equal to the characteristic of D.

Show that if D is an integral domain, then {n - 1 |n € Z} is a subdomain of D contained in every subdomain
of D.

Show that the characteristic of an integral domain D must be either 0 or a prime p. [Hini: If the characteristic
of D is mn, consider (m - 1)(n- 1)in D.]

This exercise shows that every ring R can be enlarged (if necessary) to a ring § with unity, having the same
characteristic as R. Let § = R x 7 if R has characteristic (), and R x 7, it R has characteristic n. Let addition
in § be the usual addition by components, and let multiplication be defined by

(ri.m)ra,n2) = (rira +ny - ey + g - r,mmg)
where n - r has the meaning explained in Section 22.

a. Show that § is a ring.

b. Show that § has unity.

¢. Show that S and R have the same characteristic.

d. Show that the map ¢ : R — § given by ¢(r) = (r.0) for r € R maps R isomorphically onto a subring of §.

SECTION 24 FERMAT’S AND EULER’S THEOREMS
Fermat’s Theorem

We know that as additive groups, Z,, and Z/nZ are naturally isomorphic, with the coset
a + nZ corresponding to a for each a € Z,. Furthermore, addition of cosets in Z/nZ
may be performed by choosing any representatives, adding them in Z, and finding the
coset of nZ containing their sum. It is easy to see that Z/nZ can be made into a ring by
multiplying cosets in the same fashion, that is, by multiplying any chosen representa-
tives. While we will be showing this later in a more general situation, we do this special
case now. We need only show that such coset multiplication is well defined, because the
associativity of multiplication and the distributive laws will follow immediately from
those properties of the chosen representatives in Z. To this end, choose representatives
a + rn and b + sn, rather than a and b, from the cosets a + n7 and b + n7Z. Then

(a + rm)(b + sn) = ab + (as + rb + rsn)n,

which is also an element of ab + nZ. Thus the multiplication is well-defined, and our
cosets form a ring isomorphic to the ring Z,,.

Exercise 39 in Section 22 asks us to show that the units in a ring form a group
under the multiplication operation of the ring. This is a very useful fact that we will use
to provide simple proofs for both Fermat’s Little Theorem and Euler’s generalization.
We start with Fermat’s Theorem.

24.1 Theorem (Little Theorem of Fermat) [f ¢ € Z and p is a prime not dividing a, then p divides
aP~' — 1, that is, a?~!' = 1 (mod p) for a % 0 (mod p).

Proof Thering Z, is a field, which implies that all the nonzero elements are units. Thus (Z7, -)
is a group with p — 1 elements. Any b in the group E; has order a divisor of |Z7| =

P
p — 1. Therefore
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bl =1e%,.

The rings 7, and 7/pZ are isomorphic where the element b € Z, corresponds to
the coset b + pZ. For any integer a that is not a multiple of p, a + pZ = b + pZ for

some ) < b < p— 1. Thus

(a+pZy "' =(b+pZy "' =1+pZ e L/pL.

In other words,

a’~! = 1 (mod p).

The corollary follows from Theorem 24.1 if a 2 0 (mod p). If @ = 0 (mod p), then both

24.2 Corollary If a € Z, then a” = a (mod p) for any prime p.
Proof
sides reduce to 0 modulo p.
24.3 Example

have

Let us compute the remainder of 8'%* when divided by 13. Using Fermat’s theorem, we

8103 = (812)8(8?) — (15)(87) e S_.l' e (_5)7
= (25)*(=5) = (= 1)*(=5) = 5 (mod 13).

m HISTORICAL NOTE

he statement of Theorem 24.1 occurs in a

letter from Pierre de Fermat (1601-1665)
to Bernard Frenicle de Bessy, dated 18 October
1640. Fermat's version of the theorem was that
for any prime p and any geometric progression
a.a’,--- .d',-- -, there is a least number a” of the
progression such that p divides a’ — 1. Further-
more, T divides p — | and p also divides all num-
bers of the form ¢ — 1. (It is curious that Fermat
failed to note the condition that p not divide «; per-
haps he felt that it was obvious that the result fails
in that case.)

Fermat did not in the letter or elsewhere indi-
cate a proof of the result and, in fact, never men-
tioned it again. But we can infer from other parts

of this correspondence that Fermat’s interest in this
result came from his study of perfect numbers.
(A perfect number is a positive integer m that is
the sum of all of its divisors less than m: for ex-
ample, 6 = 1 42 4 3 is a perfect number.) Euclid
had shown that 2"~1(2" — 1) is perfect if 2" — 1
is prime. The question then was to find methods
for determining whether 2" — 1 was prime. Fermat
noted that 2" — 1 was composite if 1 is composite,
and then derived from his theorem the result that if
n is prime, the only possible divisors of 2" — 1 are
those of the form 2kn + 1. From this result he was
able quickly to show, for example, that 237 — 1 was
divisible by 223 =2 -3 .37 4 1.

24.4 Example  Show that 2''%'3 —

Solution

1 is not divisible by 11.

By Fermat’s theorem, 2'" = 1 (mod 11), so

2I|‘2|3 = [(zln)l,l?.l : 2'3] 1= []I.IZI 3 23] =.F
=22—1=8—1=7(mod 11).

Thus the remainder of 21213 — 1 when divided by 11 is 7, not 0. (The number 11,213
is prime, and it has been shown that 2''*'3 — 1 is a prime number. Primes of the form
2P — 1 where p is prime are known as Mersenne primes.)
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Show that for every integer n. the number n** — n is divisible by 15.

This seems like an incredible result, It means that 15 divides 23 — 2,33 — 3 4% _ 4,
etc.

Now 15 = 3 . 5, and we shall use Fermat’s theorem to show that ** — n is divisible
by both 3 and 5 for every n. Note that n*? —n = n(n?> — 1).

If 3 divides n, then surely 3 divides n(n*> — 1). If 3 does not divide n, then by
Fermat’s theorem, n* = 1 (mod 3) so

A2 1= —=1=1%—1=0(mod3),

and hence 3 divides n*? — 1.
If n =0 (mod 5)., then #*?* —n = 0 (mod 5). If n # 0 (mod 3). then by Fermat’s
theorem, n* = 1 (mod 5), so

1= —1=1—1=0@mod5).

Thus #*? — 1 = 0 (mod 5) for every n also. &

Euler’s Generalization

Theorem 23.3 classifies all the elements in Z,, into three categories. An element k in Z,,
is either 0, a unit if the ged(n. k) = 1, or else a divisor of 0 if ged(n, k) = 1. Exercise 39
in Section 22 shows that the units in a ring form a group under multiplication. Therefore,
the set of nonzero elements in Z,, which are relatively prime to n, form a multiplicative
group. Euler’s generalization of Fermat’s theorem is based on the number of units in Z,,.

Let nn be a positive integer. Let @(n) be defined as the number of positive integers
less than or equal to n and relatively prime to n. Note that ¢(1) = 1.

Let n = 12. The positive integers less than or equal to 12 and relatively prime to 12 are
1,5,7,and 11, s0 @(12) = 4. A

By Theorem 23.3, ¢(n) is the number of nonzero elements of Z, that are not
divisors of 0. This function ¢ : ZT — Z7 is the Euler phi-function. We can now de-
scribe Euler’s generalization of Fermat’s theorem.

(Euler’s Theorem) If a is an integer relatively prime to n, then a*" — 1 is divisible
by n, that is, a*™ = 1 (mod n).

If @ is relatively prime to n, then the coset @ + nZ of nZ containing a contains an integer
b < n and relatively prime to n. Using the fact that multiplication of these cosets by
multiplication modulo n of representatives is well-defined, we have

" = b (mod n).

But by Theorem 23.3, b can be viewed as an element of the multiplicative group G, of
order @(n) consisting of the ¢(n) elements of 7, relatively prime to n. Thus

B =1 (mod n),

and our theorem follows. @

Let n = 12. We saw in Example 24.6 that ¢(12) = 4. Thus it we take any integer a
relatively prime to 12, then &* = 1 (mod 12). For example, with ¢« = 7, we have 74 =
(49)* = 2,401 = 12(200) + 1,50 7* = 1 (mod 12). Of course, the easy way to compute
74 (mod 12), without using Euler’s theorem, is to compute it in Z5. In Z;,, we have
7=-55%0

P=(=5=06 =1 ad T7T'=0I"=1 A
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Application to ax = b (mod m)

We can find all solutions of a lincar congruence ax = b (mod m). We prefer to work
with an equation in Z,, and interpret the results for congruences.

Let m be a positive integer and let a € Z,, be relatively prime to m. For each b € Z,,.
the equation ax = b has a unique solution in 7,,.

By Theorem 23.3, @ is a unit in Z,, and s = a~'b is certainly a solution of the equation.
Multiplying both sides of ax = b on the left by a~!, we see this is the only solution.

\ 4

Interpreting this theorem for congruences, we obtain at once the following
corollary.

If @ and m are relatively prime integers, then for any integer b, the congruence ax =
b (mod m1) has as solutions all integers in precisely one residue class modulo m. ¢

Theorem 24.9 serves as a lemma for the general case.

Let m be a positive integer and let a. b € Z,,. Let d be the ged of a and m. The equation
ax = b has a solution in Z,, if and only if d divides b. When d divides b, the equation
has exactly d solutions in Z,,.

First we show there is no solution of ax = b in Z,, unless d divides b. Suppose s € 7,
is a solution. Then as — b = gm in Z, so b = as — gm. Since d divides both a and m, we
see that d divides the right-hand side of the equation b = as — gm, and hence divides b.
Thus a solution s can exist only if d divides b.

Suppose now that d does divide b. Let

a=aid, b=bd, and m=md.

Then the equation as — b = gm in Z can be rewritten as d(a;s — by) = dgm,. We see
that as — b is a multiple of m if and only if a;s — by is a multiple of m,. Thus the solu-
tions s of ax = b in Z,, are precisely the elements that, read modulo m,, yield solutions
of ajx = by in Z,, . Now let s € Z,,, be the unique solution of a;x = b; in Z,,, given by
Theorem 24.9. The numbers in Z,, that reduce to s modulo m; are precisely those that
can be computed in Z,, as

S5+ my, s+ 2my, 8+ 3my, - L85+ (d — Dy

Thus there are exactly d solutions of the equation in Z,,,. &

Theorem 24.11 gives us at once this classical result on the solutions of a linear
congruence,

Let d be the ged of positive integers @ and m. The congruence ax = b (mod m) has a
solution if and only if d divides b. When this is the case, the solutions are the integers
in exactly  distinct residue classes modulo m. ¢

Actually, our proof of Theorem 24.11 shows a bit more about the solutions of
ax = b (mod m) than we stated in this corollary; namely. it shows that if any solu-
tion s is found, then the solutions are precisely all elements of the residue classes
(s + kmy) + (mZ) where m; = m/d and k runs through the integers from 0 to d — 1.
It also tells us that we can find such an s by finding ¢, = a/d and b, = b/d, and solving
ax = by (mod my ). To solve this congruence, we may consider a; and b to be replaced
by their remainders modulo 1, and solve the equation a;x = b in Z,,, .
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24.13 Example Find all solutions of the congruence 12x = 27 (mod 18).

Selution  The ged of 12 and 18 is 6, and 6 is not a divisor of 27. Thus by the preceding corollary.
there are no solutions. A

24.14 Example Find all solutions of the congruence 15x = 27 (mod 18).

Selution  The ged of 15 and 18 is 3, and 3 does divide 27. Proceeding as explained before Ex-
ample 24.13, we divide everything by 3 and consider the congruence 5x = 9 (mod 6),
which amounts to solving the equation 5x = 3 in Zg. Now the units in Zg are 1 and
5, and 5 is clearly its own inverse in this group of units. Thus the solution in Zg is
x = (5"1(3) = (5)(3) = 3. Consequently, the solutions of 15x = 27 (mod 18) are the
integers in the three residue classes

3+18Z=1{(--,-33,—-15,3,21,39,--. },
9+ 18Z ={---,—27,-9,9,27,45,... }.

15+ 18% = {--- , —21,—3,15,33,51,--- )
illustrating Corollary 24.12. Note the 4 = 3 solutions 3, 9, and 15 in Z;g. All the
solutions in the three displayed residue classes modulo 18 can be collected in the

one residue class 3 + 6Z modulo 6, for they came from the solution x =3 of 5x =3
in Zg. A

m EXERCISES 24

Computations

We will see later that the multiplicative group of nonzero elements of a finite field is cyclic. Illustrate this by finding
a generator for this group for the given finite field.

il 2. Z] | . 7 Zn
. Using Fermat’s theorem, find the remainder of 347 when it is divided by 23.

. Use Fermat’s theorem to find the remainder of 37* when it is divided by 7.

= L

. Compute the remainder of 20" + 1 when divided by 19. [Hint: You will need to compute the remainder of
2'7 modulo 18.]

. Make a table of values of @(n) for n < 30.

=R |

. Compute @(p”) where p is a prime.
9. Compute @(pg) where both p and g are primes.

10. Use Euler’s generalization of Fermat’s theorem to find the remainder of 7!%? when divided by 24.

In Exercises 11 through 18, describe all solutions of the given congruence, as we did in Examples 24.13 and 24.14.

11. 2x = 6 (mod 4) 12. 22x = 5 (mod 15)
13. 36x = 15 (mod 24) 14. 45x = 15 (mod 24)
15. 39x = 125 (mod 9) 16. 41x = 125 (mod 9)
17, 155x = 75 (mod 65) 18. 39x = 52 (mod 130)

19. Let p be a prime =3. Use Exercise 28 below to find the remainder of (p — 2)! modulo p.
20. Using Exercise 28 below, find the remainder of 34! modulo 37.
21. Using Exercise 28 below, find the remainder of 49! modulo 53.
22, Using Exercise 28 below, find the remainder of 24! modulo 29.
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23. Determine whether each of the following is true or false.

a. a”~! = 1 (mod p) for all integers a and primes p.

b. a?!

1 (mod p) for all integers a such that ¢ # 0 (mod p) for a prime p.

c. pn) <nforallne ZT.

d. g(n) <n—1forallne 7+t

e, The units in Z,, are the positive integers less than n and relatively prime to .

f. The product of two units in Z,, is always a unit.

g. The product of two nonunits in Z,, may be a unit.

h. The product of a unit and a nonunit in Z,, is never a unit.

i. Every congruence ax = b (mod p). where p is a prime, has a solution.

Jj- Let d be the gcd of positive integers a and m. If d divides b, then the congruence ax = b (mod m) has
exactly d incongruent solutions.

24

isomorphic?

Proof Synopsis

Give the group multiplication table for the multiplicative group of units in 7 2. To which group of order 4 is it

25. Give a one-sentence synopsis of the proof of Theorem 24.1.

26. Give a one-sentence synopsis of the proof of Thearem 24.7.

Theory

27. Show that 1 and p — 1 are the only elements of the field Z,, that are their own multiplicative inverse. [Hint:

Consider the equation x* — 1 = ().]

28. Using Exercise 27, deduce the half of Wilson's theorem that states that if p is a prime, then (p — 1)! = —1
(mod p). [The other half states that if n is an integer =1 such that (n — 1)! = —1 (mod n), then n is a prime.
Just think what the remainder of (n — 1)! would be modulo n if n is not a prime.]

29. Use Fermat’s theorem to show that for any positive integer n, the integer #°7 — n is divisible by 383838. [Hint:
383838 = (37)(19)(13)(7)(3)(2).]

30. Referring to Exercise 29, find a number larger than 383838 that divides #*7 — n for all positive integers 7.

SECTION 25

ENCRYPTION

An encryption scheme is a method to disguise a message so that it is extremely difficult
for anyone other than the intended receiver to read. The sender encrypts the message
and the receiver decrypts the message. One method, called cypher encryption, requires
the sender to use a permutation of the letters in the alphabet to replace each letter with a
different letter. The receiver then uses the inverse of the permutation to recover the orig-
inal message. This method has two major weaknesses. First, both the sender and the
receiver need to know the permutation, but no one else should know the permutation or
clse the message is not secure. It would be difficult to implement a cypher for a trans-
action when a company wishes to receive many orders each day. each using a different
permutation that only the customer and the company know. Furthermore, cyphers are
generally not difficult to crack. In fact, some newspapers carry a daily puzzle, which is
essentially decrypting an encrypted message.

Researchers in the second half of the twentieth century sought a method that allows
the receiver to publish public information that any sender could use to encrypt a mes-
sage, yet only the receiver could decrypt it. This means that knowing how a message
was encrypted is little help in decryption. This method relies on a function that is easy
for computers to compute, but whose inverse is virtually impossible to compute without
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more information. Functions of this type are called trap door functions. Most commer-
cial online transactions are communicated with trap door functions. This allows anyone
to make a secure credit card purchase with little risk of a third party gaining private
information.

RS A Public and Private Keys

Euler's generalization of Fermat's Theorem is the basis of a very common trap door
encryption scheme referred to as RSA encryption. RSA comes from the names of the
three inventors of the system, Ron Rivest, Adi Shamir, and Leonard Adleman. The trap
door function relies on the fact that it is easy to multiply two large prime numbers, but
if you are only given their product, it is very difficult to factor the number to recover
the two prime numbers. The following theorem is the key to this encryption scheme.

Let n = pg where p and g are distinct prime numbers. If ¢ € Z with ged(a, pg) = 1 and
w= 1 (mod (p — 1)(g — 1)), then &" = a (mod n).

Since w = 1 (mod (p — 1)(g — 1)), we can write
w=k(p—1)g—1)+1

for some integer k. Recall that the Euler phi-function ¢(x) counts the number of positive
integers less than or equal to n that are relatively prime to n. Since n = pg, we can
compute ¢(pg) by subtracting the number of integers less than n that are divisible by
either p or ¢ from n — 1. There are p — | multiples of g and g — 1 multiples of p that
are less than pg. Furthermore, the least common multiple of p and ¢ is pg since p and ¢
are distinet primes. Thus

opg)=pg—D—-p—-1—(g-1
=pg—p—q+1
=(p—Dg—1).
By Euler’s Theorem (Theorem 24.7),

& =a kp—1ig—1)+1

] {a[p—n(q—lj)*

. [acﬁun)"'
= a(1%)
= g (mod n). L 2

The RSA encryption scheme requires two sets of positive integers called the private
key and the public key. The private key is known only by the person who will receive
the message, and the public key is available to anyone who wishes to send a message to
the receiver.

The private key consists of

* Two prime numbers p and g with p # ¢.
e The product n = pgq.
® Aninteger | < r < (p— 1)(g — 1) — | that is relatively prime to (p — 1)(g — 1).

We know that » has an inverse in Z, )1 since r is relatively prime to
(p—1)g—1).
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The public key consists of

¢ The integer s where | < 5 < (p — 1)(g — 1) and s is the inverse of r in Zg,_y)4—1).
® The product n = pq.

The public key does not include p, ¢, r, or (p — 1)(g — 1). Knowing any of these
numbers and the numbers in the public key would make it relatively easy to decrypt any
encrypted message.

We can now give the encryption and decryption algorithms. The sender wishes
to send a message to the receiver. We will assume the message is simply a number
between 2 and n — 1. To send a text message, the sender would use a standard way of
representing the text as a number, such as the ASCII code. A long text would be broken
up into smaller texts so that each would be coded as a number in the allowable range
2 ton — 1 and each would be sent separately. Let 2 < m < n — 1 be the message to be
sent.

Using the public key, the sender encrypts the message as a number 0 <y <n — 1 tobe
sent to the receiver where i

y=nt' (mod n).
That is. the sender computes y to be the remainder when m* is divided by n and sends y
to the receiver.

Using the private key, the receiver decrypts y, the message received from the sender, by
computing )
v (mod n).
the remainder when y" is divided by n. Since rs = 1 (mod(p — 1)(g — 1)), Theorem 25.1
says, . .
v =(m') =m" = m (mod n).
Thus the receiver reconstructs the original message m.

Of course, in practice the prime numbers p and g are very large. As of the writ-
ing of this book it is thought that prime numbers requiring 4096 bits or approximately
1200 digits are sufficient to make the RSA scheme secure. To illustrate how the process
works, we will use small primes.

Letp = 17 and g = 11. The private key consists of

o p=17,¢4="11,

® in=pg= 187 and

* anumber rrelatively prime to (p — 1)(g — 1) = 160. For this example we take
r=723.

The public key consists of

* p= 187 and

* = 7. A little calculation shows that 23 - 7 = 161 = 160 + 1 = 1 (mod 160),
which implies that s = 7. Since the public key consists of only # and s,
(p — 1)(g — 1) is unknown to all but the receiver. Without knowing (p — L)(g — 1),
the value of r cannot be determined from the value of s.

Suppose the sender wishes to send the message m = 2 to the the receiver. The
message is encrypted by computing

y =2’ = 128 (mod 187).
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The receiver recovers the original message by computing
128% = 2 (mod 187). A

In Example 25.2 some of the computations would be long and tedious without the use
of a computer. For large primes p and g. it is essential to have an efficient algorithm
to compute m* (mod n) and y” (mod n). This can be accomplished by using base 2. We
illustrate with the following example.

In Example 25.2 we needed to compute 1282 (mod 187). We can compute this value
by expressing 23 in base 2, 23 = 16 + 4 + 2 + 1, and then computing the following:

128! =128

1282 = 1638 = 115 (mod 187)

128" = (12822 = 1152 = 135 (mod 187)
128% = (128%?% = 1357 = 86 (mod 187)

128'% = (128%)> = 86° = 103 (mod 187).

Thus
12823 - 128I6+4—2+]
= (128'6128%)(1282128")
= (103 - 135)(115- 128)
=67-134
= 2 (mod 187). A

As illustrated in the above example, this method gives a more efficient computation
of @* (mod n).

The Euclidean algorithm is a simple and efficient way to compute the inverse of a
unit in Zg,_jyg—1)- It involves the repeated use of the division algorithm. However, we
will not discuss the Euclidean algorithm here.

The reader may have noticed a potential flaw in the RSA encryption scheme. It is
possible that m is a multiple of cither p or g. In that case, m'?~ 4= = | (mod n), which
means that m"™ may not be equivalent to m modulo n. In this case RSA encryption fails.
However, when using large prime numbers the probability that the message is a multiple
of p or ¢ is extremely low. If one is concerned about this issue, the algorithm could be
modified slightly to be sure that the message is smaller than both p and ¢.

How are the large prime numbers p and g in RSA encryption found? Basically,
the process is to guess a value and check that it is prime. Unfortunately, there is no
known fast method to test for primality, but it is possible to do a fast probabilistic test.
One simple probabilistic test uses Fermat's Theorem (Theorem 24.1). The idea is to
generate a random positive integer less than p and check if a”~! = | (mod p). If p is
prime, then a”~! = 1 (mod p), so if a?~' % 1 (mod p), then p is not a prime number
and the number p is rejected. On the other hand, if ”~' = | (mod p). then p passes the
test and p could be a prime. If p passes the test, we repeat the process for a different
random value of a. The probability that a composite number p is picked given that p
passes the test several times is low enough to safely assume that p is prime.
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W EXERCISES 25

In Exercises 1 through 8, the notation is consistent with the notation used in the text for RSA encryption. It may
be helpful to use a calculator or computer.

1. Let p = 3 and ¢ = 5. Find n, and all possible pairs (r. s).
2. Let p = 3 and ¢ = 7. Find n and all possible pairs (r, 5).
3. Letp =3 and g = 11. Find n and all possible pairs (r, 5).
4. Letp = 5and ¢ = 7. Find n and all possible pairs (r, s).
5. Letp =13, ¢ = 17, and r = 5. Find the value of s.
6. For RSA encryption it is assumed that the message m is at least 2. Why should m not be 17
7. The public key is n = 143 and s = 37.
a. Compute the value of vy if the message is m = 25.
b. Find r. (Computer Algebra Systems have built-in functions to compute in Z,,.)
¢. Use your answers to parts a) and b) to decrypt y.
8. The public key is n = 1457 and s = 239.
a. Compute the value of y if the message is m = 999,
b. Find r. (Computer Algebra Systems have built-in functions to compute in Z,,.)
¢. Use your answers Lo parts a) and b) to decrypt v.

9. For p = 257, ¢ = 359, and » = 1493 identify the private and public keys.
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