Chapter 5 Trigonometric Identities

Trigonometric identities are the equalities involving trigonometric
functions and are true for every value of the variables involved. They are used
for solving numerous mathematics problems and make problems easy to solve.

Reciprocal Trigonometric Identities
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Figure 5.1 Right triangle in the unit circle

In Figure 5.1, AOCB is a right triangle with the measure of 2 OCB is 90°

and £ BOC is 0. Let (x, y) be the coordinate of the point B on the unit circle, then

O0C = x (adjacent side), BC = y (opposite side),and OB = 1 (hypothenuse).

By the definition of six trigonometry functions, the relation of the sides of

AOCB are as follows:
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The reciprocal identities are given as follows:

. 1
e sinf =—
csco

b

e cscO =
sin @

provided sin 6 # 0, if sin & = 0 then
csc @ is undefined.

1 2

e secH =

_ ] cos @ )
® cosf =— provided sin 6 # 0, if sin® = 0 then
csc 8 is undefined.
o tang =310 __1 o cotg=32_-_1

cos®  cotf’

provided cos @ # 0, if cos @& = 0 then
tan 0 is undefined.

sin@  tan6

provided sin @ # 0, if sin & = 0 then
cot @ is undefined.

Pythagorean Trigonometric ldentities

The Pythagorean trigonometric identities are derived from the

Pythagorean theorem.

it 5(x=cose,y=sin8)

Figure 5.2 Pythagorean theorem in the unit circle

In Figure 5.2, let (x, y) be the point on the unit circle with center (0, 0) that

determines the angle @ radians. Describe a right triangle with hypothenuse 1 and
side of the length x and v, it will get x2 + y2 = 1 (Pythagorean Theorem). Since,

the trigonometric ratios of the right triangle are x = cos 8 and y = sin 6.

Replacing x and y by cos 6 and sin 6 respectively, this is the first of

Pythagorean trigonometric identities as follows:

e cos?6 + sin? 0 = 1 or sin%0 + cos?6 = 1




Common alternate forms:

1 —sin%0 = cos?0 and 1 — cos?8 = sin?6

From this Pythagorean trigonometric identity, we can derive two other

Pythagorean identities as the following:

e 1+ tan?d = sec?6d

Common alternate forms:
sec’0 —tan®d =1 and sec?6 — 1 = tan?0

e 1+ cot?f = csc?0

Common alternate forms:
e csc?f —cot?6 =1 and csc?6 — 1 = cot?0

The identity 1 + tan®8 = sec?# can be proved as follows:

Proof:
Method 1:
Since sin?8 + cos?8 =1  (Pythagorean identity)
Divide both sides by cos?8, it follows that:
sin?f | cos?@ __1
cos26 | cos26  cos?6
tan?0 + 1 = sec?8
1 + tan?6 = sec?d #
Method 2:
L.H.S =1 + tan?6
=1+ 22222 (Definition of tan 6)
= % (Addition fractions)
= coslz 5 (Pythagorean identity)
= sec?H (Reciprocal identity)

= R.H.S #



The proof of 1 + cot?8 = csc?0 is left to the reader (See Practice 5.1).
Example 5.1 Prove that (1 — sin?8)sec?8 = 1

Proof:

LHS = (1 — sin®8)sec?0

= (cos?0) sec?8 (Pythagorean identity: cos?8 = 1 — sin?8)

1
sec?6

__1 2 H . 2
= X R . =
coc20 sec“0 (Reciprocal: cos“6

)
=1=RHS #
Example 5.2 Prove that tan*A + tan®?A = sec*A — sec?A
Proof:
LHS = tan*A + tan?A
= tan?A(tan?A + 1) (Common factor)
= (sec?A — 1)(sec?A)  (Pythagorean identity)
= sec*A — sec?A (Distributive Law)
=RHS #

Example 5.3 Use Trigonometric Identities to write the expressions in

terms of a single trigonometric identity or a constant.

(1) cotfsind 2) %
Solution:
(1) cotOsin® = 2% x sing = cos @ ;
sin 6
1
(2)c050c5c9 _ Cosexm _ cot )

coté@ coté@ cotf



Complementary Trigonometric Identities

In a right triangle, the acute angles are complementary such that their
sum is equal to 90°. If one acute angle of a right triangle is 8, the other angle is
90° — 6.

90° -6
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Figure 5.3 Complementary angles
In Figure 5.3, A ABC is a right triangle with the measure of ZABC = 90°.
Since the sum of interior angles of a triangle is 180°, then the sum of 2 BAC and
£ BCA is equal to 90°. Let the measure of £ BAC = 8, then the measure of
£ BCA =90°—8.

The trigonometric identities of complementary angles are:

osin(90°—8)=%=cos@ e CoS (90°—9)=%=sin9
e CSsC (90°—6)=%=sec9 e sec (90°—9)=%=csc8
e tan (90°—9)=§=c0t9 e cot (90°—9)=%=tan9

Note that the complementary trigonometric identities are also called
cofunction identities and the measure of angles can be the radians.

e sin (g—@)zcosﬁ ® (oS (g—@)zsine

® CSC (g—@)zseCQ ® sec (g—@)=csc9

e tan (g—e)zcote e cot (g—@)ztanG




Supplementary Trigonometric ldentities

The supplementary angles are a pair of two angles such that their sum is
equal to 180° or m radians. The supplement of an angle 6 is (180° — @) or
(m—0).
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Figure 5.4 Supplementary angles on unit circle

In Figure 5.4, if « and S are two supplementary angles the following

supplementary trigonometric identities are true.

e sin(a) =sin(f) | e cos(a) =—cos(B) | tan(a)= —tan(p)

The other supplementary trigonometric identities can be determined by
using geometric transformations on the unit circle. For example, if the angle 6
reflects in the y-axis, the coordinate of the point in Quadrant | will be changed
in Quadrant Il for the value of cos(6) from cos(8) to — cos(6), but the value of
sin(@) remains the same (see Figure 5.5).
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Figure 5.5 Reflection of angle 6
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Determine the coordinate of the point (— cos(6), sin(8)) is the terminal

side of angle 180° — 8 in standard position (see Figure 5.6).
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(-cos 8, sin 6)
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Figure 5.6 Angle 180° — 8 in standard position

Then by using the definition of sine and cosine of an angle in standard
position, the following supplementary trigonometric identities are true for any
angle 8 measured in degrees and in radians:

e sin(180° —0) = sin(mr — ) = sinb
e co0s(180°—60) = cos(m—60) = —cosO
e csc(180°—60) = csc(mr—0) = csch
e sec(180°—60) =sec(m—60) = —sech
e tan(180°—6) =tan(r—6H) = —tanb
e cot(180°—0) = cot(mr —O) = —cotO

5m

Example 5.4 Evaluate csc (?) by using the cofunction identities.

ion-cse () =L 1 __ 1
Solution: csc( . ) sin(Z)  sin(Z+D) sin(%—(—%))
-1t __1_
- cos(—g) - cos(g) B % 2
Therefore, csc (5?”) = #

Example 5.5 Find the value of sin(135°).
Solution:  sin(135°) = sin(180° — 45°)
= sin(45°)



= g "
Practice 5.1
1. Prove that 1;::721;9 = sin?6.
2. Prove that% = csc?0.

3. Use Trigonometric Identities to write each expression in terms of a single

trigonometric identity or a constant.

sin @ csc @
cot@

(1) sin 6 sec 6 (2) 9 (3)

tan @

4. Evaluate sec (%”) by using the cofunction identities.

5. Find the value of cos(120°).

Angle Addition and Subtraction Trigonometric Identities

The angle addition and subtraction trigonometric identities are useful to
find the trigonometric functions at some angles where it is expressed the angle
as the sum or difference of unique angles (0°,30°,45°,60°,90° and 180°). In
this section, the proof of the angle addition and subtraction identities for sine,
cosine, and tangent will be used the techniques in analytic geometry. The list of

sum and difference identities is as follows:

Angle Addition and Subtraction Identities for Cosine

e cos(a+ B) = cos(a) cos(B) — sin(a) sin(p)

e cos(a — B) = cos(a) cos(fB) + sin(a) sin(B)
Angle Addition and Subtraction Identities for Sine

e sin(a + B) = sin(a) cos(B) + cos(a) sin(B)

e sin(a — f) = sin(a) cos(B) — cos(a) sin(f)



Angle Addition and Subtraction Identities for Tangent

__ tan(a)+tan(p)
° tan(a + :8) " 1—tan(a) tan(B)
e tan(a—p) = S

1+tan(a) tan(p)

Proof of Angle Addition and Subtraction Identities for Cosine

Consider a unit circle in a coordinate plane. In the unit circle given
below, point P makes an angle a with the positive x-axis and has coordinate
(cos a, sin ). Given point Q makes an angle £ with the positive x-axis and has
coordinate (cos 3, sinf3).

First, Proof of cos(a — ) by describing the measure of £ POQ which is

equal to a — BB.

Figure 5.7 Measuring of angle a — 8
In Figure 5.7, label two points A and B on the unit circle such that the
coordinate of point B is (1, 0) on the x-axis and the coordinate of point A is
(cos(a — B),sin(a — ). Draw PQ and AB, note that A POQ and A AOB are
rotations of one another and PQ = AB. Using the distance formula in analytic

geometry to find PQ and AB as follows:
PQ = /(cosa — cos )% + (sina —sin B)Z .......... (eq. 1)
AB = \/(cos(a — B) — 1)% + (sin(a — B) — 0)2 ..... (eq. 2)
= J(cos(a — B) — 1)? + (sin(a — B))? ..
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Since, PQ = AB and PQ? = AB?
PQ? = (cosa — cos )% + (sina — sin B)?
= cos?a — 2 cos a cos B + cos?p + sina — 2 sina sin B + sin?p
= cos?a+sina + cos?f + sin?f — 2 cosa cos B — 2 sina sin B
=14+1—2cosacosf —2sinasinf
=2—2cosacosf —2sinasinff ...................... (eq.3)
AB? = (cos(a — B) — 1)? + (sin(a — B))?
= cos?(a — B) — 2cos(a — B) + 1 + sin?(a — B)
= cos?(a — B) +sin?(a — B) — 2cos(a — B) + 1
=1+4+1—-2cos(a—p)
=2—-2cos(@—B) (eq.4)
eq.3=eq.4;2—2cosacosf —2sinasinff =2 —2cos(a —f)
Using algebraic properties, cos @ cos 8 + sin a sin 8 = cos(a — )
Therefore, cos(a¢ — ) =cosacosf + sinasinf8 #
Next, the proof of cos(a + ) can derive from the difference identity of
cosine by replacing § = —(—p) as follows:
cos(a + B) = cos(a — (—[3)) = cos a cos(—pf) + sina sin(—p)
Since, cos(—f) = cosf and sin(—f) = —sin
Therefore, cos(a + ) = cosa cos f — sina sin 8 #
Proof of Angle Addition and Subtraction Identities for Sine
The proof of the angle addition identity for sine will apply the cofunction

identities of trigonometry: sin 6 = cos (g - 9) and cos@ = sin (g - 9).

Proof Angle Addition Identity for Sine:

sin(a + B) = cos (% —(a+ ,3))
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= oS (g— a)cosﬁ + sin(g— a)sinﬁ

= sina cosf + cosasinf
Therefore, sin(a + B) = sin(a) cos(B) + cos(a) sin(B) #
Proof Angle Subtraction Identity for Sine:

The proof of sin(a — ) can derive from the angle addition identity of
sine by writing @ — 8 = a + (—p) as follows:
sin(fa — ) = sin(a + (—,8))
= sina cos(—f) + cos a sin(—f)
Since, cos(—f) = cosf and sin(—p) = —sinf
Therefore, sin(a¢ — f) = sina cos f§ — cos a sin 8 #
Proof of Angle Addition and Subtraction Identities for Tangent

The proof of angle addition and subtraction identities for tangent can be

sin @
cos @’

written as the ratio of sine and cosine, that is, tan 8 =

Proof Angle Addition Identity for Tangent:

sin(a+f) _ sinacosf+cosasinf

tan(a + B) =

cos(a+p) " cosacos B—sinasinf

Dividing the numerator and denominator by cos a cos f3,

sina  sinf

B tana+tan

tan a+ — COS.C{ CO'S —

( p) q_sinasinf " 9 _tan g tan B
cosacosf

tan(a)+tan(B)

Therefore, tan(a + f) = 1-tan() tan(p)

Proof Angle Subtraction Identity for Tangent:
The proof of tan(a — ) can derive from the angle addition identity of

tangent by writing « — 8 = a + (—p) as follows:
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Proof:

tan(a) + tan(—p)
1 — tan(a) tan(—p)

tan(ax — B) = tan(a + (—=p)) =

Since, tan(—f) = —tanpf

tan(a)—tan(pB)

Therefore, tan(a — f) = =" o

Example 5.6 Prove the following complementary and supplementary

trigonometric identities by using sum and difference trigonometric identities.

(@) sin (g — 9) =cosf (b) cos(180°—6) = —cosO

(c) tan(2r — ) = —tan#é

Proof

(a) sin (g — 9) = sin (%) cos @ — cos (g) sin

= (1)(cos8) — (0)(sin )
=cosf -0
= cos @ #

(b) cos(180° — ) = cos(180°) cos @ + sin(180°) sin 6
= (—=1)cos8 + (0)sin b
=—cos6+0
= —cos6 #

tan(2m)—tan @
1+tan(2m) tan 6

sin(2m)
_ cos(2m)
B sin(2m)
1+ cos(2m)
_ 0—tan®  —tanb
1+ (0)tanf® 1+0

= —tand #

(c)tan(2mr — @) =

—tan@

tan @
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Double-Angle and Half-Angle Identities
Double-angle and half-angle identities are special case of the angle
addition and subtraction identities for sine and cosine as shown in the following
proof.
Double-Angle Identities of Sine
e sin2A =2sinAcosA
Proof: sin 24 = sin(4 + A)

= sinAcosA + cosAsinA

= sinAcosA +sinAcos A

= 2sinAcosA #
Double-Angle Identities of Cosine

e Co0s2A = cos?A — sin’A
Proof: cos 2A = cos(4A + A)
= cosAcosA —sinAsinA

= cos?A — sin’A #

Note: There are common alternate forms for double-angle identities of

cosine as follows:

e C0s2A = cos?’A —sin*A = cos?*A — (1 — cos?A)
= 2cos?A—1 #
e cos2A = (1 —sin?A4) —sin®?A = 1 — 2sin?A #
Double-Angle Identities of Tangent

2tan A

e tan24 = >
1—-tan<A

Proof: tan 24 = tan(4 + A)

__ tan A+tan A
o l1-tanAtan A
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2tanA
= #

1—tanZ4

Half-Angle Identities of Sine

) sin(g)zi\/i(l—cose)

Proof: Since cos 24 = 1 — 2sin?4
Then, 2sin?4A =1—c0S24 ..coovvvvveeenn...

Let 24 = 6, it follows that A =
Replace A = g in equation (1)

Then, 2sin? (g) =1—cosf
sinz (Q) _ 1—- cos@
2 2

Therefore, sm J (1 —cosB)

Half-Angle Identities of Cosine

o cos \/ (14 cosbh)

Proof: Since, cos 24 = 2cos?4A — 1

Then, 2cos?A=1+ oS24 .................. (eq. 2)

Let 24 = 6, it follows that 4 =

Replace A = g in equation (2)

Then, 2cos? (g

)=1+cost9

2 (9) 1+ cos@
cos“ (=) =
2 2

Therefore, COS \/ (14 cosbh) #
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Half-Angle Identities of Tangent

0 1—cos @
e tan|—) =—
2 sin @

Proof: The proof is left to the reader (See Practice 5.2).

Product Identities
The products of sine and cosine functions can be expressed as sums by

using the angle addition and subtraction identities.
Product to Sum ldentities
e 2sinacosf =sin(a + B) + sin(a — B)
Proof: Since, sin(a + f) = sinacosf + cosasinf .........(eq.1)
sin(e — ) =sinacosf —cosasinf ......... (eq.2)

(eq.1) + (eq.2); It follows that
sin(a + B) + sin(a — ) = 2sina cos 8

Therefore, 2 sina cos 8 = sin(a + B) + sin(a — ) #

Note: sina cosff = Sin(mﬁ):sm(a_ﬁ) = %(sin(a + B) + sin(a — B))
Likewise, we can find:
e 2sinasinf = cos(a — f) — cos(a + )
Proof: The proof is left to the reader (See Practice 5.2).
e 2cosasinf =sin(a + f) —sin(a — B)
Proof: The proof is left to the reader (See Practice 5.2).

e 2cosacosf = cos(a+ B)+ cos(a—p)

Proof: The proof is left to the reader (See Practice 5.2).
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Sum to Product Identities
e sina +sinf = 2sin (az;ﬁ) cos (%)
e sina —sinf = 2cos (az;ﬁ) sin (%)
e cosa+cosf = 2cos (#) cos (#)
e cosa—cosf = —2sin (#) sin (“2;3)

Example 5.7 Write the following difference of sines expression as a

product: sin(46) — sin(20).
ion: na — sin B = 2 cos (ZF) sin (%=
Solution: Formula sina —sinf = 2 cos( - )sm( > )

Substitute the values into the formula:

sin(46) — sin(260) = 2 cos (46:26) sin (46;29)
= 2 cos(36) sin(H) #

Triangle Identities (Sine, Cosine, Tangent Rules)
For any triangle ABC, if A, B and C are vertices of a triangle and a, b, and
c are the respective sides, then sine rule, cosine rule, and tangent rule are derived

as follows:

Sine Rule or Law of Sines

The Sine Rule (also known as the Law of Sines) is:

sinA sinB sinC

a b ¢
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Proof: Draw an altitude h to the side of length ¢ as shown in Figure 1 and

Figure 2
Figure 1
In each of Figure 1 and Figure 2, SinA = % ........ (1)
In Figure 1, sinB = %
h

In Figure 2, sin(r — B) = -

a

So in either case sinB = % ........ (2)

Solving for h in both equations yields h = bsinA and h = asin B

It follows that, bsin4A = asin B

in A in B
Therefore, — = 2= ... (3)
a b

If we draw an altitude h to the side of length a and repeat the same steps
as above, we would reach the conclusion that

sinB sinC
P EE R RRE 4)
From (3) and (4), it follows that =2 = 2% = S8 4

Cosine Rule or Law of Cosines
The Cosine Rule (also known as the Law of Cosines) is an extension of
the Pythagorean Theorem to any triangle:
a? = b%? + c%? — 2bccosA
Or
b% + ¢% — a?
2bc

CosA =
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Proof:
Ay Ay Ay
ey H cxp Clx 1) 4
; a 246 : a b 3
[ Xy ¢ € Xis H \ X
g B(co) 5 A B(c0) 5 A B(c0) 5
(a) (b) ()

In each of these cases, point C is on the terminal side of angle A with
distance b from the origin A. The coordinate of C is (X, y). By the definition for
trigonometric functions:

X=cosA and Z=sin4A
b b
and therefore
x=bcosA and y = bsinA.

Since, a is the distance from C to B using the distance formula:

a=+(x—c)2+ (y—0)>2 (Distance formula)
a’? = (x —c)? + y? (Square both sides)
= ((bcosA) —c)* + (bsinA)? (Substitute x and y)
= b%cos?A — 2bc cos A + ¢? + b?sin’A
= b?(cos?A + sin®A) + ¢? — 2bc cos A
= b% + c? — 2bccosA (Pythagorean identity) #

Tangent Rule or Law of Tangents
The Tangent Rule (also known as the Law of Tangents) is:

1
a+b_ tan(i(A+B)>

a—b 1
tan (7 (A - B))
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Proof: The proof is left to the reader (See Practice 5.2).

Practice 5.2

1. Prove the following identities:

(a) tan (g) _ 1—-cos @

sin @

(b) 2sina sin 8 = cos(a — B) — cos(a + )
() 2cosasinf = sin(a + B) — sin(a — B)
(d) 2cosacosf = cos(a + B) + cos(a — B)

2. Let A, B and C are vertices of a triangle A ABC and a, b, and c are the

respective sides. Prove the Law of Tangent

1
a+b ~ tan(i(A+B)>

a—b 1
tan <§ (A - B))

3. Write the following expression as a product:

(@) sin(30) + sin(0) (b) cos(3x) + cos(9x)

4. Evaluate the following difference of cosine expression using the sum to
product identities: cos(15°) — cos(75°).
5. Write each the following expressions as the sine or cosine of an angle.
(@) sin(22°) cos(13°) + cos(22°) sin(30°)

() cos (5) cos () +sin () sin (5)
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Applications of Triangle Identities
Solving Triangle Using the Law of Sines

Two angles and a side of a triangle, in any order, determine the size and
shape of a triangle completely.

Example 5.8 A ABC has two angles and a side with £ A = 30°, 4B =
45°, and the length of the opposite side of « C is 100 m. Find the length of the
opposite side of £ A and £ B.

Solution: Letm 2 A =30°,m 4« B = 45°and ¢ = 100 m.
m £ C = 180° — (30° + 45°) = 105°.

Using the Law of Sines as follows:

sin A _ sinC d sin B _ sinC

a [ b [

sin 30° sin 105° sin 45° sin 105°
= and =

a 100 b 100

100 sin 30° 100 sin 45°

aqa=—- and b = _—
sin105° sin105°

Since, sin 30° = 0.50, sin45° = 0.71, and sin 105° = 0.97.

_100(0.50)

Therefore, =51.55m
0.97
p =200 _ 7390m #
0.97

Note: The Law of Sines is the tool for solving triangles in the AAS
(Angle-Angle-Side) and ASA (Angle-Side-Angle) cases.

Solving Triangle Using the Law of Cosines

The Law of Cosines is the tool for solving triangles in the SAS and SSS
cases.

Example 5.9 Solve A ABC witha = 10,b = 5,and 2 C = 30°.
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Solution: Leta = 10,b = 5, and 2« C = 30°.

Using the Law of Cosines to find the length of the opposite side
of 2 C as follows:

c?=a’+ b*—2abcosC
= 10% + 52 — 2(10)(5) cos 30°
=100+ 25—-100(0.87) = 38
¢ =v38~6.16

Using the Law of Cosines to find one of the two unknown
angles as follows:

a? = b%? 4+ c?>—2bccosA
10% = 52 + 38 — 2(5)(6.16) cos A

25+38—100
61.6 B

cos™1(—-0.60) = 126.87°
Then, 2 A = 126.87°
< B =180°—-30°—-126.87° = 23.13°

—0.60

CosA =

So, the six parts of the triangle are:

£ A=126.87°, a=10

£ B = 23.13°, b=5

£ C =30° c=6.16 #
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Triangle Area

A c B
Figure 1 Figure 2

In Figure 1 and Figure 2, each triangle has base ¢ and altitude h.

Since, sin4 = % or h = b sin A, then applying the standard area formula:

1 1 1
Area A= 3 (base)(height) = 3 (c)(bsinA) = 5 bcsin A
The following three formulas can be used for other bases:
Area A = ébcsinA = %acsinB = %ab sin C.

Example 5.10 Find the area of a regular octagon (8 equal sides and 8
equal angles) inscribed inside a circle of radius 6 centimeters.
Solution: Split the regular octagon into 8 congruent triangles.

Each triangle has two 6-cm sides with an included angle of
o =22 = 45°,
8
The area of each triangle is
1 : o _ 1
Area A = 5 (6)(6)sin45° =18 (ﬁ)
Therefore, the area of the octagon is
1

Area = 8 xAArea=8><18(ﬁ

) ~ 101.82 sq.cm



23

Heron’s Formula

Heron’s formula is used to find the area of a triangle when all its
sides are given. This formula was written in 60 CE by Heron of Alexandria. He

was an engineer and mathematician.

c

In above figure, if a, b, and c are the lengths of A ABC:

Area A= \[s(s —a)(s — b)(s — ¢)

a+b+c

where, s is half the perimeter or s =

There are difference methods by which we can derive Heron’s formula by
using trigonometric identities or the Pythagorean Theorem. (Watch the

following VDO: https://www.youtube.com/watch?v=LyI2BiyftvY)

Example 5.11 Find the area of the triangle whose sides measure 4 cm, 13

cm, and 15 cm.

4+13+15 32
===16

Solution: Half perimeter, s = >

Using Heron’s formula:

Area A= [s(s —a)(s — b)(s — ¢)

= J16(16 — 4)(16 — 13)(16 — 15)

=V16 X 12 x 3 x 1 =576 = 24 sq.cm #


https://www.youtube.com/watch?v=LyI2BiyftvY
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Practice 5.3
1. Solve A ABC witha = 8,b = 7,and 2« C = 45°. Give the answer correct to

1 decimal place.

2. Find the area of triangle ABC. Give the answer correct to 2 decimal places.

C

30°

7 cm

3. Intriangle ABC if AC = 2BC and 2 C = 120°. The area of triangle ABC is
13.86 sg.cm. Find the length of BC. Give the answer correct to 1 decimal

place.

Area AABC =13.86 cm’

4. Find the area of the triangle whose sides measure 7 cm, 8 cm, and 12 cm.
5. A triangular field has three fences. One is 40 m long; another is 50 m and the
other is 60 m. Find the area of the field.



